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9.9, For the (d!. af,] pair depicted by Equations (9.32a) and (9.32b). show that
(@)" i}, =0
(@)" Qdl = (@)" od
()" & =0
()" 4 = ()" od)
(These are often called the boundary conditions for the potential push for QP problems.)

9.10. For the x(r) given by Equation (9.31), show that

. i
lim x(#) = X+ A
11110

such that ¢7 % = 0, Av = 0. and py is a positive constant. (Nore: This is the potential
push equation for the LP case.) [Hint: Note that 6 in Equation (9.31) can be chosen as the
spectral norm of Q.| o .
Show that x(1) is a geodesic in the transformed space (where the constant objective surfaces
are spherical). and hence the locus of x(r) represents a great circle. [Hint: Show that

SRRTIET o S _
axl) dxin =0 where X(n =L x() and LLT = Q
dr? di

9.1

which implies zero acceleration in the tangent space. This is the striking property of

geodesics. | . . ‘
Assume that the vector ¥ = e. Generate a sequence of vectors (i ] by using the relationship

¥t =0y

9.12.

I

Show that the ratio
T
(!l} “‘-H-l

ey
approaches the spectral radius (i.e.. the Targest eigcl\\'nlu?) of Q. [Note: Ay for :-;-ul'liui%'nl!y
large values of & can be considered as a practical choice of # for the potential push in
Equation (9.31).]
9.13. Carry out one more iteration of Example 9.1.
9.14. Carry out one more iteration of Example 9.2.

10

Implementation
of Interior-Point

Algorithms

In recent years the interior-point algorithms have shown their efficiency in solving large-
scale linear and quadratic programming problems with a wide variety of successful ap-
plications, As a matter of fact, some large-scale problems became solvable owing to the
invention of these techniques. However, it is important to understand that implementa-
tion techniques play a key role in the claimed efficiency of these methods. For example,
we can easily implement the primal affine scaling algorithm for linear programming in
APL language in less than an hour, involving less than twenty lines of coding. but the
performance of such an implementation could be far from satisfactory. Many implemen-
tation issues need to be carefully addressed in order to achieve the expected performance.
Nowadays, with the advent of vector/parallel processing capabilities of modern comput-
ers, implementation skills are much more involved than ever before. This is particularly
true for any serious commercial software package.

In this chapter, we point out the computational bottleneck of interior-point algo-
rithms and focus on some implementation techniques, including the Cholesky factoriza-
tion, conjugate gradient, and LQ factorization methods. to tackle the bottleneck problem.
By no means does this chapter provide a complete treatment; it only touches the tip of
an iceberg,

10.1 THE COMPUTATIONAL BOTTLENECK

So far we have studied the Karmarkar's projective scaling algorithm, primal affine scaling
algorithm, dual affine scaling algorithm, primal-dual algorithm, affine scaling with loga-
rithmic barrier function method, affine scaling with power-series method, and extended
affine scaling algorithms for linearly constrained quadratic and convex programming
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problems.  For all these interior-point algorithms, as discussed in previous chapters,
most computational time is spent in inverting a fundamental matrix M to find a mov-
ing dircction at each iteration—for example, M = AX;A” in the primal affine scaling,
M = AS;?A” in the dual affine scaling, M = AX,S;'A” in the primal-dual algorithm,
and M = A(Q + X])A' in the quadratic programming affine scaling algorithm.

Note that this time-consuming task is equivalent to solving a system of linear
equations

Mu=v (10.1)

where M is an m xm positive definite symmetric matrix and u, v € R" are m-dimensional
column vectors. Therefore, it is a crucial challenge to solve system (10.1) in a most effi-
cient manner. Actually, solving a system of linear equations is not a new problem. Many
books have been written for this purpose. Here we only focus on the three most popular
methods, namely, Cholesky factorization, conjugate gradient, and LQ factorization, and
discuss related implementation issues.

10.2 THE CHOLESKY FACTORIZATION METHOD

The idea of the Cholesky factorization method is quite simple. Instead of solving system
(10.1) directly. since the fundamental matrix M in (10.1) is symmetric and positive
definite, based on Cholesky, we first factorize it as a matrix product of an m x m lower
triangular matrix L and its transpose matrix L”, ie,, M = LL”. In this way, (10.1)
becomes

LL'u=v (10.2)
We further define z = L7 u. By solving
Lz=v (10.3)
for z first and then solving
Lu=1z (10.4)
for u. we find a solution to system (10.1) in two stages. Since L is a lower triangular
matrix, we can easily identify z; first. then 75, 23, ..., Zm by simple arithmetic operations.
Usually this process is called forward solve. Similarly, because L7 is an upper triangular
matrix, we can casily identify u,, first, then w,_y. tty_a..... 1y by simple arithmetic

operations. Therefore, it is often called backward solve.

It is easy to understand the advantage of forward solve and backward solve. But
the key to success is to find the Cholesky factor L in an efficient manner. Before
we introduce potential factorization algorithms, let us study a fundamental theorem of
Cholesky factorization.

Theorem 10.1. If M is an (m x m)-dimensional symmetric positive definite
matrix. then there is a unique lower triangular matrix L with positive diagonal elements
such that M = LL.
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Proaf. We prove this result by the induction method.

The result is obviously true for m = 1. Now. assuming the result is true for
m = n—1, we have to show it holds true for m = n. where 1 is a positive integer. Since
M is symmetric and positive definite, we can partition it as

T
M= [‘l‘; 1:11.] (10.5)

where d > 0, uis an n — 1 vector. and My is an (n — 1) x (n — 1) submatrix. It can be

further written as
M=l 3l w08

wvd 1o M lo (10:5)

where Lis the (n 1) x (n — 1) identity matrix and ¥, = M, — uu’ /d.

M: is clearly symmetric. It is also positive definite, since for any nonzero vector
xXe R

XA « T 1l d u’ kXTI.I/d
an—{—x u/:!lx][u Mr][ = =z'Mz>0
where z = [—xTu/d |x")" & R". Therefore, by our assumption, My = M, —uu’ /d has
a unique triangular factorization with positive diagonals, say M, = LyL]. Thus M may
be expressed as

Mz[\/f‘: Ol o]t o][vad o yvd
u/Vd 1{[0 Lo LT||o I
: (10.7)
_[Yd o][vd v)/d
Tluvd Lo L
Since Ly is unique, it is clear that
L[ Y4 0
- I.I/'\./J L|

is also unique, and the proof is complete.

10.2.1 Computing the Cholesky Factor

We now focus on computing techniques for finding the Cholesky factor L of a symmetric
positive definite matrix M. Let mi; and li; be the (i. j)th element of matrices M and

L, respectively, for i, j = 1.2... .. m. Since M = LL”, by matrix multiplication, we
know that

i .
mi; = 3" luly (10.8)
k=1

Because L is a lower triangular matrix, we need only consider the elements /;; with
i = j. In this case, (10.8) implies that, for j =1,

hy= (my)'"? (10.9a)
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and
Ly =mjj /. E=2, cociifl (10.9b)
Moreover, for j =2,3....,m, we can first compute
-l 12
L= (mj—) I (10.10a)

and then compute
j-1
lij = m,j_z.',lzﬁ Mo fori=j+1,j+2 . m (10.10b)
k=1

In this scheme, the columns of L are computed one by one, but the part of the matrix
remaining to be factored is not accessed during the scheme. Also because the inner
product of subrows of L is calculated in (10.10), this scheme is called an inner-product
Jform. The inner-product form certainly is not the only way of computing 1he_Cholesky
factor. As a matter of fact, the proof of Theorem 0.1 itself is a constructive proof.
It suggests a scheme called outer-product form of computing the rows of L one- by
one. Details of this new scheme will be provided in the exercises. As to the detailed
implementation, the inner-product form scheme can be easily coded as follows:

Algorithm C-1

1y« Jmyy
fori=2tom
liv — mj [l
end
for j=2tom
fori=jtom
§ «— m,-f
for k=11t j-1
§ « S—I,kn'jk
end
ifi=j
ljj <= g
else
lij = s/ljj
end
end
end

Note that Algorithm C-1 is based on the fact that the inner products between the subrows
of L and the lower triangular portion of M can be overwritten by the corresponding
elements of L (once L is known, we do not need to M any longer). To speed up the
performance, we may consider using a computer with vector processing capability. In
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this environment. for i = I.....mand j = I.....i. let m;; = (.. mi)’ be a
column vector and consider the following coding, which overwrites m;; for I;;:

Algorithm C-2

Iy« /gy
for i=2tom
lit = myq Iy
end
for j=2tom
fori=jtom
T
S My =My Mig_y)
ifi=i
mjj < V§
else
mij < sfljj
end
end
end

The difference between Algorithm C-1 and Algorithm C-2 may look subtle, but it clearly
illustrates that detailed implementation on the coding level could gain speed and reduce
the memory requirement. Another interesting issue to note here is that in Algorithms C- |
and C-2, the operations describing the vector inner products are on the subrows of a ma-
trix, which may perform less efficiently if the matrix elements are stored columnwise (as
in the case of FORTRAN). Therefore, if we choose to implement the algorithm in FOR-
TRAN. a code reorganizing has 10 be done to allow the operations to access conliguous
memory locations and thereby cut down memory access time. As to C programming,
since the elements are stored rowwise. Algorithms C-1 and C-2 can be implemented
without any degradation in performance due to memory access.

Newer FORTRAN and C compilers also allow the so-called recursive functions
and subroutines. This is an interesting feature, where a function or subroutine can call
itself. This feature can be effectively used in Cholesky factorization. The way recursion
can be invoked varies from compiler to compiler for particular applications, and hence
is beyond our scope. The important message 1o a serious program developer is to study
the compiler before implementing any interior-point algorithm.

Another important aspect one should not leave out in this discussion is the block
Cholesky factorization.

10.2.2 Block Cholesky Factorization

Knowing that matrix operations can be highly parallelizable (several row or column
operations can be done simultancously), when we are dealing with large-scale problems
with special block structure in the constraint matrix. we should further study the Cholesky
factorization algorithm.
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Given an (m x m)-dimensional symmetric positive definite matrix M partitioned

into p? subblocks:
into p My e My,

M= : :
My - M,

such that m = pr, where r is referred to as the block size. The Cholesky factor of M
can be partitioned accordingly as

Ly -+ 0
L= & " &
I
By directly equating LL" = M with block structure. we sce that
LuL], =My (10.11a)
LiL], = My, fori=2..... » (10.11b)

Moreover, by matrix multiplication, for p =i > j > 2,
J
M; =) Lalj
k=1

and hence i-l

=M; - Y LyL]

3
fi (10.12)
k=1

T
L‘JLJ}

If we denote i
Sy =M~y LuLj
k=1
then, for p =i > j > 2. Lj; is the Cholesky factor of §;; and !,.-,- is the so!ulion (?f th-e
mau:ix equagoanLT =8,;. Hence a block Cholesky factorization scheme is obtained:
n

Algorithm C-3

compute the Cholesky factor of My for Ly

fori=2 1o p
solve ZL{, =My for Ly
end
forj=2t p
fori=jtop
S M,
for k=1t j-1
§ < S- Ll
end

iti=j
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compute the Cholesky factor of S for Lj;
else

solve ZLL. =S for L
end
end
end

Note that Algorithm C-3 may use Algorithm C-1 or C-2 to find the Cholesky factor
for block submatrices. Also note that since L] is upper triangular, solving ZLT, = §
is relatively simple. The recursive subroutines can be used here quite efficiently, if
the compiler supports this feature. One key factor that affects the performance of block
Cholesky factorization is the choice of the black size r, which often needs careful thinking
and experimentation. The development of block Cholesky factorization algorithms and
their implementations, especially on vector/parallel processors, is an active research area.

10.2.3 Sparse Cholesky Factorization

For large-scale problems, it is quite possible that most elements of matrix M have zero
value. The sparsity is measured by the ratio between the number of nonzero elements
and the total number of elements in a matrix. When the sparsity ratio is relatively low,
say 0.01 or even smaller, we say the matrix is a sparse marriv. Otherwise, we have a
dense marrix. However, there is no clear-cut threshold sparsity ratio.

When sparse matrices are involved, it is no longer necessary to keep track of their
every element. Most attention needs to be focused on the “position and value™ of nonzero
elements only. The techniques which help us manipulate the sparse matrix operations
are often called the sparse matrix technigues. Many books have been written on this
topic.

As to applying Cholesky factorization methods to a symmetric positive definite
sparse matrix M, the key concern is to prevent the Cholesky factor L from being dense.

The following example shows that a relatively sparse matrix M could have a relatively
dense Cholesky factor L.

Example 10.1
(from A. George and J. W. Liu): Let

4 1 2 05 2
I 05 00 0
M=|2 0 30 0
05 0 0 0625 0
20 00 16
Applying Algorithm C-1, we have
2 0
0.5 0.5
L=1]1 1.0 1
025 -025 -050  0.50
I -1.0 =2 -3 |
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Observe that, although M is relatively sparse, the corresponding Cholesky facmr L
is really dense. This phenomenon of increasing the number of nonzero e]emcms_ls ca]].cd_
Sill-in, which is a direct consequence of the structure of M. Fill-in no doubt increases
the computational burden, since more nonzero elements need to .be taken care of. In
addition. the storage requirements obviously increase with the fill-in phenomenon.

A commonly adopted technique to reduce fill-ins is to permute the rows :_md
columns of M such that it attains a structure which in turn m.ukes the Chnllcsky iuc.'-
tor sparse. To be more specific, we choose P to be an nppropn:alc pemumrfmn_murrn:
which permutes the rows of M into a desirable structure. Then, instead of handling the
system (10.1), we consider an equivalent system

(PMP"] [Pu] = Pv (10.13)

Note that for any permutation matrix P, the matrix PMP is still symmetric and posniv_;;
definite. It is also interesting to note that. in PMPT, P permutes the rows of M and P
permutes the columns of M.

Example 10.2

For Example 10.1, if we choose a permutation matrix

00001
00010
P=|0 01 00
01000
10000

then the rows and columns of M are permulted as

16 0 00 2
0 0625 0 0 05
PMP =] 0 0 302
00 0 05 1
2 05 2 1 4
In this way. the Cholesky factor of PMPT becomes

4 0

0 0791

L=]0 0 1.73

0 0 0 0.707
0.5 0.632 115 141 0129

Compared to the Cholesky factor in Example 10.1, the new Cholesky faclor is relatively
sparse. Consequently, solving system (10.13) is more efficient i!u.m sol}’lng system ( i().l’).

With the abovementioned concept, we understand the key issue in sparse 'C.holcsl\y
factorization is to find an appropriate permutation P for a given symmetric pos'm.ve. Ll.ef-
inite matrix M such that the number of fill-ins is minimized. Unfortunately. minimizing
fill-ins is not a simple problem in general. So far, only heurislics r}ave been proposed
by various researchers to provide acceptable, but not necessarily optimal, results.
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The most popular fill-in reduction scheme is the so-called minimum degree reorder-
ing algorithm, Here we briefly outline the algorithm, leaving the reader to find detailed
explanations and theoretical insights in other books.

The algorithm may be hest understood by graphical illustrations. First of all, let
us establish a relationship between graphs and matrices. For an (m x m)-dimensional
matrix M. we define an ordered graph of M and denoted itby GM. In G, there are
m nodes, and a node i is connected 1o node J (where i # j) by a link if the (i, J)th
element of M is not zero, ic. mi; # 0. Figure 10.1 illustrates this situation with the
help of an example, where the off-diagonal nonzeros of M are depicted by asterisks.

1 N N
2 *
* 3 * *
* 14 | o«
5 *
=] ¥ 6
IEBNE
M
Figure 10.1

Two nodes i and j are adjacent if they are connected by a link. The degree of
a node i, denoted by Deg (i), is defined to be the number of adjacent nodes of i, in
other words. the number of links connected 1o node i. For example, in Figure 10.1.
Deg (1) =2, Deg (2) =1, and Deg (7) = 3.

The idea of the minimum degree reordering algorithm is to eliminate a node with
the minimum degree from the graph. one at a time, until every node is eliminated. Once
a node is eliminated, the degree of nodes may change in the remaining graph and hence
needs to be updated. The node elimination sequence eventually suggest us a candidate
of the desired permutation matrix P.

We now describe the minimum degree reordering algorithm in terms of the graph
eliminarion model, where an elimination graplt is defined as a graph which is subjected
to the elimination of selected nodes, Here we eliminate the nodes of G one by one
in a systematic order. At each step the resulting graph is labeled as G{'. where the
subscript & denotes the step number.

MINIMUM DEGREE REORDERING ALGORITHM

Step 1 (initialization): Set GY « GM and k = 1.

Step 2 (minimum degree selection): In the elimination graph G}' |, choose a
node i of minimum degree,
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Step 3 (graph elimination): Form an elimination graph G|" by eliminating the
node i from G}’ . ‘
Step 4 (loop or stop): Set & < k + 1. I k > m (the number of nodes of G},
then stop. Otherwise go to Step 2.

At the end, a permuted graph is obtained by swapping the step mm.lbe-r k and the nordc

number i. Moreover, a permutation matrix P is generated by assigning py; = 1. for

k= 1.....m. and other elements being zero. N . R
Notice that more than one node can assume the minimum degree in Step 2. lei:er

ent heuristics of node selection give different versions of the minimum degree regrc.!er;;g

algorithm. In the simple case without any further information, we may break ties arbi-

2 ;
trarily. N L
The following example illustrates the minimum degree algorithm applied to the

example of Figure 10.1 with an arbitrary tie-breaker.

Example 10.3

in. degree = =2 selected = 5, min. degree = |
k = 1. node selected = 2. min. degree = 1 k= 2. node selected g

- i a3
H i — AR o] — i p =
k = 3, node selected = 1. min, degree =2 k = 4. node selected = 7. min. degres

k = 3, node selected = 6. min. degree =2 k =6, node selected = 3. min. degree = 1
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Finally,
k=17, node selected = 4, min. degree =0

i k

2 — |

§—=2

| —= 3 ——

17— 4

6 —= 5

I —6

4 —= 7
S |

Swapping The permuted graph

The resulting permutation matrix hecomes

10.2.4 Symbolic Cholesky Factorization

When the Cholesky factorization method is applied 1o find moving directions at each
iteration of the previously mentioned interior-point algorithms, we need to factorize
M = ADA" repeatedly, where I); is a diagonal matrix with positive diagonal elements
for each k. Tt will be awfully tedious. if we have 1o permute every AD AT in order 10
reduce fill-ins.

Fortunately. closer observation indicates that although AD; A" changes along with
the value of Dy at each iteration. the positions of nonzero elements remain intact. This
means the sparsity structure is preserved as in AA’ Therefore. in the implementation
of an interior-point algorithm for large-scale problems. it is advantageous to perform a
symbolic factorization fiest. In this phase, we focus on AA! 10 analyze the positions in
which the nonzero entries of the computational result would occur. The minimum degree
reordering algorithm could be applied 1o reduce the fill-ins. Once this work is done., we
record the positions of nonzero elements as a template. Then. at each iteration, since
the pasitions of nonzero elements are known. we need only find the numerical value of
cach nonzero element. Correspondingly. we may call it a monerical factorization phase.
Figure 10.2 illustrates this two-phase procedure using block diagrams.

10.2.5 Solving Triangular Systems

Once the Cholesky factor of matrix M is computed, solving system (10.1) is equivalent
to solving the triangular systems (10.3) and (10.4),
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i . Symbalic : : Numeric i
| i RSB Cholesky  [—r=H  Cholesky | |
; eaeting factorization E H factorization !
------------ NE ONLY ONCE DONE AT EACH
POYE ITERATION
Figure 10.2

Forward solve. Since L is a lower triangular matrix, system (10.3) can be

solved by getting z; from the first equation. z from the secnnq. ..., and z,, from the
last. Therefore we call it a forward solve procedure. More specifically, we have

a=u/ly (10.14a)
and

i-1
= (1" *‘Zhla) i for i'=2u.0.4 m (10.14b)
k=1

It is easy to code as follows:
Algorithm F-1

z1 = v/l
fori=2tom
s=0
for k=110 i-1
S — S+l zy
end
zj = (v; - )/l
end

Similar to Algorithm C-1, since we access matrix L row by row, ﬂnd. inner products
of row vectors are involved in (10.14b), Algorithm F-1 can be m(.)dlﬁed for vector
processing. This scheme is certainly more appropriate, if matrix L is stored rowwise
(like C programming). We leave this to the reader. . . o

If matrix L is stored column by column and sparsity of the solution vector is being
considered, the following coding scheme is more efficient:

Algorithm F-2

fori=1tom
zj = vi/ljj
for k=(i+1) ton
Vi Vi — Zilki
end
end
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The reader is asked to verify thay Algorithm F-2 solves system (10.3) and accesses
the matrix L column by column. Note that if v; turns out to be zero at the beginning
of the ith step, then z; must be zero and the inner loop can be completely skipped.
Hence the sparsity issue is exploited. When a columnwise storage scheme (for example,
FORTRAN) is used. Algorithm F-2 is more efficient.

Backward solve. If, on the other hand, LT is an upper triangular matrix, system
(10.4) can be solved by getting w,, from the last equation. u,,_; from the second last,
<+« and uy from the first. This forms a backward solve procedure. To be more specific,

we have
Hy = :ruﬂmm (10.15a)
and
n
Hyj = (:m_j = Z l';(,,,_,,ll") ﬂ'mﬁ;”m_,‘) fori=1,.... m—1 “0151’),
k=m—i+1

It is easy to code as follows:
Algorithm B-1

Um = Zm/Imm
for i=1to m-1
§=0
fork=m-i+1tom
S = Stly(m-iyUx
end

Up_j = (Zm_j - S)ﬂ(m-l){mﬁ]
end

Similar to Algorithm F-1, other coding scheme are available for further consideration.
Algorithm B-1 is only one of the simple implementations,

The forward solve and backward solve together with Cholesky factorization have
become the most popular method used by many interior-point algorithms for solving
system (10.1). Other methods, including the conjugate gradient method and the LQ
factorization method, will be introduced in subsequent sections.

10.3 THE CONJUGATE GRADIENT METHOD

In addition to the Cholesky factorization method, the conjugate gradient method can also
be applied to solve system (10.1) with a symmetric positive definite matrix M. The
method was originally suggested by M. R. Hestenes and E. Stiefel in 1952, Like the
steepest descent method, it is classified as an error correction method, which means
that the algorithm starts with an approximated solution (say u), evaluates an error
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function, and then iterates along a direction (say d*) with an appropriate step-length to
reduce the error. Instead of moving directly along the negative gradient direction for
a maximum reduction of the error function, the moving directions are required to be
mutually conjugare with respect to the matrix M, i.e.,

(dk)TMdj =0, for k #J (10.16)

Therefore, this method carries the name “conjugate gradient.”

For an (m x m)-dimensional matrix M, the conjugate gradient theory guarantees
that the mth iterate u™ is an exact solution of Mu = v. Of course. it is quite possible
that the method produces a sufficiently accurate solution prior to reaching u™. Moreover,
as shown later, the most complicated arithmetic required by the method is merely the
matrix-to-vector multiplications (in computing Mu*). Hence the method is well suited
for solving large sparse systems.

Now let us introduce the basic ideas of the conjugate gradient method. Suppose
that u* is a current approximate of the system Mu = v. We define

= v-Mu (10.17)
to be a corresponding error vector (or residual vector). and
he=h () = () M'¢ (10.18)

to be an error function a1 u*. Remembering that M is symmetric, by combining (10.17)
and (10.18) we obtain that

o= (v=Mu) M (v=Mu*) = (u*) Mot =27 +vTMy (10.19)
Assume that the next iterate u**! is determined by
u't =t 4 g d! (10.20)

where o is an appropriale step-length and d* is an appropriate direction of translation
such that the value of the error function is reduced by this translation. Figure 10.3
illustrates a two-dimensional example, in which u**" is on the straight line passing u*.
The slope of the line is determined by d* and the step-size «; is proportional to the
distance between u* and u**!. Our objective here is to find d* and a;. Suppose that
d* is known. In order to achieve a maximum reduction in /i, ;. we try to find a local
minimum of /1, ., along d* by plugging (10.20) into (10.19) and setting the derivative
of hyy with respect to a; to be zero. This yields the result

)@y
" (c(ll)'zmd* - ((di)]l o where pt = Md* (10.21)
' P

B
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ity

T

.

Constant cost
Local minimum surfaces of y
. o
¢ Actual solution
uat the

global minimum
of iy

Steepest
descent
direction

—= 1t

Figure 10.3

Nch. that the steepest descent method suggests th
gradient of A with respect to u* as d*,

(Hu

g = =2 (Mu* — v) = 2¢t (10.22)

at we consider using the negative
In this case, we have

which means the negative gradient of f; is proportional to the residual r*. Therefore
the rc:md.ual vector can be used in place of d*. With this in mind, the conjugate radien;
method intends o stay close to r* while satisfying the conjugacy requirements EIO 16

Therefore, when u” is arbitrarily chosen, we can take d = . After !hall we m'l;

consider taking d* as th o =
el 2 d° as the component of r* orthogonal to Md* ', for & > 1. In this way,

k L —
d' =r' - gMdt-! (10.23)

where .BA 1s a scalar to hC fixed hy the col ugdcy condition I“ll d' = 0. Conse-
n d
] ( ) S

(Md-1)" (P ¢

= —_— -

(Mat1) gt (T Ve pTh=Mah o q02g)

Also, it is interesting to note that

PlavoMi =y M [u‘( +u;d‘]
(10.25)

= (v-Mu') —oyMd* = ¥ — g pt

ased on this idea. the gradient algorithm can be stated as follows:




268 Implementation of Interior-Point Algorithms ~ Chap. 10

Algorithm CG:  Set u” to be arbitrary, £ = 0, and € > 0 sufficiently small.
Compute d” = r" = v — Mu". Repeat:
pA - Mdl

a = (@) #] /(@) ]
v =t 4 e d

P = - gt

o= [0 [
d =0 gpt

k—k+1
until ||*4')] < e, output u**! as the solution.

As mentioned earlier, owing to the orthogonal relationship, the conjugate gradient
method in theory generates an exact solution of the system (10.1) in at most m itera-
tions. Therefore, strictly speaking. this method is a finite algorithm. However, owing
to numerical round-off and/or truncation errors, it is highly possible for the algorithm to
take more than m steps to reach a satisfying result. On the other hand. it is also possible
for the algorithm to terminate in less than m steps with acceptable accuracy.

In connection with our application to the interior-point algorithms, as a primal
algorithm converges, the dual estimate varies little from one iteration to another. There-
fore, we can set u” to be the dual estimate of the previous iteration and expect Algo-
rithm CG to terminate quickly. For example, in the primal affine scaling algorithm, we
set M= AXJA” and v = AX{e; then, solving Mu = v provides the dual estimate w* at
the kth iteration.

Also note that the most intensive computation at each iteration of the conjugate
aradient algorithm is the multiplication of matrix M to a vector d*. The sparse matrix
techniques can be implemented effectively to perform this operation. In general, if M
has, on the average, y nonzero elements per row. then each iteration of Algorithm CG
requires of the order of (y + 5)m multiplications. Hence, an exact solution can be
aenerated in the order of (y + 5)m’ multiplications. If we start with a good estimate, a
satisfactory solution is expected to be obtained in k < i iterations; then the algorithm
requires only of the order of (y + 5)km multiplications.

Several ad-hoc enhancements have been suggested by various researchers for the
conjugate gradient method. A detailed discussion of these techniques is beyond the scope
of this book.

10.4 THE LQ FACTORIZATION METHOD

The idea of LQ factorization is to utilize the power-series expansion in matrix form.
Given that the symmetric positive definite matrix M in system (10.1) has the form

M=I-B (10.26)
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where B is symmetric positive definite w

ith all cigenvalues bei sitive g
b ke cigenvalues being positive and less than

oc
ZB*=1+B+B3+... (10.27)
=0 -
is convergent and
i oc
M'=1-B)'=Y g (10.28)
k=0
In this way. a solution of system (10.1) is provided by
U=MTv=[I+B+B .. |y (10.29)
Therefore the required matrix inve

b rsion can be replaced by matrix multiplications and

However, for

a general i amming i
ADIAT doon o Ju inear programming problem, the fundamental matrix M —

ecessarily fit this scheme, unless th i i i
. 3 : his ¢ 2 s the constraint matrix A is proper|
manipulated. In this section we introduce the LQ factorization method to achig:z\rrep':hi)sf

purpose. For simplicity, we focus on the impl i
0 : s ementat i i ali
algorithm and leave other algorithms to the re;?der. o Wepralatie wing

To begin with, we define an (m x n)-di i i
o g H -dimensional matrix Q to be orl i
QQ" = I. Moreover, the norm of matrix Q is defined by eronermat it

Qi = max 11Qx(|

Similarly,

1071 = mas [y

For an orthonormal matrix Q with full row-

rank m < n, ¢ i iz
Sk e oty n. we have the following special

Illeﬂlelll 10.2. Let Q be an (Hl x n)-d 1ensional or 10normal matnx with !
?) 1 k
lOW-htnk m<nm; then ”Q“ =l and ”Q l =1L

Prr.;of.l Since Q is orthonormal with row-rank m < n. by the Gram
thogonalization process, there exists an [(n — m) x n]-dimension

o[

becomes an (n x n)-dimensional orthonormal matrix.

-Schmidt or-
al matrix R such that

e 2 It can be readily shown that
Q =0Q and [1QxI! = |Ix]] for all x measured in the 2 — norm. He

nce. we have
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1= [0l = o | Qx|

xl|=1

o |[[@
-]

zmgmm=mu

This completes the first part of the proof. Now, for the second part.

[1Q"[] = max [|Q ]|

liyll=1

max ||Q"y + R"0|
Iivli=!

7 3)]
()]

The LQ factorization method is based upon the following fundamental theorem.

max
I¥l1=1

= max
llyl1=1

and we are done.

Theorem 10.3 (fundamental theorem for LQ factorization). Let A be an
(m x n)-dimensional matrix with full row-rank m < n: then there exists an (m x m)-
dimensional lower triangular matrix L and an (m x n)-dimensional orthonormal matrix

Q such that A = LQ.

Proof. Since A has full row-rank with m < n. by Theorem 10.1, we know that
AAT = LL7 for a lower triangular matrix L with positive diagonal elements. Hence
L~ exists and Q = L 'A is well defined. Morcover,

QQ =L 'AAT (L") =L 'LLT(L7) ' =1
Hence we know that Q is orthonormal and A = LQ.
Note that for a linear programming problem in its standard form, i.e.,
Minimize ¢x

subject to Ax =D, x>0

if the constraint matrix A is (m x n)-dimensional with full row-rank m < a. then A can
be factorized as the product of L and Q according to Theorem 10.3. In this case we
have Q = L' A, where L is obtained by Cholesky factorization (say. Algorithm C-1).

However, computing Q does not require L' explicitly. If we let Q; and A; be
the jth column of Q and A, respectively, for j = 1..... n, then Q; can be obtained
by applying a “forward solve™ (say. Algorithm F-1) to the system LQ; = A;, for j =
I.....n. In summary, we have the following algorithm for LQ factorization:
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Algorithm Q

Step 1: Compute the Cholesky factor L for AAT,

Step 2: For j =1 1o, use forward solve to find Q; for the system
LQ; = A;

End.

Once the LQ factorization is done, the original linear programming problem can be
expressed as

Minimize ¢'x (10.30a)
subjectto Qx=bh", x>0 (10.30b)

;v:?re |I: = L~'b (which can be obtained by applying a forward solve to the system
Lb =bh).

As mentioned earlier, we shall focus on the primal affine scaling algorithm and
leave‘ similar development of other interior-point algorithms to the reader. Remember
that in each iteration of the primal affine scaling algorithm, most computational time is
spent on finding the dual estimate w* for the moving direction d*. To be more precise,
for the problem (10.30). we need 1o compute

w' = (QX;Q") QX (10.31)

where )f; is a diagonal matrix formed by the current primal solution x* at the kth iteration.
Or. equivalently, w* is a solution vector to the system

Mu=v (10.32)

where M = (QX7Q") and v = QXje.

Now, since Q is an orthonormal matrix, we would like to show that (QX;Q")!
cain be represented as a convergent power series in matrix form. Then we can compute
w" according to the basic idea mentioned at the beginning of this section. To achieve
this objective, let us focus on the kth solution x* > 0 and choose

Ao = max (6)" and iy = min (x)’ (10.33)
In this way, Ay, Anin > 0. Moreover, for any o > Ay, we have
QX/Q" =« I~ QXQ'] (10.34)
where X is a diagonal matrix with its ith diagonal element being

_ o —(xf)

o

X e | for =l n

.Wc now dcr_mte matrix QXQ' by B. It is clear that B is symmetric and positive
definite with all eigenvalues being positive. Moreover, if kg, is the largest eigenvalue
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of B (often called the spectral radius of B and denoted by p(B)), we see that
Kmax = ||B]| = ”qu:r”

Algorithm LQ-1

< QU [XI| 10" < o — hmin <1 (10.35) Step 1: Choose € > 0 to be sufficiently small. Set
- ) - o . . 2 3
Jin = min (x)7 and T = k)
This further implies that each eigenvalue of B is less than 1. Therefore, the power series " i (W) and @ > e (/)
(10.27) is convergent and Set
= 1 l 2 l‘ml g S
(QXjQ") ' =~ aA-B) ' = [I+B+B+B' +.- (10.36) pB) =1 2" g r%wﬁ
o a o log [p(B)]

Observe that the matrix power series (10.27) can be approximated by a matrix polynomial Step 2: Set s = w0 — QXic and j . Set T ( ( 1}3)/ f
S ;8 = = I =L Set X; = (@ - (x)))/e. for

|
1\ - n. Compute B = QXQ", where X is a diagonal matrix with ¥, being

P.(B) of degree r > 0, i.e.,
(I-B)"' = P.(B) + E,(B) (10.37) f its ith diagonal element.
—_— i Step 3: Repeat ‘ ‘
F SUI o ley-—lw
PB) =3 B (10.38) ! Wi e liD) 4 g
d=0 1
and J—J+1
% until j=r+1,
= L
E@®)=Y B (10.39) Step 4: Set wh « Lyin,
k=r+1
By (10.37). we have One potential drawback of applying Algorithm LQ-1 to solve large-scale problems is
. i ( B due to sparsity considerations. For a given sparse matrix A. afier factorization, Q may
[|1EB)| = |[(1-B)" - P,(B)H < Z [IB]" = m (10.40) become very dense and difficult to manipulate. Fortunately. this potential problem can
Preserl be overcome. The idea is to express QXQ” as L'AXA’(L")"'. Remember that the
Since ||B]| = p(B), (10.40) implies that sparsity issue of the Cholesky factor L has been handled in a previous section. Also note
B! that the :?pcr.zllinn of ]zrlenmllipiying L' is equivalent to applying a “forward solve™ and
[|E.(B)]| = m (10.41) postmultiplying (L”)™" is equivalent o a “backward solve.” Therefore, we can replace
r Step 3 in Algorithm LQ-1 by the following procedure:
Consequently, for an arbitrary small tolerance level € > 0. in order to obtain a good
matrix approximation with ||E, (B)|| < €, we simply have to choose a large r such that Repeat:
r> log 1 — A(B)le) _ ]l (10.42) Use “backward solve™ to compute u'= " for the system of equations
log [p(B)] LTt = gi-b \
i.e., the smallest integer larger than ; e ‘
W I — AX (j-h 1
U loe ([l - p(B)le) u AXA'u !
log [p(B)] Use “forward solve™ 10 compute """ for the system of equations |
Observe that, from Equation (10.42), the value of r increases as € gets smaller or Ls') =y i
p(B) approaches unity. This factor directly affects the computational effort. - i ‘ |
Summarizing what we have discussed. we can devise an algorithm, based on the wh= w0 4 g {
LQ factorization, to solve the computational bottleneck (10.30) at the kth iteration for I
the primal affine scaling algorithm. o ’ !
until j=r 4 1. !
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With this modification, since A and L are sparse, the sparsity issue of Q is bypassed.
Any sparse matrix multiplication technique can be used hcrn:. Also note that, in Step 2,
we no longer have to compute B, and s = w' = L, TAX]e. .

Another potential drawback of Algorithm LQ-1 is due to the large vqluc of r
required by the algorithm. In theory, we know that as ., /. — 0 or, equivalently,
as p(B) — 1, the value of r approaches infinity. This means that more ?lnd more
iterations of Step 3 are needed, which results in inefficient computation. This inevitably
happens in the interior-point methods, because when we approach an optimal vertex,
even from interior, Ay, /e Still approaches 0.

To overcome this potential problem, we may consider a fixed-point scheme. From
(10.31)=(10.34), we know that

wh = (QX{Q") 5 QXie

l(l ~By 'y
«

where B = QXQ" and v = ()Xfc. If we further denote w = aow*, then w = (1 - B)~'v.
This implies that

w=DBw+v (10.43)

In other words, w is a fived-point solution of (10.43), Hence we can replace Algo-
rithm LQ-1 by the following iterative scheme:

Algorithm L.Q-2
Step 1: Choose € > 0 1o be sufficiently small. Choose
O > Dy = max (1)
t
Set v = QXfc. Set
T = (tr ~ (\,’)’) . for = Lo n

Compute B = QXQ'.
Step 2: Set j = | and select an arbitrary w
Repeat:

im

wi = RBw' "y
joe i+l
until [|w'/ — WD) < e,
Step 3: Assign

wh= (1 e)w'"

. T int wi
Notice that Algorithm LQ-2 allows an arbitrary starting point w'”. In practice. when

the primal affine scaling algorithm converges, the dual solution w* varies little and
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2(B) — 1. Hence, a considerable advantage can be gained by setting w' as the
previous dual estimate w*~'_ [n this way, though the convergence may slow down, we
are close to a solution from the beginning.

Unlike Algorithm LQ-1, being a finite algorithm, Algorithm LQ-2 produces a

sequence w/: j=0,1,2,.... We need to show that the sequence indeed converges
and produces a solution to system (10.32).

Theorem 104, The sequence w'/': J=0.1.2.... generated by Algorithm LQ-
2 is a Cauchy sequence and thus converges. Moreover, if we let w be its limit point,
then w* = (1/a)w solves the system (10.32).

Proof. Let p > 1. then
||wlj+m _ wlj)“ < H“,U'Hr) —wl ul—l)ll e “wlj+ll = wlj)“
= HBHP -1 (w(!» = th)ll e ”Bj (wrln _ wtm)”
< [p(B)) ! [[(w" - W""}H + B [|(w'" ~ w‘“’)”

[ (B))
T = p(B))]

which approaches 0 as j approaches +00. Hence w'/' is a Cauchy sequence, and thus
converges. From Step 2. we know its limit point w satisfies that

”wtll _ “,mx”

w=Bw+v

Hence w = (I - B)~'v. and w* solves (10.32).

The proof also shows that the rate of convergence of Algorithm LQ-2 is at least linear
in p(B). As a final remark, it is noteworthy that the iterative scheme presented in
Algorithm LQ-2 may be accelerated. Let 0 < 0 < | be arbitrary and consider Step 2 in
Algorithm LQ-2 being modified as

W= 0w (1 —a) [BwY D 4 v]

It can be shown that the sequence (W' j = 0.1.2. . -} generated by the modified
Algorithm LQ-2 is also a Cauchy sequence. Its convergence rate is at least linear in
pB1+ (1 —#)B). This could improve the rate of convergence. But it is not an easy
problem to find an optimal @ for a general setting.

A more general and new model of treating the infinitely summable series by using
Chebychev approximation to accelerate the convergence is also under current investiga-
tion.

10.5 CONCLUDING REMARKS

In this chapter we have introduced three methods to overcome the computational bottle-
neck of implementing interior-point algorithms. While all three methods (Cholesky, CG,
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and LQ) appear promising, the most popular is the Cholesky factorization method. This
is partially due to the fact that a vast amount of literature is available in this area and
it is numerically stable. Moreover, any floating-point exceptions can be easily “tracked”
and “trapped” in the implementations of Cholesky factorization.

Sparsity considerations are very important in solving large-scale problems. In ad-
dition to what has been introduced in this chapter, one idea is to split the constraint
matrix into two parts, a dense part and a sparse part, and treat them separately. For the
sparse part we may use sparse matrix techniques, such as the ones described previously,
while a low rank updating scheme or the conjugate gradient method may be used for the
dense part. This approach could result in substantial reduction in computer run-time for
a number of cases. It is often referred o as the column dropping technigue. However, it
requires us to take extreme care to ensure the robustness of the implemented software.
This has been recognized as a challenging task. The major problem is numerical insta-
bility. Even though the original system is nonsingular, the subsystem of equations to
be solved with some columns deleted may turn out to be singular. Another idea is to
solve dual problems as if they were primal. Under this situation, as long as the original
problem does not contain both dense rows and dense columns, we may still be able to
take advantage of one formulation.

Other techniques that have been tested for the implementation of interior-point
methods include (1) matrix reduction via the elimination of singleton columns and corre-
sponding variables, (2) fixing variables to their bounds, whenever applicable, (3) scaling
the data to render numerical stability in computation, and (4) using various acceleration
techniques applied to Cholesky factorization. The authors™ limited experience with these
techniques indicates that little improvement can be obtained for overall efficiency in
solving real-life problems.

Finally, we want to mention that there have been attempts to apply decomposition
principles in conjunction with interior-point methods 1o solve large-scale problems. Ba-
sically, a large-scale problem is decomposed into a restricted master problem and several
subproblems, and then interior-point methods are applied. However, as far as the authors
know. there is no evidence showing any significant improvement.
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EXERCISES

10.1. Let M be an n x n symmetric positive definite matrix. Show that
(a) Any principal submatrix of M is positive definite.
(b) M is nonsingular and its inverse matrix M~ is also positive definite.
(¢) BTMB is positive definite if and only if B is nonsingular.
(d) mjj >0.fori=1,.... n
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10.2,

10.3.
10.4.

10.6.

10.7.

10.8.

10.9.

10.10.

10.11.

10.12.

10.13.

10.14.
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(e) max my; = max |mj;|.
I<i<n l<i.j<n

(0 mjjmjj > "‘r;j' for all i, j.

Let P be a permutation matrix that interchanges only two columns or two rows.

(a) Show that P is symmetric.

(b) Is the product of two such permutations symmetric? Why?

(c) Suppose that R is a product of a finite number of such permutations and M is ann x n
symmetric matrix; show that any diagonal element of RTMR must be a diagonal
element of M.

Is the product of two orthogonal matrices orthogonal? Why?

Let M be an n x n nonsingular matrix with QR factorization M = QR.

(a) Is this factorization unique?

(b) I M has another QR factorization such that M = QR. What is the connection between
Q and Q? R and R?

. Derive the “outer product form™ of the Cholesky factorization algorithm based on the proof

of Theorem 10.1. [Hint: Express

M=L,ML . M =LML], M,y =L,LLT

where L; fori = 1,2,..., n are lower triangular matrices and I, is the n x n identity
matrix. Then show that L, the Cholesky factor of M, is Ly +La+---+Lp — (n = DI,.]
Let A be an (m % n)-dimensional matrix (m < n) with rank r < m. Assume that A = UV7.
Show that U and V are of rank r. ‘
Let A be an (m x n)-dimensional matrix (m < n) with full row-rank. Prove that AA” is
symmetric and positive definite. If
1 3 =2

A= [-1 2 5]
find the Cholesky factor of AA7.
Let A be an (m x n)-dimensional matrix (say m < n). Also let B be an n x m matrix such
that BA = I. Show that B exists if and only if the columns of A are linearly independent.
Furthermore, show that B is unique if and only if the rows of A are linearly independent.
Construct such a B for a given A. [Note: B is called the “left inverse™ of A.]
Consider the matrix M in Example 10.1. Compute its Cholesky factor L and then apply
the minimum degree reordering to recompute the Cholesky factor. Remember to compare
these two results.
Verify that Algorithm F-2 gives the correct answer, and access L column by column.
Prove that d*. for k = 1,2..... obtained by (10.23) and (10.24). indeed are mutually
conjugate with respect to matrix M.
For the matrix A of Exercise 10.7, perform LQ factorization to get the corresponding
matrix Q.
Provide a simple example. say | <m < n < 10, such that A is relatively sparse but Q is
very dense.
Consider the fixed-point iteration scheme in connection with the LQ factorization tech-
nique, where

w =awl=D 4 (1 -8 [Bw‘j"' +v]
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Let kmax and ki be the largest and smallest cigenvalues of B. Show that

p A1+ (1 —6)B) < p(B) if and only if 0 > = —mn_

= Kmin

10.15. An advantage of the C programming language is due to the dynamic memory allocation

which substantially reduces memory requirements for the implementation of the interior-
point algorithms. If you know what “dynamic memory allocation” is, discuss the way
of implementing the minimum degree reordering, the Cholesky factorization, and the for-
ward/backward solves with the dynamic memory allocation scheme.
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