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Complexity Analysis
and the Ellipsoid Method

The simplex approach described in previous chapters has been an extremely efficient
computational tool ever since it was intreduced by G. B. Dantzig in 1947. For certain
problems. however, at least in theory, the method was shown to be very inefficient. This
leads to the study of the computational complexity of linear programming. The worst-
case analysis shows that the simplex method and its variants may take an exponential
number (depending on the problem size) of pivots to reach an optimal solution and the
method may become impractical in solving very large scale general linear programming
problems. Therefore, research work has been directed to finding an algorithm for linear
programming with polyromial complexity. .

The first such algorithm was proposed by L. G. Khachian in 1979, based on the
method of central sections and the method of generalized gradient descent with space
dilation, which were developed for nonlinear optimization by several other Soviet math-
ematicians. In theory, Khachian's ellipsoid method has a better time bound than the
simplex method, but it seems to be of little practical value at least at the present time.
The practical performance of the variants of the simplex method is far better than that
of the ellipsoid method.

In this chapter we start with the concept of computational complexity, discuss the
performance of the simplex method in the context of complexity analysis, then introduce
the basic ideas of the ellipsoid method, and conclude with the performance of Khachian’s
algorithm.
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5.1 CONCEPTS OF COMPUTATIONAL COMPLEXITY

The concept of complexiry analysis was introduced in the 1970s to evaluate the perform-
ance of an algorithm. The worst-case analysis measures the degree of difficulty in
problem solving under the worst scenario. The computational complexity provides us
an index of assessing the growth in computational effort of an algorithm as a function
of the size of the problem in the worst-case analysis. The complexity of an algorithm
is usually measured in this context by the number of elementary operations such as
additions, multiplications, and comparisons, which depends on the algorithm and the
total size of the input data in binary representation.

For a general iterative scheme, as discussed in Chapter 3, its complexity is deter-
mined by the product of the total number of iterations and the rumber of operations at
each iteration. The total number of iterations certainly depends on the accuracy level
required, while the number of elementary operations depends upon the binary represen-
tation of the input size. Consider a linear programming problem

Minimize ¢’x (5.1a)
subjectto Ax=b, x>0. (5.1b)

where A is an m x n matrix with m.n > 2, b € R™, ¢, x € R", and the input data is
all integer (possibly converted from some rational data to this form). By specifying the
values of m, n, A, b, ¢, we define an instance of the linear program. If we further define
the input length of an instance to be the number of binary bits needed to record all the
data of the problem and denote it by L. then the size of an instarce of the problem can
be represented by the triplet (m. n. L). Consequently, the complexity of an algorithm for
linear programming becomes a function of the triplet. namely f(m. n., L). Suppose that
there exists a constant number 7 > 0 such that the total number of elementary operations
required by the algorithm in any instance of the problem is no more than t f(m.n. L).
we say the algorithm is of order of complexity O(f(m.n,L)). When the complexity
function f(m.n, L) is a polynomial function of m.n and L, the algorithm is said to be
polynomially bounded or to be of polynomial complexity. Otherwise, the algorithm is a
nonpolynomial-time algorithm.

Notice that in the binary system. it takes (r + 1) bits to represent a positive integer
Z €127, 2°*") for a nonnegative integer r. Therefore for a positive integer £, we require
flog (1 + )] binary bits to represent it, where [-] denotes the round-up integer value.
Adding one more bit for signs. a total of 1 + [log (1 + [¢|)] binary bits are needed for
encoding an arbitrary integer £. For linear program (5.1), the input length is given by

L=T1+log(1+m)+[1+]log(l +n)'|+le + {1 +log (14 [c;1))
=1

+ ) 1+ Mog (1 +lay D1} + Y11+ Mog (1 + (51}

i=) j=) i=1

(5.2)
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In our complexity analysis, since only an upper bound on the computational effort is
required, we do not need an exact L in defining the size of an instance of a problem. A
common estimate is given by
L=T[1+logm+logn+ Z[I + log (1 -+ [c; )}
j=
m n
+3°) 0+ log (1 + lay (5.3)
i=1 j=I
m
+3 0+ log(1+ 15D
i=
or
n " n m
L= T+log(+lgD1+) Y [1+log(l+a;D1] + 3 [1+log (14 1B (5.4)

i=1 i=1 j=I i=l

We now proceed to show that the simplex method is not of polynomial complexity,
although a vast amount of practical experience has confirmed that in most cases the
number of iterations is a linear function of m and a sublinear function of n.

5.2 COMPLEXITY OF THE SIMPLEX METHOD

The computational complexity of the simplex method depends upon the total number of
iterations and the number of elementary operations required at each iteration. Different
implementation details result in different complexity. Variants of the simplex method
were designed to achieve better computational performance. Following the computational
procedure in Chapter 3. it is not difficult to estimate that the revised simplex method
requires about m(n — m) + (m + 1)* multiplications and m(n + 1) additions at each
iteration. As to Dantzig's original simplex method. it requires about m(n —m) +n + 1
multiplications and m(n — m + 1) additions at each iteration. The key point is that both
of them are of order O(mn).

How many iterations are required? Each iteration of the simplex method and its
variants hops from one extreme point to a neighboring extreme point. For a linear
programming problem in its standard form, the feasible domain contains up to C(n,m)
extreme points that an algorithm could possibly visit. Since

n! ny"
Ctnom)= —— > (-—) > 2" whenever n = 2m,
m'n —m)! m

it is quite plausible to require an exponential order of iterations. This fear of exponential
effort was confirmed by some worst-case examples specially designed for the simplex
method and its variants.
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The first such example is given by V. Klee and G. L. Minty in 1971 to show that
Dantzig's simplex method must traverse all (2" — 1) extreme points to reach the optimal
solution.

Example 5.1  (Klee-Mintv's example)
For0 <§ < 1/2,

Maximize x,

subjectto 0 <y < | (5.5
i Sxp sl =8y, T=23,.00 n (5.5b)
vt 1 S (0 [ — (5.5¢)

Obviously the origin point is a basic feasible solution. If we start with the origin and apply
the largest reduction rule to the entering nonbasic variables, the simplex method takes 2" — |
iterations 1o visil every extreme point of the feasible domain. For n = 2 and n = 3, Figures
5.1 and 5.2 illustrate the sitwations, A mathematical proof based on a linear transformation
of the example is included in Exercise 5.3.

X2

=1

x=(,1-8

xI=(1, )

)
x'=(0.0) Figure 5.1

Variants of the simplex method may change the entering or leaving rules (pivot-
ing scheme) to avoid traversing every extreme point. But different bad examples were
reported for different variants. This leads us to believe that the simplex method and its
variants are of exponential complexity.

However, the bad examples rarely happen in real-world problems. It has been
observed in the past forty years that real-life problems in moderate size require the
simplex method to take 4/m to 6m iterations in completing two phases. It is conjectured
for n large relative to m. the number of iterations is expected to be e x m, where
expler) < log, (24 n/m). Similar results were confirmed by Monte Carlo experiments

= - B ———
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x! X

%
X0 =(0.0) Figure 5.2

with artificial probability distributions. Hence the expected computational effort of the
simplex method is of Q(m’n). ‘

When sparsity issues are addressed, a regression equation of the form Km“nd
usually provides a better fit for the complexity of the simplex method, where K is a
constant, 1.25 < o < 2.5, and d is the number of nonzero elements in matrix A divided
by nm. This explains why the simplex method is efficient in practice, although it is of

exponential complexity in theory.

0.33

5.3 BASIC IDEAS OF THE ELLIPSOID METHOD

After the simplex method was realized to be of exponential complexity, a major theo-
retical question arose: “Is there a polynomial-time algorithm for linear programming?”
An affirmative answer was finally provided by L. G. Khachian in 1979. He showed how
one could adapt the ellipsoid method for convex programming (of which linear program-
ming is a special case) developed by N. Z. Shor, D. B. Yudin, and A. S. Nemirovskii to
give a linear programming algorithm of polynomial complexity. More precisely, .Yudln
and Nemirovskii showed that the ellipsoid method related to Shor’s work approximates
the exact solution within any given tolerance € > 0 in a number of iterations which is
polynomial in both the size of input data and log (1/€). Khachian further provec! that
when the method is applied to linear programming problems with integer coefficients,
even an exact solution can be obtained in polynomial time. In this section. we introduce
the basic ideas of the ellipsoid method for linear programming.
Consider a system of n variables in m (strict) linear inequalities, i.e.,

Z“ij-"j < by, i=1,2.....m (5.6)
J=1

or

(5.6a)

Ax <b
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with A being an m x n matrix, x € R", and b € R™. Our objective is to find a solution
of (5.6) if it exists. The ellipsoid method starts with a spheroid whose radius is large
enough to include a solution of the system of inequalities if one exists. Denoting the set
of solutions in the initial spheroid by P, the algorithm proceeds by constructing a series
of ellipsoids, Ey, at the kth iteration such that P C E;. The ellipsoids are constructed in
a way that their volumes shrink geometrically. Since the volume of P can he proven to
be positive when P # ¢, one can show that after a polynomial number of iterations the
algorithm either finds the center point of the current ellipsoid is a solution or concludes
that no solution exists for (5.6).

We now describe the method in geometric terms. Given a nonnegative number r
and a point z € R", a spheroid (sphere) centered at z with radius r in the n-dimensional
Euclidean space is defined by

n
Sar=(xeR|Y (- <r)=(xeR|x-"x-n<r) ()
i=l ~
The volume of S(z, r) is denoted by vol (S(z. r}). Given an n x n nonsingular matrix A
and a point ¢ € R", an affine transformation T(A, ¢) maps every point x € K" to a new
point A(x —¢) € R". An ellipsoid is the image of the unit sphere S(0, 1) under some
affine transformation. Therefore an cllipsoid can be represented by

E={xeR |(x-0'ATAK-¢) < 1) (5.8)
The point ¢ is defined to be the center of E. and the volume of E is then given by
vol () = det(A™") x vol (S(0). 1)) (5.9)

where det(A~") is the determinant of the inverse matrix of A. By a half-ellipsoid 1E,
we mean the intersection of E with a halfspace whose bounding hyperplane, H = {x €
R"|a"x = B} for some vector a € R" and scalar B. passes through the center of E. In
other words, we may define

1 :
;E={er|a’xzaTc} (5.10

Example 5.2

In Figure 5.3, E = 8(0, 1) is the 2-dimensional unit sphere, the shaded area is 5I-E given
by the intersection of E with the halfspace [(x;,x2) € R¥|x; > 0). Passing the points
(1.0). (0. 1), and (0. —1), a new ellipsoid

E={xe RO/ = 1/3) + 3/ < 1)

is constructed to include %E with a minimum volume vol (E) = [44/3/9] x vol (S(0, 1)).
The center of E is at (1/3, 0) and the defining matrix

A=[3/2 0 ]

0 Vi with det(A) = 3v/3/4

We can further extend the result in Example 5.2 to the n-dimensional case. For E =
S(0, 1) € R" with the half-ellipsoid ;'E =[x € E|x; > 0], we can construct a new
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= [y, ) | 940y = V3R + 3800 < 1)

.1

112K

(173, 0) (.0
o

0, -1
Figure 5.3

n+ 1y RN ("3_[) ~ 5
BN (e} {2V R 2 (5.11)
( n ) (l' n+l) n’ Zz '

ellipsoid

E:{xe R"

whose center is at

and

’ n=1/2
n n-
ol (By= [ —— LR % vol (E)
vol (E) (” s ') (n] ~ ])

The associated affine matrix A is an n-dimensional diagonal matrix with (n+1)/n
as its first diagonal element and [(n* — 1)/n?]"? as the remaining diagonal elements.
The picture of E is shown in Figure 5.4. i

In Figure 5.4, we see the ellipsoid E is determined by three parameters 7, o, and
8. where

r=1/(n+1) (5.12a)

a=2/n+1) (5.12b)
and

s=nfn® = 1) (5.12¢)

Comparing it to E, E moves its center from the origin to (r.O:... . 0), shrinks
in the x; direction by the factor /8(1 =) = n/(n + 1) and expands in all onh.ogn.na!
directions by the factor V8 =n/vn* = 1. Hence we call 7, o, and 8 the step, dilation.
and expansion parameters, ) ]

There are two interesting consequences of the facts mentioned above. First, note
that affine transformations preserve ratios of volumes, and every ellipsoid can be mapped
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| pr——.
T NI - a) Figure 5.4

to the unit sphere by an appropriate affine transformation. In Exercise 5.6, we can further

prove that
7 II: (n=1/2
- < e 2" for any integer 1 > |
n+1 nt—1

Hence we have the following result:

Lemma5.1.  Every half-ellipsoid LE is contained in an ellipsoid E whose volume
is less than ¢='/>"*1 times the volume of E.

Second, for a convex polyhedral set P contained in an ellipsoid E, if the center of
E lay outside P, then P would be contained in some half-ellipsoid %F, and, consequently,
in a smaller ellipsoid E. Hence we have the following lemma:

Lemma 5.2.  The smallest ellipsoid E containing a convex polyhedral set P has
its center in P.

Lemma 5.2 actually suggests an iterative scheme to solve the system of inequalities
(5.6). Here is the basic idea: if part of the solution set of (5.6) forms a convex polyhedron
P and it is contained in an ellipsoid E; at the kth iteration, then we could check the center
of E;. If the center of E; belongs to P, we find a solution to (5.6). Otherwise, we can
replace E; by a smaller ellipsoid E;.; = E; and repeat this process. Since Lemma 5.1
indicates that the volume of E; shrinks at least by an exponential term e~ "/27+1) gfer
each iteration, this iterative scheme requires only a polynomial number of iterations to
reach a conclusion, if we know where to start and when to terminate.
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To start up the iterative scheme, consider the following known result (to be proven
in Exercise 5.7):

Lemma 5.3. If the system of inequalities (5.6) has any solution, then it has a
solution x € R" such that

2t <x; <2t (5.13)

where L is the input size given by (5.3) with ¢; = 0 for all ;.

i = 2L ich is an n-dimensional sphere with

Hence we can define E, = S(0,2-%), which i : ‘

radius equal to 2°L. In this case, the convex polyhedron P defined by (5.6) and (5.13) is
contained in Eq to let us proceed with the iterative scheme. '

To terminate the iterative scheme. we should know the following result (to be

proven in Exercise 5.8):

Lemma 54. If the system of inequalities (5.6) has a solution, then th'c '\:c'aflume
: - . HY 2 —in- =
of its solutions inside the cube [x € R™ ||x| <25, i=1,.... n] is at least 2 .

T —(n+1)L :
Hence we can terminate the iterative scheme when vol (E;) < 27" . In this

case, (5.6) has no solution. ' o
Summarizing Lemmas 5.1-5.4, we can outline the basic geometry of the ellipsoid

method for solving a system of strict linear inequalities (5.6) as follows:

Step 1 (initialization): Let Eq = S(0.22") and £ = 0. .

Step 2 (checking for solution): If the center x* of E; satisfies (5.6). then stop.
Otherwise, let E;4; be the smaller ellipsoid E; which contains the polyhedron P
defined by (5.6) and (5.13). Increase k by 1. -

Step 3 (stopping): If vol (E;) < 27“*PE_then stop with the conclusion that
(5.6) has no solution. Otherwise, go to Step 2.

5.4 ELLIPSOID METHOD FOR LINEAR PROGRAMMING

Following the basic ideas described in the previous seFlion. we introduce thc_‘clli‘psmd
method for linear programming in this section. The major task is to ::onsrr.ucl E of Step
2 in algebraic terms. To do so, we let a] = (@1, apn.....ay) € R" fori =1....,
and rewrite system (5.6) as

5]

i=1; .om (5.14)

aiTx < b,
Moreover, we let E; be an ellipsoid defined by [x € R" | (xéx")TB‘T'(x—x‘l) < 1), w]u.en:
x* is the center of E; and B[' = A}_'A‘ for some affine tr.msformanfm I;m.]ﬂ'ix Ar. Nol.lce
that when A is nonsingular, B;' is positive definite. Furthermore, if x is not a :solulmn
of (5.14), then there exists an index i such that a] x* > b; and the p(rnennul sc;_ltiuon falls
in the half-ellipsoid JE; = {x € E;|alx < a/x') = (x € E¢| — a/x > —a/x'}. Refer
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back to Figure 5.4. Based on the three parameters of the step, dilation, and expansion
defined by (5.12), the new ellipsoid E; is defined by

X.UI =¥‘ -7 (B;a,/\, E,TB.(a.) [5!5)
and
By =4 (BL - (B‘a,-(Bka,-lT/ (a,TB(a,-)]) (5.16)

Since B, " is symmetric and positive definite, it can be shown that B[,’, is also a sym-
metric positive define matrix and the set

{xeR"J(xﬁx‘)’AB;"lx—x")g],a,?'x.:[;i} (5.17)

is contained in the ellipsoid E; | = [x € R" | (x — x**! VB! (x=x*1) < 1}. Moreover,
the volume of E;,, is

) 4132
n n- . )
—_ o — times the volume of E,
n+1 n-—1

Now. the ellipsoid method for solving a system of strict linear inequalities can be
described in algebraic terms:

Step 1 (initialization): Let k = 0, E, = S(0. 26y By = 2211, and x* =0,

Step 2 (checking for solution): If x* satisfies (5.14). then stop with the solu-
tion x*. Otherwise, identify an index i such that a/x* > b, calculate ¥+ and
B .y according to (5.15) and (5.16) and increase k by 1.

Step 3 (stopping): I vol(E;) < 2=“*VL_then stop with the conclusion that
(5.14) has no solution. Otherwise, go to Step 2.

Notice that after each iteration vol (E; ) is reduced at least by a factor of ¢~ /2t
Since the starting volume is vol (S0, 22%)). and the smallest ending volume is 2-"+ Dt
the total number of iterations is at most a constant times n>[.. This can be shown in
Exercise 5.11. Also notice that the formulas (5.12), (5.15), and (5.16) for x**' and
By assume exact arithmetic. For real implementation, one must use finite-precision
arithmetic to approximate exact numbers. This may cause computational errors. Never-
theless, Khachian indicated that if we take 23L bits of precision before the decimal point
and 38nL after the point, then it is sufficient for rounding approximation to an exact
number. However, if the values of x**! and By are rounded to this specified number
of bits, the ellipsoid E;.; may not contain the required half-ellipsoid. Khachian further
showed that if By, is multiplied by a factor 21" which is slightly larger than 1, then
Eis1 will always contain the desired half-ellipsoid. This guarantees the ellipsoid method
terminates within O(n*L) iterations with an exact solution. For our limited interests,
unless otherwise noted we will assume throughout that exact arithmetic is used in this
chapter.

The following simple example shows how the algorithm works,

e
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Example 5.3
Let (5.6) be given by
X <0
0 <0
8 g T = =2+ log, 5, and 2*F = 400. The
In this case a] = (1.0), al = (0. 1), b" =(0.0). L =2+ log, 5, and
algorithm starts with
0 400 0 ]
X'= [u]‘ s [ 0 400
and terminates in two iterations with
L [=20/3 C[1600/9 0 ]
x :[ 0 ] Bi="0 16003
» -20/3 Br= 6400727 0 ]
= [—4W§/9]' =10 60027
The geomelric picture is given by Figure 55
E,
‘I
E, 2
Figure 5.5

The duality theory in Chapter 4 indicates that in order to solve a lincar programming

problem in its canonical form. ...

Maximize ¢’ x (5.18a)
subject o Ax < b, x>0, (5.18h)
we only need to consider the following system of inequalities:
x=b"w (5.19a)
Ax <b.x=0 (5.19b)
Alw=>c. w>0 (5.19¢)
— T o e

=

P Made i i - s S
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We know that system (5.19) is solvable if and only if the original problem (5.18) has
a feasible solution and a finite optimum. Moreover, if (x, w) is a solution to system
(5.19), then x is an optimal solution 10 (5.18). Notice that system (5.19) is not of the
strict inequality form, and the ellipsoid method may not be applicable. Fortunately, we
can perturb system (5.19) by a very small number 2 (o convert the weak inequality
form to strict inequalitics. The following lemma validates this perturbation scheme.

Lemma 5.5.  Supposc that the system
’d,'r.\' < b +27F, i=1..... m

has a solution, then

has a solution.

Hence the ellipsoid method can be applied to system (5.19) with a perturbation
factor 27" for strict inequalitics. In this way, it is clearly seen that a polynomial time
algorithm for linear equalities yields a polynomial time algorithm for linear programming
problems.

5.5 PERFORMANCE OF THE ELLIPSOID METHOD FOR LP

In theory. to solve a system of m strict inequalities in n variables, the ellipsoid method
requires at most Q(n”L) iterations. and at each iteration it requires O(nL) elementary
operations in updating x**' and By, to the required precision level. Therefore the total
complexity of the ellipsoid method in this case is of @(n* L), which is far better than that
of the simplex method. However, from a practical point of view, the ellipsoid method
may have little use. There are several disadvantages of this approach to solving linear
programming problems.

The first disadvantage is the slow convergence. Consider system (5.19); it has n+m
variables and hence the ellipsoid method is applied to a system of linear inequalities in
R"*™. The initial ellipsoid may have an astronomical volume if’ we cannot cleverly
identify a good bound for the feasible domain of both problem (5.18) and its dual
problem. Moreover, the solution of system (5.19) lies in the hyperplane ¢’x = by;
hence. even if (5.19) is feasible. the volume of the feasible set is zero. By perturbing the
right-hand side in (5.19). the corresponding feasible set still has a very small volume: thus
the number of iterations is likely to be very large. In fact. practitioners have confirmed
the extremely slow convergence.

The second disadvantage is that, if the method determines that (5.19) is infeasible,
after a long period of tedious computation. it is not clear whether the original linear
program (5.18) is infeasible or unhounded. Of course there is a remedy strategy, but
more computation work is required.

™
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The third disadvantage is due to sparsity. So far, the ellipsoid method does not
seem to he able to exploit sparsity. We may start with a very simple matrix By, but the
number of the fill-in elements in By grows very rapidly. Thus even if the number of
iterations could be reduced significantly, the ellipsoid method would still have problems
in solving large-scale linear programming problems.

After all. a fundamental difficulty is due to the limitations of finite-precision arith-
metic. It is unlikely that any reasonable implementation of the method would be of
polynomial time.

5.6 MODIFICATIONS OF THE BASIC ALGORITHM

To improve the slow convergence of the ellipsoid method, variations of the basic ellipsoid
method were developed. Since the number of iterations depends upon the volume ratio of
E; .1 to Eg, research has been conducted to generate smaller ellipsoids at each iteration by
considering deep cuts, surrogate cuts, and parallel cuts. Researchers have also replaced
the role of ellipsoids in the basic method by certain polyhedra called simplices. In this
section we discuss some of these modifications.

5.6.1 Deep Cuts

In the basic ellipsoid method. suppose that x* violates the ith constraint of (5.14);
the ellipsoid E; . constructed according to (5.15) and (3.16) contains the half-ellipsoid
By ={xeElajx< a/x"). In reality we only require that E; contain the smaller
portion {x € E; |a,Tx < b;} C E;. Hence we may obtain an ellipsoid of smaller volume
by using the deep cur a] x < b; instead of the cut al'x < a/x*, which passes through the
center of E;. This is illustrated in Figure 5.6.

"
Ein

Eioi

Deep cut

T i
a x=a,x

£

Figure 5.6
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f-t—

=

Figure 5.7

- [[To dc‘nve the formulas for the smaller ellipsoid, we consider the basic case where
s the unit sphere 5(0. 1), and one of the inequalities in (5.14) reads x; > ¢ for some

0 <1 < 1. As Figure 5.7 shows, the feasibl
P sible set P defined by (5.13) and (5.14) can be

— | 2 I 2 2 n
E={xer (—ﬁ"J’ ) LY WL w
{ n(l —1) II n+1 ¥ n3(l —1?) Z.‘(; =1 (220}
i=2

whose center is
1 +nt o
S G

(I =1)(1 = p2)l-012 ( n ) G N
n+1/)\n*=1

times the volume of the unit sphere. Notice that

and volume is

vol (E) = (1 = 1)(1 — £)"=12yq] () (5.21)

he = 0. L= E and E Whe Pp oaches I, E
W 1 I d bECU![ es smaller as 1 increases. nita
beco nes one p()l]“ with null \OIUIHC

Parallel to the previous derivation, the ellipsoid E i
ot , the ellipsoid E is defined by (5.15) and (5.16)
R (R0 (=)
n+ 1 i+ D1 +n)’ I T (5.22)
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where _,
= (alrx‘ — b))/ a,TB;,a,- (5.23)

i is gre al to one,
i i ity i f any one ¢ is greater than or equa I

¢ for each inequality in (5.14), i . 5

1(]:101':!:“211:81“ (5.14) has no feasible solution. Otherwise we can select th; deu;pe‘itrc:ctﬂ:lv;l "

thz Iaéeqlr for constructing Ey4,. Conceptually, deep c.zls sllcrall(;:i I?;amtoaqa:eponed -

iy f the ellipsoid method. , as
duction, and hence faster conve'rgence ol . ethe

:‘aearchers. the improvement obtained can be rather disappointing.

5.6.2 Surrogate Cuts

A surrogate cut is generated by combining some inequalities of (5.14) to achlev? ;ge;p;;
uf!hangany cut generated by a single constraint of (3.14). In theory, any cut 0
¢
m m
Zu,-a,rx < Zu,-b,-
i=1 =l
] i ints that satisfy (5.14) are cut off
is valid as long as u; > 0 for i = I, ..., m, since no pot are ¢
:: v?l}il:i i?-lsequjity. It can be shown that the deepest surrogale.cut at thelkfh iteration of
ﬂ?e ell-ipsoid method is the one whose u; coefficients are obtained by solving

maximize u’ (ATx* — b)/(u” ATB,Au)'"? (5.24)
u=0

. ; . ; ount
here A is defined in (5.6). In practice, since solving (5.24) requires a sufﬁc:e:‘n :;TS o
:f compuiations only surrogate cuts which can be generated from two constrai

considered. Figure 5.8 illustrates a surrogate cut.

a=ud) + i,

-=""“Surrogate cut

2

Figure 5.8

5.6.3 Parallel Cuts

Supposé system (5.14) contains a pair of parallel constraints

5
‘alx < b; and n}x < b; (5.25)
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where a; = —a; and =bj < bi. Then we consider how to use two constraints simultane-
ously to generate a new ellipsoid. At the kth iteration, we let o = (alx* —b;)/\/a Beay

and @ = (a}rx‘*b,—)/\/af‘B;n,-. Suppose that & < | /n and @ < —& < 1 then formulas
(5.15) and (5.16) with new parameters

p =40 -1 =) + @ - o}y (5.26a)
o= (1/(n+D))n + (2/(e — @)1 - a@ - p/2)) (5.26b)
T=o(a—-a)/2 (5.26¢)
8=/ = 1)1 = (@ +& - p/n)/2) i

generate E; .| that contains the slice xeE|-b < a,—Tx < b;} of E;.

Figure 5.9 shows
parallel constraint on the unit sphere.

m ax=h
& AN

a,’x =h

Figure 5.9
5.6.4 Replacing Ellipsoid by Simplex

In the early development stage of the ellipsoid method, A. Yu. Levin already used
simplices rather than ellipsoids to achieve iterative volume reductions. This can be
viewed as a polyhedral version of the ellipsoid method. After Khachian proposed his
method, this idea regained researcher interest.

To describe this idea, we assume that there are n + 1 points v, v!, ., v'in R”,
and no hyperplane passes through all of them. Then the convex hall (as defined in
Chapter 2) generated by these n + | points in R" forms a simplex S(+°. .. .. Vi) Itis
obvious that a simplex in R? is a triangle, and in R* a tetrahedron. The center of this
simplex is the point defined by

I n
= ' 5.7
= +1 Zv (5.27)

i=l

Similar to a half-ellipsoid, we define a half-simplex %S to be the intersection of a simplex
S with a halfspace whose bounding hyperplane passes through the center of S.

For a given simplex Siv', ..., V'), let %S(v” ..... v") be the intersection of
So, ..., v") and the halfspace {x € R" |a”x < b}, and
e(x) =h—a'x (5.28)
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ivli i 1 "
for x € S. Moreover, we let e(v') = max{e(v')|i =0...., n}. Since 38 # ¢, we have
e(v') > 0. We now define .
- (5.299)
=0T evh
and
V’:v‘+%(vf—¢). i=01....n (5.29b)
d 1
i 7 ins the half-simplex
i i hat the new simplex S(V', ... ¥") contains
IIIS]; i:ralghlﬁl;\'v::zlitslh{os‘:é‘ ' V1)) < e 2+ yol (S(V, ... v")). Consequently,
38(v, ..., ¥7), and vol (S(v7, ...

the following lemma holds:

Lemma 5.6. Every half-simplex 18 is contained in a simplex S whose volume

is less than e~ '/2"+1" times the volume of S.

Then a polyhedral version of the ellipsoid method follows.

5.7 CONCLUDING REMARKS

L B s ca mris shov . .o
gitgsgmf.n; 30:’12:;;0.‘::;?-“’1:};&]) in:hclwecn still requires substantial efforts to reach full
undm(‘;n:j;:go‘thcr hand, Khachian's algorithm is of polch;;‘lninlllcon;pll;iig. P\::;:nizlll:;
:r:)lblcrl:lr::a I:()l:::iitﬂeﬁ u:::?&::::ii:::ﬁi (:sg;;c(;:i:%. 1;2 c){li([)lsoid method seems to
el ff:]i:;rotfgah::hzi:; l[;;zt)i?:rll:g:lmrlol:al:r;iilc:\!locwg::ﬁltj::?}::%elital sig_nilﬁc::—:clfni(r: ‘:z] ::Hi
nonlinear and combinatorial npiimi?..alion problems where the constrain s.z; o
implicitly and may be cxpo'nenlial in Twmb.cr. a polynomm]_—uTchziﬂio;elmand- R
ﬁﬁé]ﬂ::;alngjrﬁ;;c;riﬂg:g‘g z:zi;:ﬂrgl?isﬂogﬁm;:;Zﬁg:e:; exgci!ing developments
in-lhis area. We shall study Karmarkar's algorithm in the next chapter.
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EXERCISES
REFERENCES FOR FURTHER READING

5.1. Compare the graphs of fj(n) = n?, frn) =nd, fim) = 2n, Faln) = 1000°, and fs(m)
=(0.001)2", for n > (.
(a) Does a quadratic algorithm always perform better than a cubic algorithm? Why?
(b) Does a polynomial algorithm always perform better than an exponential algorithm?

51. Bland. R. G.. Goldfarb, D.. and Todd, M. J., “The ellipsoid method: a survey,” Operations

Research 29, 1039-1091 (1981). . ‘ ' .
5.2. Borgwardt, K. H., The Simplex Method: A Probabilistic Analysis, Springer-Verlag, Berlin

- inbles,” Mathematics Why?
5.3. Burrell, B. P.. and Todd, M. I, “The ellipsoid method generates dual variables,” Ma .

of Operations Research 10, 688-700 (1985).

5.2. Show that C(n,m) > 2™ for nonnegative integers i and m with 1 > 2m.
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5.3, Consider Klee-Minty's example, letting 6 = 1/e and the linear |Tunsf(>.rmul|0n wp = X,
N : (6 —exi_y)/e =" fori = 2.....n. Show that prebleny 5.5 is equivalent to
wi = (x; — €xj— g

n -

Maximize E w;

i=1
subject 1o w <1
il
w; +2Zuu < gt for s Reas n
k=1,
Wy, ..., 20,

5.4. (a) Solve the foregoing equivalent problem, starting from the origin and using the largest
- reduction rule for entering variables, for the case n =2 and n = 3.

(h) Draw the graph for each case. _ - N

(¢c) Show by induction on n that the simplex method traverses through 2" — 1 extreme

points. "
5.5. (a) Prove that in R". E given by Equation (5.11) contains 3S0.1).

(b) Notice that affine transformations preserve ratios of volumes; determine the volume of
E.
5.6. Show that

5 =12
( = ) L ) < ¢ V2D for any integer i > 1
) [ e <
n+ 1/ \n =1

5.7. Let P be the polyhedron defined by
n

E G 5
aijx; < bi. =12 004 m

=
x>0

ith L defined by (5.3) with ¢; =0 for j = I.....nn. Show that for every extreme point

N > : # "o 1 1 o 1 g i
v of P. its maximum norm may; |vi| < 2"'/;1. and its entries are rational T\lll'l'l.bl.l'\ \w-th
dcnumi.nullm' at most 2. (Hine: Express v by Cramer’s rule and use Hadamard’s inequality

to derive the resulL.) . o

5.8. If the system of incqualities (5.6) has a solution, then the volume of its solutions inside t-hfz
- din]L;llsiunul cube |x;] < 2 s at least 277 FDE (Hine: You may assume that (5.6) has a
" N I s : i 5 H - 1 a il o
positive solution, so P in Exercise 5.7 has an interior solution. Then consider the polytope

formed by .
Zu,'j.l‘jsb,'. LI o e |
! x>0
<M, J=L2.n
It has nn + | extreme points vo. ... v,, which are not on a hyperplane. Therefore the volume

of the polytope is at least . l
1
m ‘del(mﬁ... \"’)"

Then follow the result of Exercise 5.7 to finish the proof.)

P iae o b - o~

Exercises "1

5.9, When By is a symmetric positive definite matrix, prove that By defined by (5.16) has the
same property.

S.10. Show that the set defined by (5.17) is contained in the cllipsoid
Bip=ixe R x-x"* )T (x— ) <1y,
5.11. Consider the ellipsoid method in Section 5.3. What is the volume of Ey? Show that the
total number of iterations needed is O (L),
5.12. Use Farkas™ lemma in Chapter 4 to prove Lemma 5.3,

5.13. Show that the ellipsoid defined by (5.20) has its center at ((1 4 nr)/(n + 1),0, . ... 0) and
has volume equal to

5 AT 2
(= ﬁr-;‘"*"w(_)
n+ 1/ \n?

times the volume of the unit sphere.

S5.14. Prove that in R, E given by Equations (5.15). (5.16). (5.22). and (5.23) contains the desired
feasible solution set. and determine the volume of E.

5.15. Consider a simple system of linear inequalities vy > 1/2,vs > 1/2. Solve the problem by
the basic ellipsoid method and the modified method with deep cuts. Does the idea of deep
cuts help?

5.16. Consider Exercise 5.15. Generate a surrogate cut of x4+ v < | and then apply the modified
ellipsoid method to solve the problem.

5.17. Consider a simple system of linear inequalities vy > 1/4, vy < /2.1 < 1/2. Solve the
problem by the ellipsoid method with parallel cuts.

5.18. Prove that the deepest surrogate cut at the Ath iteration of the ellipsoid method is the one
whose u; coefficients are obtained by solving (5.24).

5.19. In generating parallel cuts, if bj = —b;. calculate parameters 1. . and 3. Compare the
rank of By and By and conclude that Ey 11 becomes flat in the direction of a;.
5.20. For any x € S(v", ..., V'), we have

n
’ E : i
X= u; v

1=
for some nonnegative ;. Define 7f; = dini for i # & and
& ' 1

W =din; + :‘{—“ for i=k
n-e(vh)
If x further satisfies a’ x < b, show that x belongs to S
5.21. Prove the ratio r between the volume of the new simplex and the volume of a given simplex
in Lemma 5.6 is less than ¢~ /2017, [Hint: Note the facts that ¥ = v&: each ¥ with
i # k lies on the line passing through v* and v': and the distance from v 10 ¥ cquals to
the distance from v* 10 v' divided by d;. Hence




