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Karmarkar’s Projective
Scaling Algorithm

In the fall of 1984, N. K. Karmarkar of AT&T Be].I Labomllorie:_; prop‘:wszdl ;\ nz:
polynomial-time algorithm for linear programming. Unhkc_.lhe clllpsou}:lmrge! 0‘|{. “(.:OI:.;C_
algorithm not only possesses better confplcxn){ than lhe‘ simplex met - fl:! i-l:ge_;c.a]c
case analysis, but also shows the potential m_nvul the simplex approac (fr ‘Eh.n;m -
real-world applications. This development quickly captured the attention of every
e ﬁcll{(fs.dicully different from the simplex method. Karmarkar's original ulign:thn?hc?;;
siders a lincar programming problem over a simplex slru_clurc and moves t r;])ul_ '
interior of the polytope of feasible domain by transforming the space at Ch'iL ! .t.}llcp0
place the current solution at the center of the polytope. The conc-cpi of reac ml.- the ||ep,;
timum through the interior has stimulated many new Irescarches in develomi)l; 50-cal
interior-point methods. Numerous extensions unq v.ananls have bee.n 1:c‘p'olr1n '.” e
In this chapter, we first introduce the basic idea of 1'(arn.1url\ar s algori 1m.S "
describe the algorithm in detail with a proof of polyn(.)mml-llme c.ompr:iuly.Th om
extensions and a computer implementation proc.cdure.wﬂ'l also be discussed. The so-
called affine scaling algorithms will be left for discussion in the next chapter.

6.1 BASIC IDEAS OF KARMARKAR'S ALGORITHM

As discussed in Chapter 5. the philosophy of solving an optimiz:ﬂﬁon problem via an
iterative scheme is to start with a “rough™ solution and successively improve the current
solution until a desired goal is met. The performance of an itcrative algorithm depends
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upon two key factors: (1) How many steps (iterations) does it take? (2) How much
computation does it involve in each iteration?

The simplex method starts with an extreme point and keeps moving to a better
neighboring extreme point at each iteration until an optimal solution or infeasibility
is reached. In this scheme, the computational work at each iteration is minimized by
limiting the searches to only those edge directions which lead to adjacent extreme points.
But, as the Klee-Minty example showed, the simplex method may have to travel a
long path on the boundary of the feasible domain and visit almost every extreme point
before it stops. This boundary approach suffers from heavy computation in large-scale
applications, since the feasible domain may contain a huge number of extreme points.
Therefore one alternative idea is to travel across the interior of the feasible domain along
a “shorter path” in order to reduce the total number of iterations. However, this interior-
point approach usually requires the consideration of all feasible directions for a better
movement at each iteration. In other words, the new philosophy is to reduce the number
of iterations at the expense of heavier computation at each iteration,

In general, it is not an easy task to identify the “best direction of movement” among
all feasible directions at a particular interior point of the feasible domain. However,
Karmarkar noticed two fundamental insights, assuming the feasible domain is a polytope.

1. If the current interior solution is near the center of the polytope, then it makes sense
to move in the direction of steepest descent of the objective function to achieve a
minimum value.

2. Without changing the problem in any essential way, an appropriate transformation
can be applied to the solution space such that the current interior solution is placed
near the center in the transformed solution space.

The first insight can be observed in Figure 6.1. Since x' is near the center of
the polytope, we can improve the solution substantially by moving it in a direction of
steepest descent. But if an off-center point x? is so moved. it will soon be out of the
feasible domain before much improvement is made.

Figure 6.1

Karmarkar observed the second insight via the so-called projective transformation,
whereby straight lines remain straight lines while angles and distances distort such that

=
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we can view any interior point as the center of the polytope in a distorted picture. One
can use imagination to verify this with Figure 6.1 by viewing it at an angle and distance
that makes x? appear to be near the center of the polytope. Such a distortion scarcely
alters anything essential to the problem but merely loaks at it from a different viewpoint.

With these two fundamental insights, the basic strategy of Karmarkar's projective
scaling algorithm is straightforward. We take an interior solution, transform the solution
space 5o as to place the current solution near the center of the polytope in the transformed
space, and then move it in the direction of steepest descent, but not all the way to the
boundary of the feasible domain in order to have it remain as an interior solution. Then
take the inverse transformation to map the improved solution back to the original solution
space as a new interior solution. We repeat the process until an optimum is obtained
with the desired accuracy.

6.2 KARMARKAR'S STANDARD FORM

Following the basic strategy of the projective scaling. Karmarkar's algorithm has a pre-
ferred standard form for linear programming:

Minimize ¢'x (6.1a)

subject to  Ax =0 6.1h)

e'x=1. x>0 (6.1¢)

where A is an m x n dimensional matrix of full row rank. el = (.1.... 1) is an

n—vector of all ones, and c. x € R".

A feasible solution vector x of problem (6.1) is defined to be an interior solution
if every variable x; is strictly positive. Note from (6.1c) that the feasible domain is a
bounded set. hence it becomes a polytope. A consistent problem in Karmarkar's standard
form certainly has a finite infimum. Karmarkar made two assumptions for his algorithm.

T

(Ah)Ae=0.sothatx’ = £ = (-l- ..... l) is an initial interior solution.

(A2) The optimal objective value of problem (6.1) is zero.

We shall see later how a linear programming problem can be cast into Karmarkar's

standard form satisfying the two assumptions. Here are a couple of examples that fit our
description.

Example 6.1
Minimize —xy+ |
subject to n-n=0
nt+nta=1
xoxx 20
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Example 6.2
Minimize —x; -2y + 4xs
subject to n-xn=0
2y~ 22 +4x3 —dxs =0
X+2o+xg—dn=0
Ottt =I

XX X3 X X5 > 0

6.2.1 The Simplex Structure

Expression (6.1c) defines a regular polygon in the n-dimensional Euclidean space, namely

n
A= (x eRr" IZ.\’,‘ = l_'\'i > Ol (62)

i=|

It is clearly seen that in R'. A = (1) which is a singleton: in R, it is the line segment
between the points (0. 1) and (1.0): in R*. it is the triangular area formed by (0.0, 1)
(8. 1.0) and (1,0.0); and in R, it becomes the pyramid with vertices at (0.0, 0, I)-
(0. 10 0). (0.0.1,0), and (0.0.0, 1). It is also easy to see that. in R”. A has exacll;
n vertices, C(n.2) edges. C(n.n — 1) facets, and its center at e/n. Just noting the
coqrdmales of the center and each vertex of A (see Figure 6.2), we can show that the
radius of the smallest circumscribing spheroid of A is given by
R= V-1
=7 6.3)

e/n

Figure 6.2

Lt T
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Similarly. the radius of the largest inscribing spheroid in A is given by

r= 4;— (64)
S —1)

6.2.2 Projective Transformation on the Simplex

: n SR a
Let X be an interior point of A, ie.. X; > 0fori=1...., nand ¥;_ X; = 1. We can
define an n x n diagonal matrix
o 0 0
% o... 0
X =diag(X) = s (6.5)
0 0 ... X,

: e I .
It is obvious that matrix X is nonsingular and its inverse matrix X is also a diagonal
matrix but with 1/x; as its ith diagonal elements for i = 1...., n. Moreover, we can
define a projective transformation T from A to A such that

for each x € A (6.6)

Tl 5
LX) = — =
! e'X x
. 2 T e is a wps

Notice that X 'x is an n—dimensional column vector and ¢'X xis a S(.‘tlflr
which equals the sum of all elements in the vector X 'x. Therefore. the ele.m('znts in
Tx(x) are normalized with sum equal to 1. In other words, Tz(x) € A, and T is indeed
a well-defined mapping from A to itself.

Example 6.3

- T T
Consider the simplex A in R? as shown in Figure 6.3. Let x = (;i-' 0.0,y = (0. I.(‘J)r.
z = (0.0, a = (3/10.1/10.3/57, b = (1/3.0.2/37. ¢ = 0.1/7.6/T).
d=3/4.1/4.007.

Since point A is an interior point, we can define

Y00
X,=| 0 1/10 0
00 35
Then we have
03 00
X, '=| 0 10 o0
0 0 5/3

; T =
Moreover, we see that Ty(x) = (1,0.0)7, T,(y) = (0. Loy, ?;;(:r.] = (0,0, I}) i T;.(g);
(731337, T0) = (1/2,0. /7. Tye) = (0, 1/2. 1/2", Ty(d) = (1/2. 1/2.007.

4

L*"""m T
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T,
z=(0,0, )7 T2)
b ¢

T(c)
a T.(b)

x= (10,07 d y=O.L07 T T4 Ty

.;'igure 6.3

Example 6.3 showed that the scale and the angle in the transformed space are

distorted such that a current interior point, in this case point a, becomes the center of A.
In general, we can show the following results:

(T1) 7% is a well-defined mapping from A to A, if X is an interior point of A.
(T2) T3(X) = e/n becomes the center of A.

(T3) Tx(x) is a vertex of A if x is a vertex.

(T4) Tz(x) is on the boundary of A if x is on the boundary.

(T5) Tz(x) is an interior point of A if X is in the interior.

(T6) Tx is a one-to-one and onto mapping with an inverse transformation T{' such
that

AY

T{'(_\') = e’f_\- foreachy e A (6.7)

-

6.3 KARMARKAR'S PROJECTIVE SCALING ALGORITHM

Consider a linear programming problem in Karmarkar's standard form (6.1). Its feasible

domain is a polytope formed by the intersection of the sl space of the constraint matrix

A, ie. (x| Ax = 0] and the simplex A in R”. Let X > 0 be an interior feasible solution,
then the projective transformation Tz maps x € A to

—
. X x
y=Tx)= ——~
e’X x
and we can denote x in terms of its image y by the formula

(6.8
e’ Xy 0.8)




118 Karmarkar's Projective Scaling Algorithm  Chap. 6

Plugging the value of X into problem (6.1) according to Equation (6.8), and remembering
that Tz maps A onto A, we have a corresponding problem in the transformed space,
namely.

X ,
minimize ;T% (6.1'a)
subject o AXy =0 (6.1'b)

efy=1. y=0 (6.1¢)

Note that in problem (6.1') the image of X. ie.. ¥ = Tx(X) = e/n, becomes. a
feasible solution that sits at the center of the simplex A. If we denote the constraint

matrix by )
B= [g] 6.9)
e

then any direction d € R” in the null space of matrix B, ie.. Bd = 0, is a feasib.le
direction of movement for ¥. But remember that the distance from the antcr of A toits
closest boundary is given by the radius r in Equation (6.4). Therefore. if we denote the
norm of d by |Id}], then

d

ya)=¥+ar (l-laﬁ) (6.10)

remains feasible to problem (6.1') as long as d lies in the null space of m:.nrix B arfd
0 <o < 1. In particular. if 0 < @ < 1, then y(ar) remains an interior solution. and its
inverse image -

Xy(a)
e’ Xy(a)
becomes a new interior solution to the original problem (6.1). Also note that since

1 1
N TTE VA
we may replace Equation (6.10) by

o d ,
_= V= 6.10
y‘""”(n)(ndn) (@10

for 0 < & < 1, to obtain a new interior feasible solution.

After determining the structure of the feasible directions in the tmnsttormed space.
we focus on finding a good feasible direction that eventually leads to an 'optlmal §olunon.
Since ¥ is at the center of A, from the first insight mentioned in Section 6.1. it .mal.(es
sense to move along the steepest descent of the objective function. Although the obje‘ctlve
function (6.1a) is no longer a linear function—actually it is a fractional linear I'Emc.um?—
Karmarkar pointed out that the linear numerator function ¢’ Xy could be a gOf)d lndlc:{tmn
of the reduction of the objective function. Therefore, we take ils negative gradient,

x(o) = Ts " (yla) = (6.11)
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which is —c”X, or equivalently —Xe, as a good candidate. In order to keep feasibility,
we further project the negative gradient into the null space of the constraint matrix B.
From basic knowledge of linear algebra, we have the following formula for the projected
negative gradient;

d = —[I - B"(BB7)"'B|Xc 16.12)

Now it is easy to describe the basic steps of Karmarkar's algorithm. The algorithm
starts with an interior solution in the original space, maps the solution to the center of A
by a projective transformation. applies Equation (6.12) to find a good moving direction,
chooses an appropriate step-length and uses Equation (6.10°) to move o a new interior
feasible solution in the transformed space, and then maps the new solution back to the
original space according to Equation (6.11) to gain a fair amount of reduction in the
objective function. By repeating this iterative process, Karmarkar showed his algorithm
could terminate in O(nL) iterations to reach an optimal solution. We shall study his
proof in the next section. Here we provide an iterative procedure for the implementation
of Karmarkar's algorithm,

Step 1 (initialization): Set k = 0. x" = e/n. and L to be a large positive integer.
Step 2 (optimality check): If

then stop with an optimal solution x* = x*. Otherwise. go to Step 3.
Step 3 (find a better solution): Let

X; = diag (x*)

AX;
d* = —(1- B (B,B])"'B;|Xc
b 8,9 & ) for some 0 <1
_e of & s <o
A AN B
o x‘ybrl
= e’X/.y“'"

Setk =k +1: goto Step 2.

Note that in this computational procedure x* is always an interior feasible solution;
X; is an n-dimensional diagonal matrix with the ith element of vector x* as its ith diago-
nal element; By is the constraint matrix of a linear programming problem in Karmarkar's
standard form as defined in Equation (6.9); d* is a feasible direction of the projected
negative gradient as defined in Equation (6.12): ¥**+' is a new interior feasible solution in
the transformed space as defined in Equation (6.10°); and x**' is a new interior feasible
solution as defined by Equation (6.11). Also note that the constant L in Step 2 is usually
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chosen to be the problem size as defined in Chapter 5 or a multiple of the problem size
such that 275 < ¢ for a given tolerance ¢ > 0. We shall prove in the next scc.tion .th:tt.
if the step size « is chosen to be 1/3, then the algorithm terminates in O(nL) iterations.
But for real applications, a larger value of « tends to speed up the convergence.

The following example illustrates one iteration of Karmarkar’s algorithm.

Example 6.4

Solve Example 6.1 by Karmarkar's algorithm.
First we see that the linear programming problem is in Karmarkar's standard form,
which satisfies both assumptions (A1) and (A2). Hence we start with

(39

and note that A = [0, 1, —=1] and ¢/ = (=1.0,0). .
Now check Step 2. From Equation (5.4), we can choose L = 20 and casily see that
the objective value at x" is 100 high. Therefore we have to find a better solution.

For Step 3. we define
173 0 0
X = [ 0 13 0

0 0 1/3
then AXg = [0, 1/3.—1/3] and

By = [(I) I,;‘3 —II/R]

Moreover, the moving direction is given by
2 -t =1}
L Iy B Xpe = [ =, —. —
d" = —|1- B} (B,B))"'BalXpc = (5. o )

with norm [|d|| = v/6/9. For purposes of illustration. we choose o = I/\/ﬁ to obtain a new
solution in the transformed space

¥ o= 73173, 307 + 13)0/V69//6)(2/9. —1/9. —1/9)7 = (4/9.5/18.5/18)7
Hence the new interior feasible solution is given by

0
X = —‘“—‘—. = (4/9.5/18.5/18)
e/ Xpy'
Continuing this iterative process, Karmarkar's algorithm will stop at the optimal
solution x* = (1.0.0)7. It is worth mentioning that if we take @ = 6/v/6 > 1, then

¥ =(1.0.0)" and x' = x*. Hence direction d” really points to the optimal solution.

6.4 POLYNOMIAL-TIME SOLVABILITY

In this section we show that Karmarkar’s algorithm terminates in O(nL) iterations under
assumptions (A1) and (A2). The key to proving this polynomial-time solvability is to find
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an appropriate step-length « such that the objective value after each iteration decreases
at a geometric rate. In particular, Karmarkar showed that, for o = 1/3,

X <) fork=1.2,... (6.13)
In this way, for L (or a multiple of it) large enough such that 275 e"x% 2 0, we need
only choose k satisfying
/S . £
M8 5Tk pr (6.14)
Then we can terminate the algorithm to the precision level we want. Taking the natural
logarithm of (6.14), we sec the requirement becomes
—k -1 -1
— <log, 27" <log, 27" = - (6.15)
Sn -
In other words, if k > 5nL. the algorithm could be terminated with ¢’ x* < £. Hence
Karmarkar’s algorithm requires only a polynomial number O(nl.) of iterations.
Notice that (6.13) is equivalent to

—k %
log, (¢"x") < I +log, (e"x") (6.16)

or
7ok ro, K
nlog, (¢’ x") < nlog, (¢’ x )—; (6.17)

This shows that the requirement (6.13) will be met if at each iteration we can reduce the
function value of nlog, (¢"x) by at least a constant of 1/5. Remember that the direction
of movement in Karmarkar's algorithm was chosen to be the projected negative gradient
in order to reduce the function value of ¢” X, v, which is clearly different from the desired
function n log, (¢"x). To link these two different objectives together, Karmarkar defined
a potential finction for each interior point x of A and cost vector ¢ as follows:

n n T

fix)= f(xie) =nlog, (c"x) - Z log, x; = E:]ogr (:) (6.18)
%
j=1 j=I <]

Two simple properties can be derived from this definition. First, in the transformed
solution space, we have a corresponding potential function

cTXL_v)

Y

= fly: Xp0) = Z]Ggr ( (6.19a)
j=1

Remember that
X;'x

y=Tulx) = ——
’ e'X; 'x
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hence we have
z c’x
fly: Xpe) = Z log, (| —
=l .(jf.\j
n c;'x n "
= Z log, (—) + Zlng,.-rj
j=1 g j=1
= f(x:¢) + log,(det X;) (6.19h)

where det X, is the determinant of the diagonal matrix X:.
The previous equation shows that the potential function is an invariant under the

projective transformation Ty which satisfies the relation

£1(y) = f(x) +log, (det Xy) (6.20)
The second property is based on the observation that
(e
fxy=f (—) — log, (detX;)
n
and
Fi) = ' — log, (det Xo)

Therefore if we can reduce the potential function f'(e/n) by a constant in the transformed
solution space at each iteration, then f(x*) is reduced by the same amount after cach
iteration taken in the original space. In particular, if we can show that

W< (S)-z =0 42 (6.21)
foysr (”) = fork=0.1.2,...
then
f(x“‘)sftx‘]—% fork=0.1,2....

Consequently, we have

fixhH 5f(x")—§ fork=1.2....

or
n n k
T ok & T _ g X
nlog, ¢’ x° — Zlng'..lj <nlog.c'x Zlogr,.\j 3
i=1 i=1 n
Note that x" is at the center e/n of A and the function value of Z]“Sc x; over A is
i=!

maximized at the center of A, hence condition (6.17)
- k
nlog, (¢'x*) < nlog, (¢'x") - z

is immediately achieved to guarantee the polynomial-time termination of Karmarkar's
algorithm.

T TR e Y o e

T T
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The remaining work is to show that condition (6.21) holds for an appropriately
chosen step-length o in Karmarkar's algorithm. Recall from (6.19a) that

n
’ T
fy)y=nlog, (¢ Xpy) — Zlog‘. Vi
i=1
We examine its two terms separately. First we show a lemma as follows.

Lemma 6.1.  In Karmarkar's algorithm, let

e i o ( d i o
V= - - e 3 <
e TP T orsome <o < |
where
d=—[1-B!(B;B/)"'B]X;c
then
T
nlog, (e Xiv) < nlog, (S_L(;e) —a (6.22)
n

Proof. Note that the direction vector d is obtained as the projection of the negative
cost vector —¢’ X, hence ¢/ Xid = —||d||*. Then we have

"{ke

F C o
Xy = ~ —{d|l
n

P
n

Moreover, we define

n

B d ) L[e
V(f) = . +ﬂm and S (7 ﬂ)

to be the spheroid in the transformed space which has a center at e/n with a radius

£ = 0. In this way, if we take
ﬁ = R = Jr—l;ui‘
n

then ¥(R) is the minimizer of the following problem:
Minimize ¢’ X,y

subject to AX;y =0

yeS'(E.R)

n
which is a relaxation of the problem
Minimize o' X,y
subject to AXyy =10

ET_\'=]. y=10
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Notice that the latter problem is closely related to problem (6.1). By Karmarkar's segond
assumption (A2), we know its optimum value is zero. Hence we know the optimal
objective value of the relaxed problem is nonpositive and

7X,e
TXey(R) = f—"*— —RIIdI| <0

is implies that
This implies tha . | X
=it = -5
Since R = /(n — 1)/n < 1, we further have

' Xie

7 T
o a\ ¢’ Xe ay ¢ Xie
- - 1-=

n n ldil < (I nR) n < ( n) n
Taking logarithms on both sides and using the fact that log, (1 —a/n) < —a/n, we have

the desired result (6.22).

Xy =

n
To take care of the other term, — Zlog, ¥j» in the potential function, we have the
j=1
following lemma.

e«
Lemma 62 Ifye§ ('-'. ;) then

n n I uz
- Z]og""j < —Zlog, (;) + m 6.23)
j=1 j=t
Proof. Since e o
ye€ S (; ;)
we know
I o
U S
n n

and hence ny; > 1 —a, for j = 1.2.....n. Taking the Taylor series expansion of
log, (1 + (ny; — 1)), for each j, there is a p; between 1 and ny; such that

logf (""j) = lOg'(l + (n):’ -1)

| 1
=log1 + (nv; — 1) = —5(ny; — 1)?
log,1 + (ny; — 1) ” ;1 {ny; — 1)

In other words, we have pt; > | — o such that

1 . — 1)
m("h 1)

n n
Sonyen(Ln) =n
j=1 j=1

log, (ny;) = (ny; — 1) —

Notice that
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and

n
a2 £ e o
3 ty; = 17 = {lny = el = nlly - S| < 0?
j=1 n
therefore
—a?

I ) > ——
g og,. (ny;) > N —an

and (6.23) follows directly.

Combining (6.22) and (6.23). we see the potential function

5

' (€ a” .
fynsr ('—') -a+ N _ar for appropriate «

In particular. if we choose o = 1/3, then
’ 1 e
forsr(2)-sm

n

Therefore condition (6.21) is satisfied. and we have the following result as a major
theorem for polynomial-time solvability.

Theorem 6.1.  Under the assumptions (A1) and (A2). if a step-length is chosen
to be o = 1/3, then Karmarkar’s algorithm stops in O(nL) iterations.

The computational work at each itcration of Karmarkar's algorithm is dominated
by inverting the matrix B;B]. A simpleminded direct implementation with exact arith-
metic requires O(n*) elementary operations to find the inverse matrix. Hence the total
complexity of Karmarkar's algorithm becomes O(n?L). On the other hand. for finite-
precision mathematics. to carry out all computations to the O(L) precision level it re-
quires O(n*L) bit operations in inverting a matrix. hence Karmarkar's algorithm requires
a total of O(x*L?) bit operations. However, as shown by N. Karmarkar, using the rank-
one updating method, the average computation per iteration can be reduced to O(n*°L)
bit operations with O(L) precision. This reduction results in a total of O(n**L?) bit
operations. Also note that, although when the step-length is set to be 1/3 we can achieve
the theoretic polyromial-time solvability. in real applications we may use much larger
step-length to speed up the convergence. It has been confirmed the new method typically
requires only 20 to 50 iterations to provide highly accurate solutions even for very large
problems. We shall discuss further implementation issues in Chapter 10.

Note that at each iteration of Karmarkar's algorithm, the current solution always
stays in the interior of the feasible domain, even when the algorithm terminates with
a solution x* such that ¢’x* < 2-“(c”e/n). In order to obtain an exact extreme-point
optimal solution, we have to further verify the basic and nonbasic solution variables.
This can be done by a polynomial-time procedure called the purification scheme. The
basic idea is quite simple. Looking at problem (6.1). there are n + m + | constraints
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(including hoth explicit and nonnegativity constraints) in total. If n linearly independent
constraints are binding at x*, then it is already a basic feasible solution. Otherwise, we
can find a nonzero direction d in the null space of the binding constraints. If ¢’d < 0.
then we move along direction d, otherwise along —d. until some additional constraints
become binding for feasibility considerations. Since the feasible domain is bounded. we
can always find a new solution with at least one more binding constraint. The objective
value of this new solution is obviously at least as good as ¢”x*. Repeating this process.
a basic feasible solution x* can eventually be identified such that ¢’ x* < 2-*(c"e/n).

Since we can begin with the m + 1 linearly independent explicit constraints, the
purification scheme takes at most n — (m + 1) steps. Also note that in each step the
computational complexity is polynomial. hence the purification scheme is a polynomial-
time procedure. An efficient implementation requires a complexity bound of Oo(m’n).

It is also worth mentioning that the diagonal elements of the matrix
XAT(AX?AT)~'AX could serve as indicators of optimal basis information. To illustrate
this idea, we further define (M)* to be the generalized inverse of matrix M. DIAG (M)
to be a column vector formed by the diagonal elements of matrix M. and X to be a di-
agonal matrix with x; as its ith diagonal element. Also for an n — dimensional column
vector p. we define a new column vector

u(p) = DIAG (X;AT(AX,AT)* AX])

In this way. we can consider the following method for locating an optimal extreme-point
solution x* from an approximated primal solution x*:

Step 1:  Given a small number £ > 0, set j =0 and p° = x‘.
Step 2: Increase j by 1. compute p/ = u(p/~"). Find
L=lilp/>1-e1<i<n and L=lilp/ <el<is<n)

Step3: IfLUL={(1.2..... n}. then stop. Otherwise. go to Step 2.

It can be shown that, as £ goes to zero. if x* is sufficiently close to a nondegenerate
optimal vertex x* of the lincar programming problem, then (p’) converges to a vector
p* with i ones and n — m zeros with a cubic rate of convergence. In practice. when
the above algorithm terminates, we set x; =0 for those i € L. and solve the remaining
system of linear equations Ax" = b. Further information can be found in the original
work of R. Tapia and Y. Zhang.

6.5 CONVERTING TO KARMARKAR'S STANDARD FORM

Consider a standard-form general linear programming problem

Minimize ¢’x (6.242)
subjectto Ax=bh (6.24b)
x>0 (6.24¢)

-
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Our objective is to convert this problem into the standard form (6.1) required by
Karmarkar, while satisfying the assumptions (A1) and (A2). We shall first see how to
convert problem (6.24) into Karmarkar's form and then discuss the two assumptions.

The key feature of Karmarkar's standard form is the simplex structure, which of
course results in a bounded feasible domain. Thus we want to regularize problem (6.24)
by adding a bowunding constraint

n
Z.\"' < Q
j=1
for some positive integer Q derived from the feasibility and optimality considerations.
In the worst case. we can choose Q = 2", where L is the problem size. IF this constraint
is binding at optimality with the objective value of magnitude —27'"', then we can show
that the given problem (6.24) is unbounded.
By introducing a slack variable x,.1. we have a new linear program:

Minimize ¢’x (6.250)
subject to Ax=b (6.25b)
ex+x =0 (6.25¢)
x>0 x>0 (6.25d)

) In order o keep the matrix structure of A undisturbed for sparsity manipulation.
we introduce a new variable x,,2 = | and rewrite the constraints of problem (6.25) as

Ax - by =0 (6.26b)

e X+ Xps1 — QXpya =0 (6.26¢)

X+ X+ 2= Q4 1 (6.26d)

X205, 20.5,.>0 (6.26¢)

Note that the constraint x,,2 = | is a direct consequence of (6.26c) and (6.26d). To

normalize (6.26d) for the required simplex structure, we apply the transformation Xj=

(Q+ l).\-,.. for j=1..... n+ 2. 10 (6.26). In this way, we have an equivalent linear
programniing problem

Minimize (Q + 1)(c"y) (6.27a)

subject to Ay —by,.2=0 (6.27b)

ey + 3w = Qvper =0 (6.27c)

Y+ Nour + Yus2 = | (6.27d)

¥20.%4u 20 %220 (6.27¢)

Pmblem. (6.27) is now in the standard form required by Karmarkar. In order to satisfy
assumption (A1), we may introduce an artificial variable y,.3 with a large cost coefficient
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M as designed in the big-M method and consider the following problem:

Minimize (Q + I)(cry) + Myy,.3 (6.28a)
subject to Ay — by, > = [Ae = b]y, .2 = (6.28b)
e’y + v = Qg — (14 1= Q)ypez =0 (6.28¢)

e Y+ Yars + ¥usz ¥ oz = i (6.28d)

=0, j=1...., n+3 (6.28)

Notice that y = e/(n + 3) is clearly an initial interior feasible solution to problem
(6.28). Moreover, a value M of magnitude 2% exists which does not increase the
problem size and ensures a zero value of the artificial variable v, ; at optimality, provided
that problem (6.27) has a leasible domain.

Taking care of assumption (A2) proposes a more difficult problem for vs. 1t is
obvious that not every linear programming problem has a zero optimal objective value.
However, if somehow the optimal objective value =% of a given linear program is known,
we can simply subtract z* from the objective function (6.28a) to get a zero optimal
objective value. The real challenge comes from those lincar programming problems
with unknown optimal objective values. We shall discuss this subject in next section.

6.6 HANDLING PROBLEMS WITH UNKNOWN OPTIMAL OBJECTIVE
VALUES

Assumption (A2) requires the optimal objective value of a given linear program to be
zero. For those linear programming problems with a known optimal objective value, this
assumption can be easily taken care of. But for those with unknown optimal objective
values, we have to figure out a process to obtain that piece of information.

Originally. Karmarkar used the so-called sliding objective function method to handle
the problem. We let z* be the unknown optimum value of the objective function and
pick an arbitrary value Z. Suppose we run Karmarkar's algorithm preter_l_ding that = is
the minimum value of the objective function, i.e., we try to minimize ¢’ x — = for the
given linear program. We also modify Step 3 of Karmarkar's algorithm as follows:

“After finding y**! we check if

ch‘).L +1
erx‘)i'—l

If so, we chaose a point §**' on the line segment between = and y**' such that
cr)(@“"
e;rxk?lél

and assign x**!' = T-1(F*") instead of T~'(y**!)."

In this way, if z* < Z, then at each iteration of Karmarkar’s algorithm, either we
obtain a constant reduction (say 1/5 in our case) in the potential function or find a point

e ]
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that achieves the assumed minimum Z. On the other hand, for 7 < z*, eventually we get
a proof that the assumed minimum is lower than the actual minimum by noticing that
Karmarkar’s iteration is no longer able to produce a constant reduction in the potential
function.

With this modification, we can describe the sliding objective function method as
follows. Given that a lower bound { and an upper bound u on the objective function
are known (otherwise, we can take / = —2%% and u = 29 g start with), we further
define a tentative lower bound /' and upper bound ' by

=14+ 1/3)w-1 (6.29)

and
u' =142/ wu—=1) (6.30)

We pretend that /" is the minimum value of the objective function and run the modified
algorithm. Karmarkar showed that in a polynomial number of iterations, the algorithm
either identifies that /" is lower than the actual minimum or finds a feasible solution with
an objective value lower than ', For suppose I’ is not lower than the actual minimum:
then the constant reduction in the potential function in each iteration will force ¢7x to
be lower than 1. When [" is found to be too low or ' is too high, we replace [ by I’
or u by u' correspondingly and rerun the algorithm. Since the range u — [ > 0 shrinks
geometrically after each run, we know that in Q(nL) runs the range is reduced from
2940 10 2791 and an optimal solution will be identified.

Another way to handle the unknown optimal objective values is to use the infor-
mation of dual variables. Consider the dual of the linear programming problem (6.1).
We have

Maximize z (6.31a)
subjectto " ajwi+z<c, j=1.2,....n (6.31b)
i=1
weR" :zeR (6.31c)

Notice that the dual problem (6.31) is always feasible, since we can choose any value
of wy, ws, ..., w, and let

m

= mi - W 32
.v":r?.”.'.l.n g ;a”w’ (6 )

such that (w, z) becomes a feasible solution to problem (6.31). For simplicity, we can
write (6.31b) as

Alwtze<e (6.31b')
and write (6.32) as

z=min(c — ATw); (6.329)
J
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If a given lincar program (6.1) satisfies assumption (A2). then we know z < 0 in the duval
problem (6.31). Moreover, any dual feasible solution (w. 2) provides a lower bound for
the optimal objective value z* of problem (6.1). One immediate question is. how do we
define dual variables associated with each iteration of Karmarkar's algorithm? With this
information. then we discuss how 1o use this dual information to handle problems with
unknown optimal objective values.

To get a hint on the definition of dual variables at each iteration. we first consider
the form of the dual variables (w,z*) at optimum. Assume that X* is the optimal
solution to problem (6,11 and denote matrix X* = diag (xj. ... v;). At optimum. we
know A'w' < ¢. By complementary slackness. we further have X"A’w* = X‘c. In
order 1o represent w* in terms of x°. we multiply AX* on both sides. Hence we have

AXTPAT W = AKX e (6.33)
This suggests that we might obtain good dual solutions by defining
wh = (AXIAT) 'AXe (6.34)
and
2= mine - ATwh, (6.35)

!

at each ieration of Karmarkar's algorithm. This is indeed true under the nondegeneracy
assumption, owing to the following theorem:

Theorem 6.2, Under the assumptions (A1) and (A2). if the iterates | xf) defined in
Karmarkar's algorithm converge 1o a nondegenerate basic feasible solution x* of problem
(6.1, then {iw? . =41) detined by (6.34) and (6.35) converges to an optimal solution of
its duat problem (6.31).

Prooj. 1et X be the principal submatrix of X* corresponding to the basic variables

inx’and
[ K]
¢

be the basis matrix of the given linear program corresponding to x*. Then A has
rank m and so does AX'. Hence we know AX')*R’ is nonsingular. Conscquently.
AN A = AR A is nonsingular,

By definition (6.34), we know (AXIATW = AXjefor k = 1.2,.... Noticing
that matrix (AX;A’) comverges to the nonsingular matrix AGX")?A’ and vector AX{e
converges to A(XT) e, it follows that w* converges to the unique solution w* of Equa-
tion (6.33). But we already know that the optimal solution to problem (6.31) also satisfies
Equation (6.33), hence {tw, 241} must converge to the optimal dual solution.

The nondegeneracy assumption in Theorem 6.2 is esseatial 1o its validity. In order
to deal with the general case as well as to handle problems with unknown optimal
ohjective values, Todd and Burrell proposed a new way to define dual variables at each
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iteration. Their basic idea is to incorporate dual information {(w*, z*)} into Karmarkar's
algorithm, with {z*} being monotonically nondecreasing such that z* can be used as an
estimate of the unknown optimum value of the objective function.

Notice that for a primal feasible solution x, ¢’ x — z* = ¢’x — ¥eTx = (¢ — zte)Tx
therefore we define '

ey =c-zfe (6.36)

In this way, when £* is unknown, we can consider replacing ¢ by ¢(z!) in the objective
functfon at the kth iteration as an estimate. Now, assume that we can modify Karmarkar's
algorithm by finding a sequence of feasible solutions x*, w, and z* such that

XeF={xe R |Ax=0.e"x=1.x > 0} (6.37)

w e R™ (6.38)

= mjin(c - Arw‘),- (6.39)

foiey < fx ety - g (6.40)

at each iteration, for k = 0.1..... Then, before the optimum is reached, we know

2 <2t < x*. Moreover, (6.37) and (6.40) directly imply that ¢ x* < ¢7x" and hence
xt - Txh -t
efxd —z* T efx -

Together with the definition of potential function (6.18) and inequality (6.40), we know
that

fofez) < fixe(z)) — g 6.41)

The.refore. the modified algorithm will converge in the same way as Karmarkar’s al-
gorithm. The remaining question is how to construct such a sequence of improved
solutions.

For k = 0. since we know how to take care of assumption (A1). we can choose

= ; W’ = (AAT)"Ac

and corresponding z°. Then (6.37) - (6.40) are clearly satisfied. We now are interested
in knowing how to find x**!, w!*!, and **' satisfying (6.37)-(6.40). given that we
proceed through the kth iteration. Before doing so, we need some notations and a key
lemma. First for a p x n matrix M with rank p, we denote by Py = I-M7 (MM7)~'M

:)he projection mapping onto the null space of M, i.e., {d € R"{Md = 0). Also denote
y

Po=1-—
n

7

TTRTR R

e S T L i e A

™




132 Karmarkar's Projective Scaling Algorithm  Chap. 6

the projection mapping onto {d € R" |e”d = 0}. Furthermore, we denote

B= [A] (6.42)

el
Suppose that A has full row rank and Ae = 0, then B has full row rank and
P]';:P,'\Pr=P¢P,i (6.43)
The key lemma is stated as follows.

Lemma 6.3. In applying the modified Karmarkar’s algorithm with a given cost
vector € € R" and explicit constraint matrix A such that Ae = 0, let d* = —F;¢,

w=(AA7)"'A¢, and ? = min(¢ — ATW);. Then we have
1

(e gay df ay [cle a .
¢ (;+(z)m)f(";)(7)+;‘”

Proof. Since d* is the projection of —¢, we have ||d*|]* = & P3¢ = —¢7d", and

I T
[t (E 4 _e_o 4
¢ (r1+ n)Hd"H T on nH I

Thus it suffices to show that
AT
c’e
)| = — -2
n
Notice that

d' = —Pge = —PPe = Pl — ATW) = —(& = ATW —ee” (€ — ATW)/n)

Since Ae/n =0, we get
A

&= —@E-AT#) + (55) e

n

Also before the optimum is reached,

e .
s
n
For some i, we have
I=(e-ATW)
hence
ar AT
. e ) ' e
d="=-220 and 0 2 |df| = — -
n n

With the help of Lemma 6.3, we show how to find x**!, w**! and z**! after the
kth iteration. Let w = (AX;A”)~'AX}e(z') and z = min(c — ATw);. There are two
7

cases, depending upon whether z < 2.

G sk oo, SUL o

B Ty b ] T T, O WY ot TR Y
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'Cas‘fe 1. Iz < z* then z will not be a better estimate than z*. We shall focus
on satisfying (6.37) and (6.40). In this case. since
min(e(z*) - A7w); <0
]
and x* € F, we have
min(Xze(z) - X;ATw), <0
; <
We now aPpIy— Lemma 6.3 with ¢ = X;e(z%), A = AXi, and B = B. Since the
corresponding 2 is nonpositive, this tells that 7 x can be reduced by a factor of (1 —a/n)

by taking a step length of &. Thus the potential function f(-: c(z*)) can be reduced by
at least 1/5 as before, if we move in the original space along the direction

d* = X, Py, X; (¢ - He)
This suggests that we set wi! = wh K41 = 6 4o nove alone db f ad
gl g or new x**', th
(6.37)-(6.40) holds for the (k + Ith iteration. i “

Case 2. For: > z*, then min(e(f) — A’w)j- > 0 and
j

min (Xie (24) - XATw), > 0. (6.44)
Note that
Xee () = XATw = PaxXie () = Py, (Xpe - )
If we denote u = Pyy, X;c and v = Pyy ¥, then
Xee (1) = XeATw = u — Fy
and (6.44) becomes

. N
mjm (u—z v)j > 0.

Now let Z=¢x* > 2% We see that
T a T - : ' :
('@ =V Paxe) (Xie—2x) = o (Xie—2x") =¥ -5 =0
Therefore, n}m(u —2¥); = 0. since the sum of its components is zero. Consequently,

+

there exists z**1 with 24 < ! < 7 quch that

; o
min = i =
i (u-: v), =0
In this case, z**! becomes a better estimate and we can define
2 -1 9
W = (AXTAT) T AXZe () (6.45)
Note that

mjin (Xic (z**') - erw”')j = min (u - z“'v}j =0 (6.46)

!

I ————
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Since x* > 0. we know min(e(z* ') = ATwit!); = 0, and hence
i

min (¢ - ATw'!) =t (6.47)
i

Thus 2F < z**! < z*. Combining (6.40) with the definition of the potential function, we
can show that
f(x“;c(;“'))-f(x*;c(:_“‘))3%' (6.48)
Moreover, from (6.46). we know mjin(!(;c(:"'} = X;ATwH); =0, hence Lemma 6.3
can be applied with ¢ = Xge(z**"), A = AX;. and B = B;. Since‘ the cc?rresponding
2 =0, the potential function f(- sty can be reduced by at least 1/5 as before by
moving in the original space along the direction
d' =X Pp. X (e - e)
Combining the analysis of both cases. we state the modified step in Karmarkar's

algorithm as follows:
o .
At iteration & with x*. w*, and z*. set X; = diag (x*). compute
k
u= P,\x:x;(‘. V= P:\X. X
i Ry an se
If min(u — z"v); <0, then set
j

Wl = wh, FuGERE L

Otherwise. find

. . kel oy _
Atk with  minfu -z "'v); =0
. ]

and set
W = (AXIAT) AN e

Compute d* = =X, Pelu — z**1v), and
d’
In ||d*)|

—k+1 k
®lo

Set

The modified algorithm then generates a sequence (x I_"c_)prnm.H :thlh]c solutions
and a sequence [(w*, z5)) of dual solutions such that both ¢/ x* and z* converge to the
unknown optimal objective value z*.
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6.7 UNCONSTRAINED CONVEX DUAL APPROACH

As pointed out in the previous section, the dual problem of Karmarkar's linear program
inherits some interesting properties. In this section, we show that, given an arbitrarily
small number £ > 0, an e-optimal solution 10 a general linear program in Karmarkar's
standard form can be found by solving an unconstrained convex programming problem.,

Let us focus on the lincar programming problem (6.1) and its dual problem (6.31)
with an additional assumption that problem (6.1) has a strictly interior feasible solution
X such that v; > 0 for j = |...., n. We consider the following simple geometric
inequality:

) etz {‘—} (6.49)

which holds for arbitrary vyERandx, >0, j=1.2 ..., n, with

The equality in (6.49) occurs if and only if
Xj = Ae", F=12... n (6.50)

for a constant X > 0. We further expand (6.49) by substituting

"
V= (Z agw; — f',) Jit. fof 7 = LB nand g >0

Taking logarithms on both sides and rearranging terms, we have

i (Z ajw; — (‘,—) X< p i.\', log, vj +log, iexp [(i ajuy; — (:,) /,uJ
j=1 =1

j=1 \i=l i=l
(6.51)

which holds true for arbitrary w;, ¢ R. i = 1.2, L/ v R ) 1 n with
m

Z“'f = l.and j1 > 0. Moreover, inequality (6.51) becomes an equality if and only if:
i=l

m
Xj = Jexp {(Z ajjw; — c‘j) /‘uJ . j=L2..., n (6.52)

i=1

Now, let us assume that the n-vector v also satisfies the constraint (6.1b) of the
linear programming problem. Then

a;ix; =0, i=1.2..... m
)

=l

~——y
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and n
m m n n i q
i (Z agjwy — t'j) Xj= Z w; Z(I;j.\j = Z CpXj = — .Z‘(.';.‘(_; ((15‘)
i= j=1 j=1 j=
j=1 \i=l i=1 j

Hence, after rearrangement, (6.51) reduces to

n m E |
—ptlog ZCKP {(Z ajjw; — ‘.’) /'u} selxtu Z.\} log, x; (6:34)

=1
j=1 i=| i

] ¥ j =02 e n,
which holds true for arbitrary w; € R, i = 1,2,....m, and x; > 0. j

satisfying constraints (6.1b), (6.1¢). The equality holds if and only if (6.52) is true. Note
satisfying )

that in (6.54), the term Z,rj— log, x; is usually named the entropy function associated
=1
with a probability function.

6.7.1 e-Optimal Solution

. : SAR “weak
In nonlinear programming literature, inequality (6.54) is ustna!l)hrc]fe;rc: tc()]af‘;hc_ :,Zi
u ide is minimi - side is max-
i ” - ioht-hand side is minimized and the left-han
duality theorem,” where the rigl . . % and sid
imizcg To derive an g-optimal solution we simply consider the maxamlz;ﬂ.flmn :)f[ the
left-hand side of (6.54), with respect to unconstrained w;, i =1,2,...,m. If we le

n n
h(w: j0) = —plog, Zcxp [(Z”U"" - cj) /,u] (6.55)
j=1 i=1
it can be shown that h(w: ) is a strictly concave funciilon of w. Alsq, un(!c;llhe
assumption that there is a feasible interior solution to the linear programming problem
;.()-I) inequality (6.54) implies that h(w: jt) is bounded from above. Hence a unique
maximum solution w* exists. )
Taking derivatives of h(w; ) at w*, we have

-1
iexp [(i ajjw; — Cj) /;:} Zcxp [(Zauw: - cj) /u] a;; =0,
j=1

=1 j=1 i=1

=2 s m (6.56)

Taking second-order derivatives, we can easily verify that w* really achieves the maxi-
mum of h(w; j1) over w € R".
Let us define the n-vector x* as follows:

-1
i (el (Sanr-o) ]| on| (S]]

j=1

i=1 i=|
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Then, equation (6.56) implies that x* satisfies the constraint (6.1b), and equation (6.57)
implies that x* satisfies the constraints (6.1c). Hence x* is a feasible solution to problem
(6.1). Moreover, each xj' satisfies the condition specified in (6.52) with

A= i:exp [(ia,—jw" - cj) /uJ
j=1 i=1

and hence, (6.54) becomes an equality with x and w being replaced by x* and w*,
respectively. We summmarize previous results as follows:

Theorem 6.3. Let w* be the unique maximum of the concave function h(w; 1)
with j¢ > 0. If x* is defined by Equation (6.57), then

n m n
h(w"; ) = —plog, Zcxp [(Z ajjw; — cj) /;1] =X +p er‘ log, z

j=1 i=l j=1

(6.58)
Notice that, for x > 0 and e"x = 1,

= <uxlog.x; <0

Consequently, we know /(w*; i) approaches ¢/'x* as p goes to (. Hence, when
is sufficiently small, we can find a near-optimal solution x* to the linear programming
problem (6.1) by solving an unconstrained maximization problem of the concave ob-
Jective function /i(w: 11), or equivalently, minimizing an unconstrained convex function
—h(w: ). The remaining question is, “How small should f¢ be such that x* obtained
by (6.57) is e-optimal, i.e., ¢/ x* — z* < ¢

To answer this question, we define

= J‘_:l'lllinn {r) - ;a,—; u.r,.'} (6.59)

It can be easily seen that (w!, ..., w,,, 2*) is a feasible solution to the dual program
Y 1 m prog

(6.31). Without loss of generality, we assume that the minimum of the right-hand side
of Equation (6.59) occurs at Jj=1and

m

==Y anw)) (6.60)

i=|

Taking the logarithm of x{ as defined in Equation (6.57), and multiplying the result by
i, we have

plog, xj = (Za,-n,.,' ~ fi) —tlog, Zexp [(Za;jw[‘ - fj) /,uJ (6.61)
i=l =1 i=1

H
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Combining (6.58) and (6.60), we see that
n
- " 7
plog, xf ==2"+ X Z.\'j log, x; (6.62)
i=1

i i 3 Tx* — z*. Moreover,
Moreover, from the theory of linear programming, we know 0 < ¢'x" —z

n
* *
0<c'x —z" =plog, x| - ,uz.rj log, x;

j=I
n n
= Z.r; log, x) — 1t Z“; log, x;
i=1 =
" i ’ (6.63)
=py log, [ — .63
Since x7 >0, for j=1.2.....n, and
n
Z.rj =1
i=1

considering the geometric inequality again, we have

W 4 (6.64)
ZI,\I > 1_[, r
i= Jj=
Since | = x, we have
nz ]_1[ 1—‘: , (6.65)
X!
j=t N
Therefore,
n N\
Zlngr {—l; <log.n (6.66)
=

and Equation (6.63) reduces to

*

D<e'x* =z <plog, n (6.67)

Now for any given tolerance ¢ > 0, we can define ¢ = &/log, n to guarantee that
0<celx*—2" <&
Hence we have the following result:

Theorem 6.4. For any given ¢ > 0, we choose
£

1t

= log, n
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and let w* be the unique minimum of the conve

X function —Jrows go). 1 x* s defined
by Equation (6.57), then

0<e'x" =" <¢ (6.68)
and (X*: w', z") becomes

an e-optimal solution pair to the primal prableny (6.1) and its
dual problem (6.31).

The following example illustrates the unconstrained du
gramming problems in Karmarkar's standard form.

al approach to lincar pro-
Example 6.5
Minimize —r,
subject 1o t~=xa=10
+rtar=|
Vi, =0

IUis easy 1o see that (0,0, 1) is the optimal solution. In this ¢

e, we have a corre-
sponding unconstrained convey programming problem:

Minimize gt log, fexplz /] + exp| =Zfi) +exptl /)

subject to e R

Taking its first-order necessary condition, we see =* = () Also by (6.57), we have
. | expll /]
V=X = Qe Ll il

(1 +expll/p)y (1 +expll /i)

Therefore, both xpand 7 deercase to O and v increases to | as Je decreases 1o 0,
The unconstrained convex programming approach allows us to have a different view
of the linear programming problems. The potential of customizing different unconstrained
optimization techniques. including the descent methods, conjugate direction methods,
and quasi-Newton methods, for finding an e-optimal solution to the linear programming
problem is certainly worthy of further exploration.

6.7.2 Extension

The work in the previous section actually suggests us 1o consider 2 perturhed problem
(P

"

Minimize ¢'x+ 1N 4 oo o,
A =

subject to Ax =)

elx =1

—

N T = -

o
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and its unconstrained convex dual program (D,):

n

n
Maximize. h(w: ) = —plog, Zexp Zﬂf]]ﬂi‘(‘j /1

j=I i=I
subject to - w & R" | |
Under the assumption that problem (6.1), and hence (P,), has an interior 5:::3}:
solution, there is no duality gap between problems (P) apd (D,). Moreover,
inas full row rank, for any given tolerance £ > 0. by choosing
£
" log,n

u

he optimal solution w* of problem D, generates a primal feasib!_e snluliorj‘x‘ off progizz
:6 I)p according to Equation (6.57), and a dual feasible solution (w*,z*) of pro

. Tt —z*| <e.
: ding to Equation (6.59), such that [e¢'x" — | < . \ .
mIBl)%::ZDIrin’ca!: prol;(riamming problem in its standard form, we consider a corresponding

problem (P)):
Minimize ¢/x+p Z_rj log, x;
j=1
subject to Ax=Dh

x>0

Replacing the inequality (6.19) by the following one:

log,t <r—1, fort >0 (6.69)
and following a similar derivation procedure with
m
; e B i
exp ajjwi —¢; | [
; for j=1,2,....n (6.70)

4 Xj

N
we can construct an unconstrained concave program (D), ):

m n n
v — o | /| =1
Maximize h'(w; p) = Zb,-w,- - Zexp ( 2”'1 w; c,) /i
i=1 j=1 i=
subject to w € R"

iti i ') has a bounded feasible domain,
With an additional assumption that problem (P) hasoa s = s o
a sufficiently small ;t can be determined such that the optimal solution 1 [;)]em :
(b' ) generates an e-optimal solution x* to the original linear programming pro
"

T T T e T T T T T
o o s
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standard form according to the following conversion formula:

.l’,-t =exp (Zm,u.: {.}) fief =11, for j=1.2.....n 6.71)

=l

6.8 CONCLUDING REMARKS

Karmarkar's projective scaling algorithm has stimulated 2 great amount of research in-
terest in linear programming. Since the work was introduced in 1984, many variants
have been proposed and many more are to come. The fundamental difference between
Karmarkar's algorithm and simplex methods is the philosophy of moving in the interior
versus moving on the boundary of the polytope. It is not true that Karmarkar-based
interior-point methods are £oing to replace the simplex methods, at least in the foresce-
able future. Both approaches are very sensitive 1o the structure of problems, The per-
formance is heavily affected by the sophistication of implementation. A hybrid method
of using the interior approach at the beginning for drastic reduction and shifting to the
simplex method for a final basic feasible solution seems attractive. We shall study the
interior-point methods further and discuss implementation issues in coming chapters.
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EXERCISES

6.1. Focus on the n-dimensional Euclidean space.

(a) For a given point x € A, looking at its coordinates. how can we identify it is a vertex
of A? on an edge of A? in the interior of A7 at the center of A?

(b) From (a) prove that A has n vertices and C(n.2) edges.

(c) Show that the distance between the center and any vertex of A is given by

V=T

Ja

and the distance between the center and any facet of A is given by
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6.2, For a projective transformati
s g : ation 75, prove results (T1) througl
or sults th (T6). What ci ¥
1S inverse transformation? ‘ It
6.3. Does the projective transformation Tz map a line segment in A 10 a line seement? Why?
6.:. Why is x(a) in Equation (6.11) an interior feasible solution o problem (6.1)? Prove it-
6.5. Show that |!'ma?r1x i\Am Equation (6.9) has full rank. then the matrix BR7 is invertible and
hence the direction d in Equation (6.12) is well defined. I
6.6. Carry out one more iteration of Example 6.4. Is it closer 1o the optimal solution?
6.7. Show that the function ‘
"
Z log, x;
i=1
achieves its maximum value at
€ N
XN=— for xeA
n
6.8. Apply Karmarkar's algorithm 1o solve Example 6.2
6.9. Convert the linear ammi in Exerci
‘ ar programming problems in Exercise 3,16 into Karmarkar's standard f
Sutiing AT rmarkar’s standard form
6.10. ‘i 5) with ¢ i 5
lr.x' .\I:»I‘. ing p.rnh!crn (6.25) with Q = 2% if (6.25¢) becomes a binding constraint at optimality
with the objective value of magnitude —272)_ show that problem (6.24) is unbounded.
6.11. Show how the inequality ¢/ x* < ¢/ " is implied by (6.37) and (6.40) ‘
6.12. Show that (6.43) is true under the assumptions that A has full row rank and Ae =0
6.13. Consider hiw: j2) as defined by (6.53). .
(a) Find its gradient vector Viw: 1.
(h) Find its Hessian matrix #f(w: f).

(¢) Show thy )= ! for 4 ial di i
) Show that H(w: ;1) = ADA? for a special diagonal matrix D with negative diazonal
elements. N =

(d) When A is assumed to be of fi /17 show tha i i
e of full row rank. show that H(w: ) is symmetric, negative
(e) Conclude that ir(w: j0) is a strictly concave function of w.
6.14. Derive the dual objective function h(w: ;) for Example 6.2,

# 5 v K4 arkarc - H H
6.15. Code Karmarkar's algorithm and test the linear programming problems of Exercise 6.9




