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7.9. For the dual affine scaling algorithm, explain the meaning of “primal estimate™ as defined
in (7.59). , ) .

7.10. For the primal-dual algorithm, try to decompose d, and d¥ as we did for ! in (7.113).
Then analyze different components.

711 Wetke x" =e w'=0.and " = e,
(a) Show that (7.112a) becomes x > (.
(b) Show that (7.112b) becomes ).’; l': -c
(c) What about (7.112c¢) and (7.112d)? '

7.12. Derive the power-series cxpansions for x(8), w(B). s(B). t(B). u(f). and v(B) in the

rimal-dual algorithm. ) -

7.13 pDt:vclop computer codes for the primal affine scaling, dual affine scaling, and primal-dual

algorithms and test those problems in Exercise 3.16.

Te,

Insights into the
Interior-Point Methods

In Chapter 7 we have studied three polynomial-time interior-point algorithms, namely
the primal affine scaling with logarithmic barrier function, the dual affine scaling with
logarithmic barrier function, and the primal-dual algorithms, Actually they are strongly
connected and can be treated by an integrated approach. In this chapter we first show
that the moving directions of these three algorithms are merely the Newton directions
along three different algebraic paths that lead to the solution of the Karush-Kuhn-Tucker
conditions of a given linear programming problem under suitable assumptions. More-
over, the dual information embedded in the primal algorithm and the primal information
embedded in the dual algorithm can be recovered in the primal-dual algorithm but with
different scaling matrices. Based on these findings. we then introduce a general theory
of constructing new interior-point methods,

8.1 MOVING ALONG DIFFERENT ALGEBRAIC PATHS

Let us consider a linear programming problem (Program P) in its standard form:

Minimize ¢’ x 8.1a)
subjectto Ax=b, x>0 (8.1b)
where A is an m x n matrix. Its dual problem (Program D) is in the following form:
Maximize b'w (8.22)
subject to ATw4s=c. s >0 (8.2b)
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For any positive scalar 4, we can incorporate a logarithmic barrier function either into
the primal program P and consider a corresponding problem (Program P,,):

Minimize ¢’ x~p z": log, x; (8.3a)
=
subject to  Ax=b. x>0 (8.3b)
or into the dual program D and consider a corresponding problem (Program D, ):
Maximize b7w+p i log, 5; (8.42)
j=l
subjectto ATw+s=c. s>0 (8.4b)

In Chapter 7, we have seen that the Karush-Kuhn-Tucker conditions of programs P, and
D,, lead to the same system:

ATw+s-c=0 (8.52)
Ax-b=0 (8.5b)

XSe — pie=0 (8.5¢)
x>0.s>0 (8.5d)

where X and S are diagonal matrices using the components of vectors x and s as diagonal

elements, respectively.
To assure the existence of a unique optimal solution to program P,, and program D,,.

or equivalently the existence of a unique solution to the system (8.5). we assume that

(A1) There exists a primal interior feasible solution, i.e..
S={xeR'|Ax=b.x>0} #¢
(A2) There exists a dual interior feasible solution, i.e..
T={ws)eR" xR |ATw+s=cs>0}#¢

{A3) The constraint matrix A has full row rank.

Notice that. under the above assumptions, as ¢ approaches 0. the unigue solution to the
system of equations (8.5) solves the given lincar program P and its dual problem D.
However, for j > 0. we can actually approach the solution of XSe — ye = 0 from
different but equivalent algebraic paths. To be more specific. for x; > 0 and 5; > 0

G=1.... ). consider the following functions:
f (.l'j. "'i) = jt — X;$j (8.6a)
g (vi.5) = %- -5 (8.6b)

*
(8.6¢)

1
h(x.55) = 5 X
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Although they are different in format. th
h . the above th ions { i
equivalent to the condition (8.5¢). since e fhre functions are al wlcbraicll

{x.9) € B[ £ 50 = 0., > 0.5; > 0, for j=1l....n}
={(x.5) e R” l80xj.5) =0.x; > 0.5; >0, for j=1..... n}
= {(x.5) € R™ [hix;.55) = 0.y, > 0.5 >0.for j=1.....n}
={(x.s) € R¥|XSe - e =0.x > 0.5 > 0}

In this way solving system (8.5) is v s
systems: g sy (8.5) is equivalent to solving one of the following three

ATwes—c=0 (8.72)
AX—h=
x~h=0 (8.7
flejosp =0, forj=1..... n (8.7¢)
x>0s>0 (8.7d)
Alwis—c=0 (8.82)
Ax-b=0 (8.8b)
gl 5) =0, for j=1..... n (8.8¢)
x>05>0 (8.8d)
Alwts—c=0 (8.9a)
Ax-b=
x-b=0 (8.9h)
Mx; o 85) =0 forj=1...., n (8.9¢)
X>0s>0 (8.9d)

;(l)" s:l;i anyhonl:e of‘ g'he‘abov‘c three systems, et us assume that (x': wh:st) € R” x
such that A’w' +s' = ¢, AX = b, ¥* > ¢ 3 We sha
/ L LAX =Dy L and s° > 0. We shall apply the
famous Newton meltgod 10 solve these systems at (x*: wh: %), Note that only fzr?ciliom
f .8 :fnd h are nonlinear in these three systems. Therefore. when the Newton melhm}
is applied, we need only linearize them for obtaining a moving direction

8.1.1 Primal Affine Scaling with Logarithmic Barrier
Function

Let us u 34 tem ( ) R « -4
b N . 4
S l(l(,' Qll)l’l system (8.8 first. T Ik”lg one Nc“l()ll step with a Illle.llll ition of 'Ile

- xp—
0-g(xf.5)) = [Veut b)) ( ! r‘,)
5 _"il'

Ne,




204 Insights into the Interior-Point Methods ~ Chap. 8

Substituting (8.6b) for the function g and multiplying it out, we see that
&
G B ( u ,) (-v—-r,-)
i~ =\~
! X (x j ) $; = S}

Consequently, we have
=222y
T i ]

Since the above equation holds for j = I.....n, by taking matrix X, = diag (x*), we
have

s= Zux":xk _ ”xrlx (8.10)

Moving along Newton direction, the linear equations (8.8a) and (8.8b) are preserved. By
(8.8a). s = ¢ — A7 w and (8.10) becomes

x= Illxi(A'w +2uX; % -0
Multiplying both sides by matrix A and applying (8.8b). we see that
b=Ax= %AXf(ATw +2uXx -0
Consequently,
w=(AX;AT)"(AX]c — pub)
Plugging w into the formula of x. we have
x= ‘—ll—xflA"(Afo’)"(AXic — ub) + 2uX% — ¢
Notice that AX;e = Ax; = b, we see the Newton direction is given by
Axy =X — x
= _;lIXk[' - X ATAX;AT) 'AX J(Xic — pee)
Since the above direction is exactly the same as the direction given by formula (7.49a) at

x = x*, we can conclude that the primal affine scaling algorithm with logarithmic barrier
function actually takes the Newton direction along the algebraic path of gix.s) = 0.

8.1.2 Dual Affine Scaling with Logarithmic Barrier Function

This time, let us focus on the system (8.9) to show that the dual affine scaling algorithm
with logarithmic barrier function actually takes the Newton direction along the algebraic

C S —
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path of h(x,s) = 0. Note th i inearizati
e at one Newton step with the linearization of Mx; 5y =0

P —xk
0—hixj. sf) = [V"U;..rf)]r (-"; ] )
8= .\‘}

Using formula (8.6¢) for function #. we have

and

Note the above equation holds for j=1

b the above equation holds for j = 1..... n. By taking matrix S; = diag (s*), we

x=2uS['e—uS":s 8.1

Again, moving along the Newton directi i i
(39, By (3o, e N direction preserves the linear equations (8.9a) and

b= Ax = 2uAS'e - uAS%s
=2uAS;"e — 4AS (e ~ ATw)
However (8.9a) says that ¢ = ATw* + ¢, hence
b =21AS;"e — nASTATW - yASTE 4 HASPATw
Therefore, we finally obtain the Newton direction

Aw, =w—w

(AS;°AT)™'p - (AS{*AT)AS e

R |-

fh(l)'myar;ng ?his dire?lion 10 (7.73), we see that the dual affine scaling algorithm with loga-
mic barrier function takes the Newton direction along the algebraic path of h(x. s) =80

8.1.3 The Primal-Dual Algorithm

Finally, we work on the system (8.7) to derive the moving directions of the primal-

dual algorithm. Simply by takin, i inearizati
i y g one Newton step with a linearization of the function

. R 1
0~ .5 = wrest ) (775

§j— Sl-
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Using formula (8.6a) for function f. we have

i
Xj—X;

k ok bk

0y _“=—\'.s \)( )

i 1 sif.vf

X
Note the above equation holds for j = 1..... n, hence
LS 2.
X, Asp + 5 Ax; =-X;S§;e + jie (8.12a)

Moreover. moving along the Newton direction assures that
AAx, =0 (8.12b)
and
ATAw + As; =0 (8.12¢)

Note that (8.12a). (8.12b), and (8.12¢) form a system of linear equations with unknm'..'n
variables Ax;. Aw. and As;. Using (8.12b) and (8.12¢) to eliminate Ax; and As in
(8.12a), we obtain

Awg = (AX. S, AT TTAS (N Spe — e
= —(AXS; AT AS W ). (8.130)

where v* (j0) = e — X; Se.
Plugging Aw, into (8.12¢). we have

As, = ~A Aw,
= ATAXS AT TAS V. (8.13b)
After As; is known, Ax; immediately follows from (8.12a) as
Axe = =18 = 8 XATAXS AT T TAS X See — i)
187! — 8 X ATAX S AT TAS IV
=8 'V () = X As (8.13¢)

Comparing (8.13) to formula (7.90). we clearly sce that the primal-dual algorithm takes
the Newton direction along the algebraic path of f(x.s) :‘ﬂ. ) _
Now. combining the results we obtained in the previous three subsections resu

in the following theorem:

T ing directions of imal affine scaling algorithm with
Theorem 8.1, The moving directions of the prlm(ll. affine :m..:hng l}g(1r|'il.1|:. 5
logarithmic barrier function. the dual affine scaling algorithm with logarithmic barrie
‘ I 1 H R Ce Hlere
function, and the primal-dual algorithm are the Newton directions along three &|i'!‘ltrtll[
and yet equivalent algebraic paths that lead to the solution of the Karush-Kuhn-Tucker
conditions (8.5).

: |
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8.2 MISSING INFORMATION
In Chapter 7, the primal approach and dual approach were treated separately as if they
were independent problems. However, Theorem 8.1 indicates that the moving directions
of both the primal affine scaling and dual affine scaling with logarithmic barrier function

are closely related to that of the primal-dual method. Hence we shall further exploit the
dual information in the primal approach and the primal information in the dual approach.

8.2.1 Dual Information in the Primal Approach

We first study the dual information in the primal affine scaling algorithm. From (8.10).
we have

3 _»
§=2uX; It~ nX;x

=JiXy — X775+ Axg)

E 5 v o |
=X = XX (T = XA (AX{AT) 'AXy) (7-?(‘0 + e)
I

) 2 ] J . T |
= XX = XXy (——ch + e) + AT AXIATY X, (——X(c + u)
" "
=c— ATAX{AT) ' AX (Xke — pre)

Since we are moving along the Newton direction, both the primal and dual feasibility
conditions are preserved. Hence we can define that

w= (AXfATl’If\XuXu‘ —je)
In this way, we find the dual information
Awg=w—w = (AX{AT) l AX (Xe - jre) — wh
= (AX}AT) " AX e - ATW — X[ o)
= (AX;AT) 7' AX (XSie — pe)
=~ (AX2AT) ' AXiv () (8.14)

Comparing (8.14) with (8.13a). we see that the dual moving direction ¢
primal affine scaling algorithm with logarithmic barrier function has exactly the same
form as that of the primal-dual algorithm but with different scaling matrix, which, of
course, depends on the primal information X, only.

mbedded in the

8.2.2 Primal Information in the Dual Approach

Similar to what we did in the Iast subsection. we can derive the embedded primal
information of the dual affine scaling. Starting from Equation (8.11), we have
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x=2uS;'e — uS;’s
1 -
=287 "e — uS;? [s* - ;AT (AS;2AT) ' (b - ,ms;'e)]
Sl
= uS;' [e +S;'AT (AS{2AT) (;Ax‘e - AS['e)]
- [
= uS;! [e +S7'AT (AS{2AT) ' AS;! (l-‘slx‘e - e)]
2 Ty -1
=uS;" [l — S{'AT (AS;2AT) As;'] ('—‘SxX‘e + e) +x
Hence we know
Bxe= - [S' - SPAT (AS7AT)” AS['] (XiSee - jee)
= [s;' ~ S{2AT (AS2AT)” As;'] i (8.15)
Comparing (8.15) to (8.13c). we see that the primal moving direction embedded in the
dual affine scaling algorithm with logarithmic barrier function has exactly the same form

as that of the primal-dual algorithm but with a different scaling matrix.
The results we found in the above two subsections can be summarized in the

following theorem:

Theorem 8.2. The form of either the dual moving direction embedded in the
primal affine scaling or the primal moving direction embedded in the dual affinc scaling
can be found in the primal-dual algorithm but with different scaling matrices.

8.3 EXTENSIONS OF ALGEBRAIC PATHS

The concept of “moving along the Newton direction on different algebraic paths™ not
only provides us a unified view to examine the primal affine scaling with logarithmic
barrier function. dual affine scaling with logarithmic barrier function. and primal-dual
algorithms but also serves as a platform to study new interior-point algorithms. At least
in theory there are infinitely many algebraic paths that could lead to the solution of
the given Karush-Kuhn-Tucker conditions, and each path may generate a new moving
direction associated with a potential interior-point algorithm. If a suitable step-length can
be decided at each iteration for a convergence proof, then a new interior-point algorithm
is introduced for further studies. An example of moving along a new path is given below.
Consider the function

X;S;
t(xj. 57) = log, f
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definedonx; > 0.5, >0, j=1,2 n, and i i
( ¢ . X 2,....0m, 1 > 0. In this way, sol
is equivalent to solving the following system: ¥ OIng Sysiem (8.9

-
Alw+s—c=0 (8.16a)
Ax-b=0 (8.16b)
T(xj.5) =0, forj=1...., n (8.16¢)
x>0,s>0 (8.16d)

XVTC \:‘ons?w the 1noving direction at a given point (x': w!: st} such that Ax* = b
+s*=c.x* > 0, and s* > 0. One Newton step at this point with a lineariratior,

: g S 5 1 )
of the function 7(x;.s;) = 0 yields that P point with a linearization

°i
Since the above expression holds for J=12.....n, its vector form becomes
X;' A%+ 87 As = —0() @17
&k T ]
where o) = (log, an log, LR log Sty
n u ‘n

Moreover, moving al(;ng the Newton direction preserves the linear equations, hence
:;l:ave AtAx(. ?10 and A" Aw; 4+ As; = 0. These two equations together with (8.17)
a system of linear equations in terms of Ax;. Aw;. and As i is
RAN L . The solution of this

Ax = = [X - XiS AT (AX,;'AT) " s (8.182)
Aw = (AXiS]'AT) ' AX0() (8.18h)
As = -AT (AX,S;'AT) " AX,0() (8.18¢)

C.omparing (8.18) v'vith (8.13), we see that the moving directions along this new path are
dlffeljenl from previous results. Which algebraic path leads to computational superiority
remains an unanswered theoretical question.

8.4 GEOMETRIC INTERPRETATION OF THE MOVING DIRECTIONS

lefemnl. gc.mfnetric viewpoints have been proposed to interpret the moving directions
of each In'dIVl(.Illlal affine scaling algorithm. Our objective in this section is to pr(widé
a geometric view which at least interprets the moving directions of the primal affine
with ‘logam.hmic barrier, the dual affine with logarithmic barrier. and the primal-dual
algor!lhms in a unified way. Later on, we show that. for each of the above three
algorithms. an associated minimization problem can be defined such that the solution of

o
AN SRR i e S ceo ki
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the associated problem becomes the moving direction of the corresponding affine scaling

algorithm.
In order to achieve the goal, the concept of null space of a matrix needs to be

strengthened through the following two lemmas:

Lemma 8.1.  Assume that m < n and A is an (m x n)-dimensional matrix with
full row rank. If U is an [n % (n —m)|-dimensional matrix of full rank such that AU = 0.

then

[1- AT (AA) ' Alx=U(UTU) " U

for each x € R".
Proof. For each x € R”, since matrix A has full row rank, x can be decomposed
as
e, T 2
x=A'u + Uu
where u' € R” and u” € R” . Hence Ax = AATu' + AUu® = AATu' and, conse-
quently. u' = (AAT) 'Ax. Similarly, we see U'x = U'A"u' + U'Un® = U’ Un? and,
consequently. u® = (UTU)~"Ux. In other words, we have

x=ATAAT)Y "TAx+UWU'UY U forxe R"

Il

and
v'u)y'u's forxe R”

{l — A?‘(.ﬂ\j‘\r)i 'A] X

Notice that, if we define an operator P = UUTU) 'U" = [T — AT(AAT)7'A)
then P2 = P and AP = 0. Also note that, since matrix A is assumed to be of full row
rank. the null space of A is an (n — m)-dimensional subspace of R". This subspace
is. of course, isomorphic to R"™™, and matrix U in Lemma 8.1 actually serves as an
isomorphism between the null space of A and the Euclidean space R"™". Furthermore,
we can prove the following result:

Lemma 8.2. Let A and U be defined as in Lemma 8.1 and Q be an (n x n)-
dimensional matrix which is symmetric and positive definite. Then, we have

Q[I-Qa’ (AQA") " AQ|ax=U (U"Q ) U
Proof. Since Q is positive definite, Q U exists. If we define A = AQ and U =

Q'U. then A is an m x n matrix with full row rank and U is an n x (1 —m) matrix of
full rank. Moreover, AQ = AU = 0. The result follows from Lemma 8.1.

With these two lemmas, we can start developing a unified geometric interpretation
of the moving directions in different affine scaling algorithms,

r—._, s e
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8.4.1 Primal Affine Scaling with Logarithmic Barrier
Function

For the primal affine scaling algorithm with logarithmic barrier function consider Pro-
gram P, of (8.3). For a positive j1, we define

PX)=c'x~p Z log, x;

J=1

Then p(x) is a convex and continuously differentiable function defined over the constraint
set (S.JIb}. ‘ln particular, for a given interior feasible solution x‘, we have a first-order
approximation .

P 2= p (&) 4+ [ Vpix )T (x - xY
whcr.e .VPf:t‘) =c—puX; e Finding the steepest descent direction at x* is equivalent
to minimizing [Vp(x*)]” (x — x*). Thus we consider a subproblem P, of P,:
Minimize [Vp (x‘]]? (x —x")
subject to Alx—x") =0
Q™" (x =) II* < p2

WhE]:C Q" is the inverse matrix of an (1 x n)-dimensional symmetric positive definite
matrix Q and B < I is a well-chosen scalar such that the surface ()Frlhc ellipsoid
[xe _R" H1Q™" (x=x")]1* = 2) becomes inscribed in the feasible domain nf‘prﬂuramAP

lln this case, the principal axes of the ellipsoid are the eigenvectors of Q' In p:micul::,:
if sz choose Q = Xy, then Q' = X, "and problem P, can be treated in a null-sp'lccl
version. To be more specific, by noting that (x — x*) is in the null space of matr.ix.:\
we can find a vector h € R~ and use the isomorphism U (between R~ and the nuli
space of A) to replace (x—x*) by Uh in problem P, Consequently. problem P, becomes

Minimize |Vp (x*)]"Uh
subject to |IX;'UR|* < g2
hepRp"™
Note that the above problem is solvable by considering its Lagrangian;
Lih. ) = [Vp(x')"Uh + 4 (||X; 'Uh||)* - %)

where 4 > (J.is a Lagrangian multiplier. Taking the partial derivative of Ly with respect
to h and setting it to be zero at optimum h*. we have

U"Vp (x') + 21 (U'X2U) bt = 0

Because matrix as ank ¢ (s adic ix, UX['U i
: a U has full rank and X, is a diagonal matrix, U'X;"U is a nonsingular
square matrix. Consequently, )
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Bt (UTX;0)™' U7 Op (x*)

-1
T
Remember that U is an isomorphism between R”™™ and the null space of matrix A in
R". We transform h* back to the null space of matrix A by

Ax; =Uht = —%U (UX;20) " UTop (x) (8.19)

Noting that Vp(x*) = ¢ — uX;'e. we apply Lemma 8.2 to (8.19) with Q = X,. In this
way, we see that

1 T (Ax2AT)! — uX:'e)
==X [I-X;A" (AX{A AXeIXs (e - nX;
. ZAXH ) (8.20)
= -}x‘u ~XAT (AX2AT) ' AX ] (Xic ~ pe)

24
i i i i itive scalar which does not
Comparing (8.20) with (7.49a) and noting that 1/2) is a positive scalar '
al?erl:he dgirection of a vector. we can conclude that the moving direction of the primal

affine scaling with logarithmic barrier function algorithm is r{rovided by the soluli'on of
the subprogram P,. This also provides a geometric interpretation of the abovementioned

moving direction.

8.4.2 Dual Affine Scaling with Logarithmic Barrier Function

With the same idea, we now consider the dual case. This time, we define

n
qw.s)=b'w+p Z log, s,

=

; T
and assume that (w4, §¥) is a solution to program D,, of (8.4). In this way, [Vg(w*. s ).|
= (b7, ue’S;"). Since w-variables are unrestricted, we only have to construct an ellip-
soid in the s-space and consider the following subprobtem D, of program D,

y [(w-w
Maximize (b. je’S;"') ( 58 )

w—w
subject to [ATll,.l( s— g ) =0

lo' s-s)If <#°

where Q! is the inverse matrix of an (n x n)-dimensional symmetr.ic' positive d'eﬁnile
matrix Q and B < 1 is a well-chosen scalar such that the nonneglauvny coPslran:ls of
program D,, are replaced by the inscribing ellipsoid {s € R | N0~ 's —=sHii* < ﬁl In
particular, ,Q" can be chosen as ;' for the consideration of a null space version of
program D,.

Sec. 84  Geometric Interpretation of the Moving Directions 213

To be more specific. we let

U= [_';,J and A=[AT|I,]

Then AI.J‘= 0 and U7 can be considered as an isomorphism between R™ and the null
space of A, i.e.,

w—w - m
(s—s‘)=UV' for some ve R

In other words, we have Aw, = v, As; = —A7v. Morcover, the subproblem D, becomes
Maximize (b jie”S;')Ov
subject to || -8;'ATv|)? < B2
veR"

To solve this problem, we consider its Lagrangian
La(v.2) = b7y~ ue”S'ATv < 4 (|| s AT [ - #) ®.21)

By setting its partial derivative with respect to v to be zero at the optimal solution v*
and applying Lemma 8.2, we eventually have

1 ] - b -
Aw = vt = = [(AS7PAT) b (AS;AT) 'asi’e] @2
and

Asp = -ATv = _ATAw, (8.22b)

Note that 1/2X is only a positive scalar. By comparing (8.22) to (7.73), we conclude
that the moving direction of the dual affine scaling with logarithmic barrier function
algorithm is provided by the solution of the subprogram D,. This is consistent with the
geometric interpretation we derived for the primal case.

8.4.3 The Primal-Dual Algorithm

In order to interpret the moving directions of the primal-dual interior-point algorithm
in the same context, we need to construct a primal-dual optimization problem (PD),,
such that its subproblem (PD), produces the desired directions. Note that the barrier
function method requires the parameter u to decrease to zero. Therefore, without loss of
generality, we may assume that i < | in this subsection. In this case, if X is a feasible
solution to problem P, and (w, s) is a feasible solution to problem D,,, then
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n " - r
Ix—p Z log, x; — [ bTw+ z log,s; | =(c'x—b'w)
j=1 =1
n n
- Z log, x; + Z log, 5;
=1 j=1
n
=x"s—p Z log, (x;s;)
j=1

"
= Y Ly = log,(x;5)] = 0

j=1

The desired primal-dual optimization problem can be defined as a problem whm.h min-
imizes the gap between problems P, and D, subject to the primal and dual interior
feasibility conditions, i.e.. problem (PD), has the following form:

Minimize ¢'x—pt Z log, xj — [ b'w+p Z log, s; (8.23a)
j=1 i=1
2
subject to Ax=h, x>0 (8.23b)
Alw+s=c, s> 0 (8.23¢)

If we define

~ (A0 0
A=lo a7 1,

and use p(x) and q(w.s) representing the objective function of P, and D, respectively,
then problem (PD),, is simplified as follows:

Minimize r(x: w:s) = p(x) — q(w.s)

(X b
subjectto A| w | = ¢

5

x > 0, s=>0

Suppose that (x*; wh; s%) is a feasible solution of (PD),. The steepest descent direction
suggests us to consider the following subproblem (PD),:

E |
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piff ="
Minimize [V (x'; w': )] (w —wt )
s—s

x—xf
subjectto Al w—wh ] =
s—¢
L 2
Q" (x =) < 45
-1 4 2
102" (s~ 5)]] = 3
where Q) and Q; are symmeltric positive definite matrices and Bi.fr < | are well-
chosen scalars such that the corresponding ellipsoids are inscribed to the feasible domain
. Fp ey - .
of (PD),.. In particular, we can choose Q; = X: S, " for the primal variables and

Q.= X[”ZS""' for the dual slacks and consider a null-space version of problem (PD), .
To do so. let us start with a matrix U satistying AU = 0. By defining

u o0
U= (n lm )
[ —

we see AU = 0 and U serves as an isomorphism between R” and the null space of A.
More explicitly. we have

¥t u'

w—w ) =0 ( 3) . whereu' € R" 0 yle R
X

s—5

Therefore, Ax; = Uu', Aw; = v°, and Asp = ATy, Consequently, problem (PD),
becomes a null-space version:

. Uu'
Minimize [Vr(.\":w‘:s‘)] ( w )

—ATw?
subject to ”X['QS:’FEUu'H < ﬁ,z
[[-xi7s; 2am]| < g2

lli € Ru--m. ul e R™

The Lagrangian of the above problem is given by
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T T
v )\ farwhs))
Ly (u" ul Ay, lg) = (—8"—- Un' + — "

] (M)T ATl 44, (”xk—lllsllluuluz _ ﬁf)

s
[-#)

where A, and A, are nonnegative Lagrange multipliers.
Recall that r(x; w; s) = p(x) — q(w.s). We now solve the subproblem (PD); by

setting that

Y (“ X, AT Y2

aLy L

— = = =0

70! 0 and o)
In this way, we have

W = 2 (UTX]'SU) U () (8240

Lall

and
v _ ! —1 5T\ "} _3(!(“"-5‘)
u = ;’-—)'—2 (Akat A ) ( Py

(8.24b)

w‘.s‘))

! 14Ty} _3‘1(
+ z—l;(Akak A ) A( 7s
Transforming back to the original space, we see that
) 1 Ty-! -tgr -1
Ax, =Uu =—IU (UTX;'SeU) 7 U7 (e - pX'e)
1
Applying Lemma 8.2 results in

1172 1 =172 - =i 20-112
ax = -zlhx}/-s‘, " [1 — X8, "2AT (AX(S;'AT) T AX, S ]

X8 (e - uXi'e)

- _2_}'\_ (XS - XiS;AT (AXiS'AT) AXS]) (e - AT ~ X )
1

=~ (1 - SEXAT (AXS]'AT) T AS] ) KiSie— o) 825)
[}

Similarly, we have
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) 1 -
Aw = u' = o (AXS]'AT) "(b- uAS;'e)

1
2

(AXiS;'A") ™' (AXie — AS; 'e) (8.25b)

1 o~
5 (AXS{'AT) "AS (XiSie ~ pe)
Moreover,

) I -
Bs = -ATw' = - AT (AX.S['AT) 'AS' (XiSie - pie) (8.25¢)

2A2
Noting that both &, and X, are nonnegative, and. comparing (8.25) to (7.90). we can
confirm that the moving directions of the primal-dual affine scaling algorithm are given
by the solution of the subproblem (PD),.

8.5 GENERAL THEORY

The geometric interpretation of the moving directions of the affine scaling algorithms
suggests that we study two crucial factors. First. we need a symmetric positive definite
scaling matrix to open an appropriate ¢llipsoid in the null space of the constraint matrix for
consideration. Second. we need an appropriate objective function such that its first-order
approximation is optimized. In the previous section, we have incorporated logarithmic
barrier functions into the original objective and applicd diagonal matrices for scaling.
Here we want to further extend this approach w study more general results.

8.5.1 General Primal Affine Scaling

In this subsection, we focus on the primal program P defined by (8.1). Instead of choosing
the logarithmic barrier function, for y > 0, let us use a general concave barrier function
@(x) which is well defined and differentiable on the relative interior of the primal feasible
domain and consider the following problem (P),.:

Minimize c¢’x — pg(x) (8.26a)
subject to Ax=b (8.26b)
x>0 (8.26¢)

Under the interior-point assumption (A1) on problem (P). let x* be a feasible solu-
tion to problem (Pg), and V¢ be the gradient of ¢. We also let Q™' be an arbitrary
symmetric positive definite matrix, 8 < | be a positive scalar such that the ellipsoid
{x € R"INIQ"'(x — x)IF < B} becomes inscribed in the feasible domain of prob-
lem (P¢),,. Our focus is to find a good moving direction vector Ax; = X — x* from the
ellipsoid such that x is still feasible. i.e., AAx; = 0, and the objective value ¢’ x — p1(x)
is minimized.

PR ER ) e B A b L e
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Taking the first-order approximation of the objective function at the current interior
solution x*, we have .
x — pp(x) 2 e xF — g () + [ — Ve (xY)]" Ax

Therefore, we focus on the following subproblem (Pé),:

T ]
Minimize [c — Ve (¥ ]] Ax; (8.27a)
subject to Adx, =0 (8.27b)

Q" Axi < 42 (8.27¢)

In order to solve (8.27). we make use of the isomorphism U between the R"™" and t.hc
null space of matrix A such that Ax, is replaced by h € R"™™ to chmmu_lc the constraint
AAx; = 0 in a null-space version problem. In this way, we have an equivalent problem:

T 0
Minimize [c— pVep (x')] Un (8.28a)
subject to||Q'Un|[" < g° (8.28b)
heR™" (8.28¢)

The Lagrangian of problem (8.28) is given by .
Lih3) = (e — nVp (&) Uh + 2 (”0"'Uh||' - ,B-)

where 2 > 0 is the Lagrange multiplier associated with the inequality constraint. Setting
AL /h = 0 and solving for h results in a solution

= (U7Q7U) U (e o ()

Consequently, from Lemma 8.2, a moving direction
Ax; = QI - QAT (AQ'AT) ' AQIQ (¢ - 176 (x')) (8.29)

is generated for the general primal affine scaling algorithm. Also note that, when ¢(x)
is strictly concave and twice differentiable, the Hessian matrix H clal' -—q‘)(x)_ hccr;mcs
symmetric positive definite. Actually, H is the Hessian of the objccuvle funcm.m c'x—
1 (x) of program (Pg),,. If we choose H'/? to be the scaling matrix Q' (or equivalently,
H = Q™). then

Ay = —HAR [l ~H AT (AHT'AT) An“ﬂ] H'2 (e - uV (x)  (8.30)
is the projected Newton direction with respect to the general barﬁer funminn. .

Note that the classic inverse function can be used as a barrier function, ie.,

boes |
’”:—_E - forr >0
¢ b= x;

In this case. i) =X cpsig 8.312)

and

Hzf(r+|)x”"2 (8.31b)
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The Karush-Kuhn-Tucker conditions becomes

Alwis=c s>0 (8.32a)
Ax = b, x>0 (8.32b)
X"Se = e (8.32¢)

Comparing (8.32) with (8.5), as r — 0, we see the two systems are closely related.
Plugging (8.31a) and (8.31b) into formula (8.30), den Hertog, C. Roos and T. Terlaky
designed their inverse barrier method by moving along the projected Newton direction

Axy = -H'"? [l —H'2AT (AH-'AT)” AH"”] H™'? (e — uX~"e)

with a proper step-length such that the algorithm terminates after at most

o (A (2) e (1)

iterations to reach an e-optimal solution, under the assumptions of having an interior
feasible solution and bounded primal feasible domain. As r — 0, the inverse barrier
function algorithm approaches the logarithmic barrier function algorithm with the same
complexity bound. Moreover, R. Sheu and S-C. Fang used the general direction (8.29) to
construct a generic path-following algorithm for linear programming and imposed some

sufficient conditions on a general barrier function to achieve polynomial-time perform-
ance.

8.5.2 General Dual Affine Scaling

In this subsection, we shift our focus 1o the dual program D defined by (8.2). As in the
general primal affine scaling. we replace the logarithmic barrier function, for >0, by
a general concave barrier function yi(x) which is well defined and differentiable on the
relative interior of the dual feasible domain. Now consider the following problem (Dyr),,:

Maximize b w + i (s) (8.33a)
subject to A"w+s=c¢ (8.33h)
s>10 (8.33¢)

Under the interior-point assumption (A2) on problem (D), let (w': s') be a feasible
solution to problem (D), and Vyr be the gradient of 1. Again we let Q7' be an
arbitrary symmetric positive definite matrix, # < | be a positive scalar such that the
ellipsoid {s € R"[[]Q"(s —s*)||* < B?) becomes inscribed in the feasible domain of
problem (Dyr),,. In order to find good moving direction vectors Aw, = w — w' and
As; = s —s*, we focus on the following subproblem (Dyr),:

Maximize [brl (reVyr (sk)}r] (ﬁ‘:‘) (8.34a)
5t

subject to - AT AW + A =0 (8.34b)

e s . b

TR T T T e -
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I 'as < (8.340)

5 I,

(4]
between the null space of matrix AT = [AT|1,] and R™ such that Aw, = v and
As; = —Alv, for ve R”. A null-space version of problem (Dyr), becomes

Remember the isomorphism

T 1 ¥
Maximize [hr| (1 (s")) ]Uv (8.35a)
subject o ||-Q ATV = B (8.35h)
veR" (8.35¢)

The Lagrangian of problem (8.35) is given by
T aTo? a2
Livsy =7y - w9y ()] ATv =2 (||-Q A"V - £°)

where & > 0 is the Lagrange multiplier associated with the inequality constraint (8.35b).
Setting 9L /dv = 0 and solving for v, we have
- 3 7!
. Y [{AQ"IA’] "b— (AQAT) A (uVY (s‘))]
2

Consequently. we have
P [(,\Q*AT) - (AQTAT) A (uVy (s‘))} (8.362)
2%

and

: 3
As = —Al Aw; (8.36b)

for the general dual affine scaling algorithm. A]S(.) note that, when ¥ (x) is slrl‘cll'y
concave and twice differentiable, the Hessian matrix H of "’f(’" b::comes sg'fmmctnc
positive definite, If we choose H'/? to be the scaling matrix Q™" (or cquwalenlly:
H = Q). then the corresponding formulas for Aw; Ell'.ld As; can be derived. Wh.cn the
classic inverse function is taken to be the barrier function for the dual approach. i.e..

n

1 1
= - — forr >0
=zl o

j=1"7

a corresponding dual algorithm can be further developed.

8.6 CONCLUDING REMARKS

i aic view i as a ge ic i retation
In this chapter we have provided an algebraic view as well as a geometric [I]I'Ilcl:p ,].d o
{0 gain more insights into the primal affine scaling, dual affine scaling, an primal- ll.
aloorithms. From the algebraic point of view, at least in theory, we may have infinitely
& =

Exercises oo

many algebraic paths that lead to the solutions of the Karush-Kuhn-Tucker conditions.
Moving along the Newton direction of each such path with appropriate step-lengths may
result in a new algorithm for further analysis.

The geometric interpretation relies on the special structure of a corresponding
subproblem. Basically, it takes an appropriate scaling matrix and a scalar 1o open an
inscribed ellipsoid in the feasible domain such that the inequality constraints can be
replaced. Then we consider the projected (negative) gradient of the objective function
in the null space of the constraint matrix as a potential moving direction. The shape of
the inscribed ellipsoid is certainly determined by the scaling matrix, and the projected
gradient is dependent on the barrier function applied.

Based on the geomelric view, a general scheme which generates the moving direc-
tions of the generalized primal affine scaling and dual affine scaling has been included.
As to the generalization of the primal-dual algorithm, the difficulty lies in finding a pair
of primal barrier function $(x) and dual barrier function vr(s) such that both programs
(Pg),, and (DY), have a common system of Karush-Kuhn-Tucker conditions. If this
can be done. the generalization follows immediately. But so far, except by using the
logarithmic barrier function for both the primal and dual, no other successful case has
been reported.

REFERENCES FOR FURTHER READING

8.1 Gonzaga. C.. “Search directions for interior linear programming methods.” Algorithmica 6.
153-181 (1991).

2 den Hertog. D.. Roos. C., and Terlaky. T.. “Inverse barrier methods for linear programming.”
Report of the Faculty of Technical Mathematics and Informatics. No. 90-27, Delft University
of Technology (1990).

8.3 Sheu, R. L..and Fang, S. C., “Insights into the interior-point methods.” OR Report No, 252,
North Carolina State University. Raleigh, NC (1990), Zeischrift fiir Operations Research 36,
200-230 (1992).

8.4 Sheu. R. L., and Fang. S. C.. “On the generalized path-following methods for linear pro-
gramming,” OR Report No. 261. North Carolina State University, Raleigh, NC (1992).

85 Ye. Y.. "An extension of Karmarkar's algorithm and the trust region method for quadratic
programming.” in Progress in Mathematical Programming: Interior-Point and Related Meth-
ods. ed. N. Megiddo, Springer Verlag. New York, 49-64 (1989).

8.6 Zimmermann. U.. “Search directions for a class of projective methods,™ Zeischrift fiir Oper-
atiens Research 34, 353-379 (1990).

o
]

EXERCISES

8.1. Show that (8.18) is indeed a solution to the system (8.17) together with AAx; = 0 and
AT Awg + As =10,
8.2, If we define P = U(UTU)"'U7 = I~ AT (AAT) 'A], show that P? = P and AP = 0.
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8.3. Show that v* in (8.22a) is indeed an optimal solution to the null-space version of program D;.
8.4. From (8.19). we know that

axc = U (UX;20) U7 (=9p (x1))

I
2%
| P, e v R ,—
= iu(urxjL U) U7 (—e+uX'e)

Show that U(UTXL"GU)"UT is a projection mapping. Hence the moving direction in the
primal affine scaling with logarithmic barrier function can be viewed as the negative gradient
of p(x) projected into the null space of matrix A.

8.5. From (8.22), first try to show that

Aw, l - L T
(A::) =§U(ASL‘A’) U (vq(w.5))

| - 1. s b
= L As AT ( Y )

Tha R 18 'e
Then show that U(;\SL"EAT]"()’ is not a projection mapping. Hence the moving direction
in the dual affine scaling with logarithmic barrier function cannot be viewed as the negative
gradient of qiw: s) projected into the null space. The reason is mostly due to the unrestricted
variables w. This phenomenon will not happen for the symmetric dual problem, which
requires both w and s to be nonnegative.

8.6. Derive (8.24a) and (8.24b) from
L ialL
=220 and =2=0

=

HITE o’

8.7. In order to derive a geometric interpretation of the moving directions (8.18) associated with
the algebraic path t(x;. 5;) = log, (.l’j.ij/f[) = (). we define

n
7 X5
Hxiwis) = —x's+ E vjsj log, (.J_J)
. H
j=1

Now consider the following subproblem:
k

X

{minimize [VI (x‘: wh s‘)]r w—wh ) |AAY; =0, AT Awy + Asp = 0)
s—s

By choosing K[mS‘m and X:":S;m as the scaling matrix for x and s, respectively. show

that the solution of this subproblem provides the moving directions (8.18).

8.8. Replace the objective function of (8.3a) by

and verify that its Karush-Kuhn-Tucker conditions are given by (8.32).

8.9. Taking the inverse barrier function

|
li(s) = - - forr >0
P

j=
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. . Fri e s 5 i
and using H'/= as the scaling matrix Q~'. derive corresponding dual moving directions
Awg and Asy. ‘

8.10. Consider using the entropy function

n
(X)) = — Z.\', log, X
J=1
as the barrier function.
(a) By plugging the entropic barrier function into the objective function of (8.26a). derive
the corresponding Karush-Kuhn-Tucker conditions.
(b) Find the gradient and Hessian of the entropic barrier function at a given solution x*
(¢) Take Q' = H'? s the scaling matrix to derive the corresponding formula o‘f tlhc
primal moving direction Axy. b
8.11. Take

n
vis) = - Z\ log, 5;
i=l
as the barrier function.
(a) Derive the K-K-T conditions for problem (8.33).
(h) Compare your results with 8.10(a) to see if they represent the same system.




