Lecture 3.
Shortest Paths

- Introduction

- Bellman’s Equation

- Dijkstra’s Algorithm

- Bellman Ford’s Method
- Floyd Warshall's Method
- Dreyfus Method




Example

- Shortest Path Problem

l 8
10
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To find a shortest directed path (with no repeated nodes)




L
Shortest Path Problem

- In this chapter, we concern exclusively with shortest path
problems in directed networks.

- If all arc lengths are positive, then an undirected network
can be converted to a directed one with each arc replaced
by a pair of arcs (i, |) and (], i) with the original length.

- It Is entirely feasible to compute shortest paths for
undirected networks with positive and negative arc lengths,
If such a network contains no cycles of negative length.

D. B. Johnson, Algorithms for Shortest Paths,
Ph.D.thesis, Cornell Univ., Ithaca,
New York, 1973.



Length Matrix

8

6

5

0 oo 10

0

1([} -1 3 006\

21 = 0

3| 0o >

A=

41 o0 0 -1 0

5\000{} oo —1 [])



|s the Problem Difficult?

| Rusmm\
- "““-h_

-

2 cities x 48 = 96 citie 9

e each pair of nodes are connected by a two-way arc.

e number of different paths (without repeated nodes) is
P(100)= 100!+100(99!)+(3"°)(98!) +- - -+ (5") (2!) + 100+ 1.



Is This a Real Problem?

Telecommunication Network

e AT&T has more than 100 ESS4-major switching
machines in U.S.A. and they are pretty much connected

to each other.

e Phone calls are coming to the network all the time,

each of them needs instant routing.

e Cost and delay have to be minimized.



Call Routing Problem

How are calls being handled 7

Routing Table: (Fixed routing directory)

Ba.:ll— 1st shortest path
"",I_ 2nd shortest path

|
"Il_ 3rd shortest path

=]
. Primary routes

-

|
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. In'l

/
= 14th shortest path

' Secondary routes




L
Other Applications

¢ Most Reliable Paths
In a communications network, the probability that link
from ¢ to j 1s operative 1s p;;. Hence the probability
that all the links in any given path are operative is the
product of the link probabilities. What 1s the most
reliable path from one designated node to another?



D
Most Reliable Paths

Reliability of a path P

“length” a;; = — log p;;



L
Other Applications

o PERT Networks
A large project is divisible into many unit “tasks”.
Each task requires a certain amount of time for its

completion, and the tasks are partially ordered.

One can form a network in which each arc (i, j) is
identified with a task and the nodes are 1dentified with

'y

“events,” i.e., the completion of various tasks. If (i, j)
and (j. k) are arcs, then task (i, j) must be completed

before task (7, k) is begun.

This network is sometimes called a PERT (Project
Evaluation and Review Technique) or CPM (Critical
Path Method) network. Many types of analyses can be
performed with such a network. For example, we may
determine the shortest possible time in which the entire

project can be completed.



Pert Network

O
Required time = longest path
“‘non-negative" time

“length 4 = _¢
if ij
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Other Applications

¢ The Knapsack Problem
Suppose there are n objects, the ith object having a
positive integer “weight” a;; and “value” p;. It 1s
desired to find the most valuable subset of objects,
subject to the restriction that their total weight does
not exceed b, the capacity of a “knapsack.”

maximize > i PiTj
subject to D ajri <b
where r; = 11f object j i1s chosen

= () otherwise



Knapsack Problem
0[] 0 _®:_
@v
A

T

n(b+ 1) nodes between s, t
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How to Approach This Problem?

- The dominant ideas in the solution of these shortest-path
problems are those of dynamic programming.

- Have you heard of “Bellman’s Equation” before?
R. E. Bellman, On a Routing Problem",

Quart. Appl. Math, 16 (1958) 87-90.

- How about “Principle of Optimality™?



Observations




Observations

- There seems to be no really good method for finding the
length of a shortest path from a specific origin to a specific
destination without, in effect, finding the lengths of
shortest path from the origin to all other nodes.

- Any portion of a shortest path must be of shortest
distance — Principle of Optimality!

- This Is a necessary condition, but not sufficient.



L
Saying in A Mathematical Way

Let
a;; = the (finite) length of arc (i, j), if there is such an arc
= 400, otherwise.
u; = the length of a shortest path from the the origin to node j|

Suppose the origin is numbered 1, and the other nodes are
numbered 2, 3.,....n. If there are no directed cycles with
negative length (and, therefore, no negative closed paths),

the shortest path lengths must satisty Bellman’s equations.

uy = 0,
! (3.1)

U, :mink#j{ukqta.kj} (j :2,3,.._,?‘1).




Bellman’s Equation

- It Is a necessary condition.

- It holds under the assumption that “no directed cycle with
non-positive length” - (3.1)(a).

- It applies the “principle of optimality” — (3.1)(b).

- It has n variables and n equations, but in nonlinear
relations.

- Can be handled in an iterative fashion.



Questions

- When will Bellman's equation become a sufficient
condition for shortest paths?

- (Al) There exists a finite-length path from the origin to
each of the other nodes.

- (A2) All directed cycles are strictly positive in length.
(No directed cycle with non-positive length.)

- Existence and uniqueness of a solution to Bellman’s
equation?



L
Main Theorems (Under Al and A2)

Theorem 3.1 If the network contains no nonpositive
directed cycles, then there exists a tree rooted from the
origin, such that the path in the tree from the origin to each
of the other nodes is a shortest path. (We call such a tree a
tree of shortest paths.)

Theorem 3.2 If the network contains no nonpositive
cycles, and if there is a path from the origin to each of the
other nodes, then there is a unique finite solution to the
equation (3.1), where u; is the length of shortest path from

the origin to node j.



Proof of Existence

.y, satisfy (3.1).

Let aq, 1ua, ...
3 arc (k, j), such that u; = up + ag;

For any wu;,
3 arc (I, k), such that wp = w; + ax

until 4 1s reached
(AL)+(A2)!

i.e. a directed (1, j) path is found.

Repeat this process for each 7, we have a

tree rooted from the origin.

i, o k7

This tree indeed contains shortest paths from the origin to

each node and satisfy (3.1).
(This is Theorem 3.1)



Proof of Uniqueness

If (3.1) has two different solutions uj,us,...,u, and
iy, Ug,...,Uy, then 3 7 > 1 such that u; # u;.

Notice that u; = u; = 0, we can choose 7 such that 3 arc

(k, 7) in the tree of shortest paths and ug = .

Now, if u; > u; then u; violates (3.1)
if @; > u; then @; violates (3.1)
Hence wu; = ;.
This contradicts the assumption that u; # u;.

Hence Theorem 3.2 1s true.



How to Solve Bellman’s Equation?

- Some simple cases:

- Acyclic directed network
- Directed network with positive arc lengths



L
Acyclic Network Case

e Acyclic Networks
No directed cycle = no directed cycle with
nonpositive length

e Proposition 6.2

A directed graph is acyclic if and only if its nodes

can be numbered in such a way that for all arcs
(4,7),1 < 7.

e (3.1) becomes
up =0

wj = ming; {up +ag;}, (7 =2,...,n)
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Acyclic Network Case

e Implications
U1 = 0
Uz = U1 + a2

ug = min{u; + a3, us + asz}

gy

sequencially determined.

e Complexity
Additions:
O+14+2+...+(n—1)=n(n—1)/2
Comparisons:
O+04+14+24+...+(n—2)=(n—1)(n—2)/2
Total= O(n?)
(Renumbering: O(n?), total= O(n?))

e Works for “longest path problem” too!



Acyclic Network Example

w, =0

us =0+4+1=1

uz =min{0+ 3,1+ 2} =3
ug =min{l + 3,3 —4} = —1
us =min{3+9,—1+1} =0
ug = min{—1+2,0+5} =1

©
@_.@@



Case with Positive Arc Lengths

E. W. Dijkstra, A Note on Two Problems in Connexion
with Graphs," Numerische Mathematik, 1 (1950) 269-271.

e Networks with positive arcs:

- positive arc lengths = no directed cycle with

nonpositive length

e Dijkstra’s Method
- A “labeling algorithm”




L
Dijkstra’s Algorithm

uwy =0, P = {1}, T = {2,3,4,5}
wo — 1, ug = 2, g4 = o0, Uy — OO
ue = 1, P = {1,2}, T = {3,4,5}
ug = min{2,1 + 3} =2
g = min{oco,1 + 4} =5

Uy — OO

ug =2,P=1{1,2,3},T ={4,5}
ug = min{5,2 4+ 2} =4
us = min{occ,2+2} =4

ug =4,P=1{1,2,3,4},T = {5}
us = min{4,4+ oo} =4

us =4, P = {1,2,3,4,5)



L
Dijkstra’s Algorithm

Step 0 (Start)
Set 11=0.
Set u; = a4, for 5 =2,3,...,n.
Set P={1}, T"={2.3.....,n}.

Stepl (Designation of Permanent Label)
Find & € T', where uz = minjer{u;}.
Set I'=T Lk, P=P + k.
If 7" = (), stop; the computation is completed.

Step 2 (Revision of Tentative Labels)
Set u; = min{u;, uy +ay;}. forall j €T
Go to Step 1. //



Questions

- Why is Dijkstra's algorithm valid?

- How efficient is the algorithm?



L
Complexity Analysis

e Comparisons
Stepl: (n—-2)+(n—-3)+...+1=n—-1)(n—-2)/2
Step2: (n—2)+(n—-3)+...+1=n—-1)(n—-2)/2
o Additions:
Step2: (n—=2)+(n—-3)+..+1=(n-1)(n—2)/2

Total: (n — 1)(n — 2) comparisons
(n—1)(n —2)/2 additions
O(n?)



L
Alternative Algorithm for Acyclic Network

¢ Dijkstra algorithm does suggest the following

alternative computation for the acyclic shortest path

problem.
ugl):[), )
2 .
u;):a1j, J=2.3.....n. L (5.1)
k41 : k k ‘
ug +1) _ mm{u; }, ui ) + ag;}s
7=2,3,....n—1;: j=>k+1.

We can view ufi-l) = u?) > ... = u;-j ) as successive
approximations of u;, with u;j ) — u;, for all j. Note
that these equations imply exactly the same number of

additions and comparisons as (4.1).



L
Alternative Algorithm for Acyclic Network

<o Let
a;; = 1ifa;; < oo, i.e., thereis an arc (7, 7),

= 0, otherwise.

Step 0 (Start)

Set wq=0.

Set u; = ay;, for 3 =2,3,...,n.

Set P={1}, T'=1{2,3,....n}.

Set d; =>"1" 5 a,;, for j =2,3,...,n.

Stepl (Designation of Permanent Label)
Find a k£ € T, such that dp = 0. If there is no such
k., stop: the network is not acyclic.
Set I'=1T—k, P=P + k.
If "= 0, stop; the computation is completed.

Step 2 (Revision of Tentative Labels)
Set w; = min{wu;, ug +ag;}. for all j €T
Set dj = d; —ay;., for all j €T.
Go to Step 1. //



No Non-positive Cycle Case

- Neither assume that the network is acyclic nor that all arc
lengths are positive.

- Only assume that there are no non-positive cycles.

- Use the concept of successive approximations.
- Bellman-Ford Method
L. R. Ford, Jr., Network Flow Theory,
The Rand Corp., P-923, August 1956.



Bellman Ford Method — Successive

Approximation

- Define

ugm} = the length of a shortest path from the origin to |,
subject to the condition that path contains no more than m
arcs.

(1)

uy - =0,
u =ay,, j#1L (6.1)
u§m+1} = min{ugm), I].’lillk;,gj{ugcm) -+ a.kj}}.



L
Complexity Analysis

o Tt follows that approximately n? additions and n?

comparisons are required overall, and the computation
is clearly O(n?).

™ u,gl} = ugg} = u§3) = ...

. ugn_lj = u;
e Complexity
(6.1b), m =1, ....n — 2 iterations
For each m, j = 1,....n equations to be solved
For each equation
n — 1 additions

n — 1 comparisons

Total ~ O(n?)



Improvement in Efficiency

- If not an order of reduction, how about a factor of
reduction in complexity?

- Yen’s algorithm
J. Y. Yen, An Algorithm for Finding Shortest Routes from
all Source Nodes to a Given Destination in General
Network," Quart. Appl. Math., 27 (1970) 526-530.



L
Yen'’s Algorithm

- Observation

o Suppose we call an arc (7, j) upward if i < j and
downward if © > j. A path is said to contain a
change in direction whenever a downward arc 1s
followed by an upward arc, or vice-versa. Note that
because node 1 1s the first node of any path, the first
arc is upward and the first change in direction (if any)

must be up to down.



L
Yen'’s Algorithm

Let
u§m) = the length of a shortest path from the origin to

node 7, subject to the condition that it contains
no more than m — 1 changes in direction.

ud = ‘

ug.i) =ayj, j # 1 (by definition),

ugm"'l) = min{ug.m), ming; {u\™ + ay;}}, meven ¢ (7.1)

and

ug.-mH) = min{ug-m), ming ; {ug"’" +ag;}}, modd |




Complexity Reduction

- The work of the computation is reduced by a factor of
approximately two.

- Yen has pointed out that the computation can be reduced
even further to approximately ,,3 /4.



Linear Programming Relaxations

- Observations

o Each of equations (3.1),
= Uj
Ug; = Dlill;c;éj{ﬂk + ﬂkj}, (81)

implies a system of n — 1 inequalities, for fixed j and for

E=1.2....7—1.34+1.....n:

U4 < . —|—ﬂ;kj.



D
LP Problem

¢ This suggests the following linear programming

problem: ( n varibles, 1 equation, (n — 1)? inequalities)

maximize U1+ uo + -+ up

subject to

and, for 1=1,2,....n; J=2,3,....n; 1+ 7J,



D
LP Dual Problem

¢ The dual of (8.3) is a minimum cost flow problem, and
that the dual variable identified with the inequality
constraints of (8.3) have a natural and intuitive
interpretations in terms of arc flows.

We state, without proof or justification, that the basic
varlables of a basic feasible solution to the dual problem
are 1dentified with the arcs of a directed spanning tree

rooted from the origin of the network.



3

LP Formulation:

Imax w2z

s.t. Uy

{:P) — U1 -tz

—

—Us

— s

min Y1 +2y2

s.t. Yo —1 —Y2
(D) Y1

Yz

Y1, Yo,

(Shortest Paths Problem)
=0

+usz  +ua
<
+us =
—+us =
+uys =
—usz  Fus =
—3ys +4ya
—Y3 — Y4
+uys
UYa
Ya, Ya,

1
2

—3

4
5

~+5ys

—Us
+¥ys
Us

(Min — cost Flow Problem
=0
=1
=1
=1
=0



L
Optimality Conditions

(1, w2, us, ug) primal feasible

(yl s Y2, Y3, Y4, yﬁ) dual feasible

Complementarities:

—(—uy+up—1)y; =0
—(—ur+uz3—2)ya =0
—(—ug +ug+3)y3 =0



—1q

—uq

+uo

—Ul + U2

—uy + uUs
—Uuz + us
—z + Ug

—U3 + U4

dual feasible ?
cost=28

optimal ?

uz = 1
’Lt.3=2
Ug = H

Primal feasible?

~— Yo
— Y1
— Y2
— Y3
— Ya

{—y5



o
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M= T =1 dual feasible ?
Yo =3 ﬂ Y . _l‘ cost=4
L ) ¥, =I -.:;’_4_;_ )
- B 12
Yz =0 ".:3:,'-' - ¥s =0
1
— U o =1 U] — 0
— U2 113 = —3 uz: = 1
— U2 +uUa = 4 — Uy — —2
UL = D

Primal feasible?

1y =0 “— Yo
—ul +uz = — Y
—uy +uz = —2 =2 — s
—u2 +us = —3 — Y3
— Uz +uqg =4 “— Yq

— Uz +muqg =T =5H — Ys
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LP Relaxations Procedure

Step 0 (Start)
Set u1=0. Set u;, for j =2.3,....n, to any
sufficiently large value (at least as large as the

optimal value).

Stepl (Test Inequalities)
If all inequalities of (8.3) are satisfied, stop; the

solution is optimal. Otherwise, find 7. 7 such that
Uj — Ui = Q.

Step 2 (Relazation)
Set uj = Ui + aij.

Return to Step 1. //



L
Shortest Paths between All Node Pairs

- Instead of computing the shortest paths from an origin to
each of the n - 1 nodes, we seek to compute shortest
paths from each of the n nodes to each of the othern-1
nodes, i.e., n(n - 1) shortest paths in all.

- Assumption: No negative cycle in existence.
- Nailve approach:

- apply Bellman-Ford method starting from each node
- complexity no more thaiO(n*)



D
Solution Method

Let
u;; = the length of a shortest path from 7 to j.

u!™ = the length of a shortest path from i to j,
subject to the condition that path contains

no more than m arcs.

It (l;; = O}
“-E-?} =0,
ul) = too, (i # j). (9.1)
Hg?_'_l) — mm;c{ui?) + ﬂr;;j}.



L
Complexity Analysis

For (9.1), given i, j, m, we need at most
n additions, n — 1 comparisons.

Since 1 < 7, j.m < n, the total complexity is

O(n*).

- Can we do better?



L
Matrix Multiplication Method

- An efficient implementation of the solution method by
using matrix multiplication-like mechanism.

- Recall the regular matrix multiplication

P = (pi;) = AB

where
Pij = E g b
k

Define a new type of matrix multiplication =" as

follows:
P=(p;)=A®B
where

Pij = m’%ﬂ{ﬂik + b}



Let A = (a;;) be the matrix of arc lengths.

i1 12 T A1n

21 5D Tt T
A =

Ll L2 et Uyyn

Now let [7(™) he the matrix of mth order

approximations, i.e., (™) = (ugﬂ’)} Note that

0 oo - 00 o0 |
>~ 0 -+ o0
70 —
oo 00 0 o~
e e e ~ 0 ]




Matrix Multiplication Procedure

Then we see that ¢ 1s associative, and

UM =U0OgA=A
[7(2) UM A=U0xA) A) =A%

=1 _—_pn=2) o A — (((U(D} RA®A) - ®A) = Aln—1)
Together, these facts mean that we can write
U{n—l} :14‘!:",—11I

where by A”~! we mean the (n — 1)st power of the A

matrix.



L
Complexity Analysis

- Like regular matrix multiplication, each time takes O(n”)
elementary operations.

Note that
A% = An=1 for any 2F > n - 1.
We need ﬁ
A
A2=A® A

A* =A% @2 A%} log, n matrix multiplications

A2k — AR ® Ak

/

It follows that we have a computation which is

O(n?logn) overall.
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Example of Matrix Multiplication Method

g 4 ¢ ©
g 4 °© 4
8 © ¥ ¥
© 4 ¢4
\-._T___..-/

o

l
—
g = & ©
CJ»—I88
c~—

B

S

[
N

£ 8 o -
g o = 4

2
||

NN
[~}
|
/—-'_"h\.\ /‘-l_lq.‘\

8 - N O 8 = N O
L =R =
8 o = K 8 © = N

O B N W O+ N ¥
N—
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Shortest Paths between All Node Pairs

- Can we do better than the Matrix Multiplication method?

- R. W. Floyd, Algorithm 97, Shortest Path,
Comm. ACM, 5 (1962) 345.

- S. Warshall, A Theorem on Boolean Matrices, J. ACM, 9
(1962) 11-12.

¢ A computational method, due to Floyd and to
Warshall, finds shortest paths between all pairs of nodes
in O(n®) steps, compared with O(n*logn) for the

matrix multiplication method.



L
Floyd-Warshall Method

Redefine
ug;_”) — the length of a shortest path from i to j.

subject to the condition that path does not pass

through nodes m,m +1,....n (i and j excepted).
A shortest path from node i to node j which does not
pass through nodes m+1.m +2.....n

either (a) does not pass through node m, in which case
+1
gn ) _ ugﬂ}

or (b) does pass through node m, in which case

[



L
Floyd-Warshall Method

Thus we have

ub =
'I-_'} ﬂ"!.j".l

and (10.1)
(m+1) (m) ) 4 ™y,

1] — ]IllIl{’lLtj s Uim

and, clearly, ugrr” = 1,4, the length of a shortest path

from i to j.



L
Complexity Analysis

For (10.1), given any i, j, m, we need
one addition, one comparison.
Since 1 < 7.7, m < n, the total complexity 1s

O(n?).



L
Floyd-Warshall Matrix Computation

( 11 412 -+ OQin \

Ul — A = : : : : j

\ﬂnl (lp2 = ﬂnn)

How to update?

[jim+1) _ rr(m)



L
Floyd-Warshall Matrix Computation

column m
(m)
mj
row m Q
O-f----- Y
(m) '
” u( m)
1m U




Example
(0 1 o oo\
U _ oo 0 1 oo _ 4
1 o~ 0 1 ’
\oc oo 00 0)
[0 1 o oo [0 1 2 oo
@ _ o~ 0 1 o | 73 _ oo 0 1 o |
1 2 0 1 1 2 0 1
\oo 00 00 0/ \oo oo 00 U/
[0 1 2 3) [0 1 2 3)
@ _ 2 0 1 2 } 76 _ 2 0 1 2
1 2 0 1 1 2 0 1
\oo 00 00 U) \oc o0 00 0/



L
Beyond the Method

¢ We can derive some further insight into Floyd-Warshall

method from the theorem below.

Theorem 10.1 An n x n matrix U = (u;;) is a matrix
of shortest path lengths if and only 1f

uz; = 0,
(10.2)
Ui < Uil + COYE for all E':.j:. k.



L
Detection of Negative Cycles

Theorem 11.1 Let the network has a path from node 1 to

each of the other nodes. Then the network contains a
negative cycle if and only if, in (6.1) or (7.1), ugn} < ;ﬂ_l),

for at least one j =1,2.....n.

Theorem 11.2 The network contains a negative cycle if, in

(6.1), ug-erl) < u_g-m}j for some m =1.2.3,...,n— 1, and at

least n — m distinct nodes j.
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Detection of Negative Cycles

Theorem 11.3 The network ccrntains a negative cycle if
and only if, in (9.1) or (10.1), u ) < 0. for some

1 =1.2.3,....n, and some m = 1j233,...,n.

Theorem 11.4 If the network does not contain a negative

cycle, then the length of shortest cycle 1s given by
(n+1 ]}

IIllIl{’lL

where u( ") is determined by (9.1) or (10.1), with

a;; = +oc, for all i.



Example

2
uV=0 [P =0 [uPV=0uP=0]uV=0u® =0
“} — 2 ‘2) =2 |us) =2 uV =0l =0]u) =0
(1} = o0 (2) =6 uga} =6 ug‘“ 6 u.ff) 4 ugﬁ) =4
(1} = 00 (2) =3 u,(f} =3 uf} 3 u_,(f) 1 uflﬁ) =1
(1} = 0 (2) = o uéa) =6 ugi} 6 uém 6 ugs) =4
(1} = o0 ( ) = uga} =9 uéﬂ =5 ug) =5 ugﬁ) =3




D
M Shortest Paths

¢ Two paths are considered distinct if they do not visit

precisely the same nodes in the same order.

¢ The method we shall describe, due to S. E. Dreytus,
computes the M shortest paths from an origin (node 1)
to each of other n — 1 nodes of the network, and does so

in O(Mnlogn) running time.

S. E. Dreyfus, “An Appraisal of Some Shortest-Path
Algorithms,” Operations Research, 17 (1969) 395-412.
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Dreyfus Method

Let
uﬂ,[’;m] = the length of the mth shortest path from
the origin to 7,
and

p(k,3,m) = the number of paths in which (£, 7) is the
final arc, in the set of 1st, 2nd.. ..., mth

shortest paths from node 1 to node j.

By definition, pu(k, 7,0) = 0.

( p(k,7,m)+ 1,1t (k,7) is the final arc in the
p(k.j.m+1)= ¢ (m + 1)st shortest path from the origin to

(K, 3, m), otherwise



L
Dreyfus Method

o The (m + 1)st shortest path from 1 to 7 has some final

arc (k, 7). The length of this path from the origin to £

must be ugf‘(k’j ™+ Accordingly, by minimizing over

all possible choices of k., we obtain

m—+1]

. k.,j.m)+1
u:E_ — II]]I]{HL"H( Jm) L ag;}  (14.1)

k

with the initial condition

u[ll] — 0.

o Equations (14.1) are clearly equivalent to Bellman’s

equations (3.1) for the case m = 0.



Question

- Is there any implicit functional relation in (14.1)?

(Such as u" depends on u"

1

 depends on u,

and
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Other Shortest Paths of Interests

e )/ Shortest Paths without Repeated Nodes.

— Every such shortest path has at most n — 1 arcs

(from node 1 to node 7).

— At least one arc in the ith shortest path (from node
1 to node j) will not appear in the (i 4+ 1)th shortest
path (from node 1 to node j).

— Cut one arc in the ith shortest path at a time, and

then generate a shortest path from node 1 to node j.

— Compare all such shortest paths and find the
(i + 1)th shortest path.

— Complexity
O(Mn?).



Other Shortest Paths of Interests

e Arc-disjoint paths

5

1—-2—-3—-4| 2
1—2—-4 11
1—3—-4 11
1—3—-2—-4] 0
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Other Shortest Paths of Interests

Problem: 1. Find a pair of arc-disjoint paths such that the

total length is minimized.

2. Find k (k > 2) arc-disjoint paths such that the

total length 1s minimized.

e Node-disjoint paths
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