LECTURE 3: OPTIMALITY
CONDITIONS

1. First order and second order information

2. Necessary and sufficient conditions of
optimality

3. Convex functions



General setting

- General form nonlinear programming problem

Min f(x)
5.t. reScCE"

where 5 can be a “simple” set

or S=£{recE" } gilr) <0,i=1,...,m;
hjlz) =0, j=1,...,n;
reX}



| ocal minimum

Definition A point x* £ 5 is said to be a relative
mimimum point or a local mimimum pomnt of f over 5
if there is an € > 0 such that f(zx) > f(z*) for all = £
SN N(x*.¢e), where N(zx*,¢) is the neichborhood of =*
of radius €. If f(x) > f(x") for all x € SN N(z",€)
and r # =", then x° is said to be a strictly relative
minamum pomnt of f over 5.



Global minimum

Definition A pomnt x* € 5 15 said to be a global
minimum point of { over S if f(z) > f(z") forall x €
S I f(r) > flz") forallz € §,  # z°, then z” i
sald to be a strictly global minamum pownf of [ over 5.



Comments

- We always intend to seek a global minimum when
formulating an optimization problem.

- In most situations, optimization theory and
methodologies only enable us to locate local minimums.

- Global optimality can be achieved when certain
convexity conditions are imposed.



A general iterative scheme

- A general scheme of an iterative solution procedure:
Step 1: Start from a feasible solution x in S.
Step 2: Check if the current solution is optimal.
If the answer Is Yes, stop.

If the answer is No, continue.

Step 3. Move to a better feasible solution and
return to Step 2.



What are the feasible moves that lead to a
better solution?

-Feasible direction
- Along any given direction, the objective function can be
regarded as a function of a single variable.

"TGiven r € 5 C E™, avectord e E™ 1s a

feasilile direction at x if there 15 an @ = 0
such that r + ad € 5 for all o, 0 < a < 0.

- A feasible direction is a good direction, if the objective
function is reduced along the direction.



How do we know we have attained

a minimum solution?
- First order necessary condition

¢ Proposition. Let S be a subset of E™ and let f
e ' be a function on 5. If * is a relative
minimum point of f over S, then for any d € E"
that 15 a feasible direction at r*, we have
Vf(x*)d = 0.

¢ Corollary (Unconstrained case). Let S be a
subset of E™ and let f = €' be a function on S.
If * is a relative minimum point of f over § and
if " is an interior point of S, then ¥V f{x") = 0.



Example 1

Example: Constrained problem:

min  f(ry,T2) =15 — T + T2 + T1 T2

8. t. 71,7220

Check if r* = [1/2, 0] satisfies the first-order
necessary condition or not.

Vf(z)

e = [2571 — 1+ Lo, 1+ Tl]|rl=1fﬂ,:ri=|]
- [']1 E'J'FE]

= V f(x*)d = 0 for all d with dy; = 0 (feasible
direction at x*).



Example 2

Example: Unconstrained problem:

min f(zry, a) = xi — T122 + 75 — 3x2

(Global minimum is known at ry = 1, 14 = 2.
At this point,
Vilz)= |22y — 22, —11 + 2153 — 3]
= [0,0]




Comments

- The necessary conditions in the pure unconstrained case
lead to a system of n equations in n unknowns.

- Is the condition a sufficient condition? Why?

- How about the condition of

V fiz*)d > 07



Proof of the proposition

If 3 a feasible direction d = E™ at =" with Vf(zx")d
< 0,then 3a >0 st xla)=r1"+ adc S with
0< < a and

flz(a)) = f(z") +Vf(z")(z(a) - z*) + Oa”)

= flz*) + aVf(z*)d + O(a”)
< fix"), if « is sufficiently small.

This contradicts to the fact that =* is a local

minimum point of f over S.



Corollary — Variational Inequalities

¢ Proposition: Let 5 C E™ be convex and
f:E™ = R be C'S). If r* is a relative
minimum point of f over &, then r* 15 a
solution of the following variational inequality
problem:

Find ze€ 5
{FI} 5. L. {IF — I, ?I{I]} = ﬂ*.-
Vel



Second order conditions

Proposition (Second-order necessary
conditions). Let S be a subset of E™ and let f ¢ 7
be a function on S. If £* 1= a relative minimum point
of f over S, then for any d € E™ that 15 a feasible

direction at ©*, we have
(1) ¥ f{z*)d = 0.
(11) if V f(z*)d = 0, then :IT"C"E_iI"[J:"}d = [

Proof:
Fflzx(a))= flz*) + Liz{a) — 2*)"VIf(z*)(z(a) — z*) + O(a?)
= fiz") + Fad VEf(z*)d + Oa”)




L
Example 3

Example: Constrained problem:

min f(x1,r2) = rf — 11 + T2 + T1T2

s.t. T1.79 =0

Check if z* = [1/2, 0] satisfies the second-order necessary

condition or not.
VIilx) | = [0, 3/2], since V flz*)d = 3/2ds = 0
== da = 0

= dTV2f(z*)d = 242 > 0



Second order necessary condition

¢ Proposition (Second-order necessary
conditions — unconstrained case). Let r* be an
interior point of the set S, and suppose z* B a
relative minimum point of f € C*. Then

1) Vfir*) = 0.
1) F(z") 1z positive semidefinite.



Example 4

Example: Unconstrained problem:

min f(Try, Ta) = T3 — T1Ta + T3 — 372

(zlobal minimum is known at ry = 1, 15 = 2.
At this point,
Vflr)=|2x1 — T2, —11 + 215 — 3]
= [0,0]
and F(r) is positive definite.




Example 5

Example: Constrained problem:

min f(r1,r2) =} — rixe + 213

5. t. T1.19 210

r* = [6, 9] is a solution to the first-order necessary

condition:
Vfiz) |z= [3xF — 2x172, —xT + 4x2] =10

But, r* does not satisfy the second-order necessary
condition,

bry1 — 2z -2 15 —12
B = |.':"' —

%1y 4 —12 4




Second order sufficient condition

« Proposition (Second-order sufficlent conditions
— unconstrained case). Let f € C? be a function
on a region In which the point =* 15 an interior point.
Suppose i addition that
(1} V(=) = 0.

(11) F(z*) iz positive definite.

Then z* 15 a strictly relative mimmum point of f.



L
Example 6

Min f(z)= if‘ ~ 9+ %IE ~fr+1
5 1. l<r<i

x|




L
Continue

e First-order information:
fiirx)==2" 62"+ 1lxr—6 = (z— 1)z —2)(x — 3).
F0)y=—6, F(1) = F(2)=F(3) =0, F(4) =6.

e Second-order information:
f(xr) = 3x* — 12z + 11
= F(1) =0, FA2) <0, F(3) > 0.

By checking the lst-order necessary conditions,
only r =1, r = 2 and r = 3 are satisfied.

By checking the 2nd-order necessary conditions,
only ©r = 1 and r = 3 are satisfied.

By checking the 2nd-order sufficient conditions,
we know =* = 1 or 3 with f(xz*) = —1.25.



Convex functions - definition

e Let {2 E™ be a convex set and

f 81— R be a real-valued function. Then f
15 convex on 2, if

floz! + (1 —a)z?) < af(z')+ (1 - a)f(z®)

vl r? e and a e [0,1].

Moreover, f 1s strictly convex on {2, if
floaz! + (1 —a)z?) < af(zh) + (1 — a)f(z?)

Vol #£2% 2?0 and a e (0,1).



Concave functions

e 7:1— R is (strictly) concave on £}, if
f = —g is (strictly) convex on (1.



Graph and epigraph of a function

e Let €2 C EF™ and f: 4 — 1 .
The graph of f is

gra(f) = {(x,z) € E™! | x € @ and

Flx) = =}
The epigraph of f is

epi(f) = {(x,2) € E™! |z € ©Q and
flx) < =}

= 4 cpl ()




Set based definition of convex functions

- Definition

e A function f: Q) C E™ — R is convex if
epi(f) is a convex subset of E™*!.

¢ Theorem:

For a convex function f. if each point in
gral f) is an extreme point of epi( f). then the

function f 1= strictly convex.



L
Question

Let f: 0 F™ — R be convex and f < &1(€2) .
For =% € €2, what’s the supporting hyperplane of
epi(f) at (z%, f(z"))

Fi=)
FOD e 7
-___..-"
P x
R =0
a’y = b with ¥=
Y= W e



L
Basic property - 1

e Overestimate by two-point information
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L
Basic property - 2

¢ Theorem:

Let f be a convex function on a convex set
0C E™.

Then
O ar’) €3 o f(z')
i=1 i=1

vrte, a;€[0,1] and YT, 0 =1
(Jensen's inequality)



Basic property - 3

¢ Theorem:

Let f € ¢!, Then f is convex on a convex set
0 C E™ if, and only if,

fly) =2 flz)+Vflz)y—=z), Yz,yec

(underestimate by one-point information)



D
Proof

(=) If fis convex, then for =,y € 2,
floy+(l—a)z) < af(y)+(1-a)f(z), Ya € [0,1]

For o £ 0,
flz+aly —x)) — fir)

Ll

< fly) — flz)

As av — 0, we have

Vilzily—=) = fly) - flz)



Proof

(«=) Assume that

fly) z flz)+Vflz)y—=x), Vr,yeh
Given ', z° £ 2 , and any a < [0, 1].
Consider 7 =az + (1 — a)z®. then
flz') = f(z) +Vf(z)(z" — =)

fl£) = f(z)+Vf(z)(z" - 1)
Multiplying the first by @ and the second by
1 — & and adding up, we have
af(z!)4+(1-a)f(=?) = f(Z)+V f(z) a4+ (1-&)* —1)
= flaz! + (1 —a)r?) +V F(z)(0)
= fl{-ﬁ:l:l +(1— E_E}IE:]



Basic properties - 4 and 5

¢ Theorem:

Let 2 C E™ be a convex set, fi,fa: 01 — K
be convex funetions.

Then (i) fi + fo is convex on (2
(ii) Gf; isconvexon 2, ¥ 3 =0

¢ Theorem:

Let f be a convex function on a convex set
£} C E™. Then the set

I. 2 {r e Q| f(r) < ¢} is convex, ¥V e € R.



L
Basic property - 6

¢ Theorem:

Let feC? and Q) C E™ is convex with
int(?) # ¢@. Then f is convex on €2, if and

only if, the Hessian matrix F' 18 positive

semidefinite over ().



Proof

By Tavlor's Theorem,
fly) = flz)+Vf(z)(y—x)

+ -2 F(z+a(y-1))y-2)

for some o € [0, 1].



Additional properties

¢« Theorem:
Let 5 C E™ be convex and f: 5 — K.

Then f is (strictly) convex if, and only if,

gls) = f(z" + ad) is (strictly) convex on
I2£{scR|x°+sdec S} for any given
' € §and d € E™

¢ Theorem:
Let f be (strictly) convex on S < E™ and
r = My + b1z an affine transformation from
E™ to E™. Then g(y) = f(My+ b) is
(strietly) convex on {y € E™ ‘ My+be S},
if M has full rank.




Additional properties

¢ Theorem:
Let f;, 7=1,...,p, be convex on 5 C E"
o
and a; > 0. Then f = % a;f; is convex on

j=1
5. In addition, if J i such that f; 18 strictly

P
convex on S and a; = 0, then f = % a;f; is
j=1

strictly convex on 5.



Additional properties

« Theorem:
Let f;, 7=1,2,..., be convex on 5§ C E™.

If lim f;(x) exists for each x £ S, then
J—= o

fl(z) £ lim f;(x) is convex on S.
[ —

o Theorem:
Let ©2 be an index set and { fu | we 2} be a
family of convex funections on 5 < E™.

Then, f(x) = sup fu(r) is convex on
w2

{r € 8| sup fw(r) < +oc}. In addition, if 0
we Ll

1= finite and f,, 18 strictly convex for each
w < L}, then [ is strictly convex on 5.



Additional properties

¢ Theorem:

Let fi be convex on 5y C E™ and fs be
convex and non-decreasing on a set
T = fi(51). Then the composition function

fae fi (z) = fal fi(z) ) is convex on S.
In addition, if fy is strictly convex on S and
fa 18 increasing, then fa o f) is strictly convex

on 5.



Minimization of convex functions

¢ Theorem:
Let f be a convex function defined on the convex

set 5. Then any relative mimmum of f 15 a

global mimmum and the set T where [ achieves

Its minimum 18 convex.



Proof

(1) If x™ £ £} is a local minimum and 3 y € {2
with f(y) < f(zx*), then

flay+(l—a)z*) < af(y)+ (1 —a)f(z*) < f(z*)
for a = (0, 1)
This contradicts to the fact that =* 15 a local

I,
(i) T = {z | f(z) < f(z"), =} is obviously

COITYEX.



L
Sufficient and necessary conditions

e For convex functions, the first order necessary
condition 18 also a sufficient condition.

¢ Theorem:

Let f € C'! be convex on a convex set
QCE™. Ifdr* e}, st

Viz* )y —z) =0, vyell

then r* 1s a global mimimum of f over {2



Proof

Proof: Since

fly) = flx*)+V flz*)y—x%) = f(z*), Vy e,

and any y € {1 can be reached from r* along

a feasible direction y — x*.



Example

¢ Example: Check the convexity of the following
optimization problem and find its (global)

minimum.
min f(r1, Tz rs) = 4r] + 3r3 + 53 + 6r1T2
+ri17r3 — AT — 279



Maximization of convex functions

¢ Theorem:;

Let f be a convex function defined on the
bounded, closed convex set 0 C E™ If |

achieves global maximum on £2, then one

maximizer falls in bdry (€1).



Proof

Assume r* € {1 15 a global maximizer of f. If
r* 18 not a boundary point of {2, then

A !, r* € bdry(1)
5.t.
r* = azr! + (1 — a)z? for some a € (0,1)
By convexity of f,
flz*) <af(z') + (1 - a)f(z7)
< max {f(z'), f(z*)}

Therefore either ' or z* is a global
mAaximizer.



Non-differentiable convex functions

- Where Is the first order information?
- subgradient and subdifferential




L
Subgradient and subdifferential

-Definition
A vector y is said to be a subgradient of a convex function
f (over a set S) at a point 0 Iif

f(z) = f(z")+{y,z—2"), vz € S

-Definition
The set of all subgradients of f at 2" iis called the
subdifferential of f at ! and is denoted by

0f(c") = {y € E" | f(z) > f(z’)+{y,z—2), Yz € S}



Properties

1. The graph of the affine function
h(x) = f(z")+{y, z—2")
IS a non-vertical supporting hyperplane to the convex set
epi(f) at the point of (Y, r(=%) ).

2. The subdifferential set gf(;") Is closed and convex.

3. Bf(:c“) can be empty, singleton, or a set with infinitely
many elements. When it is not empty, f is said to be
subdifferentiable at 2.

4. T (%) € 8f(z°) if f is differentiable at z°.

{(Vf(z")} =af(z") if f is convex and
differentiable at 2" € int(S).



Examples
- In R, f(xX) = [X| Is subdifferentiable at every point and
of (0)=1[-1,1].

- In E™, the Euclidean norm f(x) = ||x|| is subdifferentiable
at every point and f (0) consists of all the vectors y such

that
IIX|]| = <y, x> for all x.

This means the Euclidean unit ball !
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