
LECTURE 11: SOLUTION METHODS 
FOR CONSTRAINED OPTIMIZATION 

1. Primal approach 
2. Penalty and barrier methods 
3. Dual approach 
4. Primal-dual approach 



Basic approaches  
• I. Primal Approach 
 - Feasible Direction Method 
 - Active Set Method 
 - Gradient Projection Method 
 - Reduced Gradient Method 
 - Variations 
• II. Penalty and Barrier Methods 
 - Penalty Function Method 
 - Barrier Function Method 
• III. Dual Approach 
 - Augmented Lagrangian Method  
                (Multiplier Method) 

 - Cutting Plane Method 
• IV. Primal-Dual Approach 
 - Lagrange Method 



I. Primal approach 
Basic concepts: 
•A search method that works on the original problem by 
searching through the feasible domain for optimality. 
 

•Stays feasible at each iteration. 
 

•Decreases the objective function value constantly. 
 

•Given that the original problem has n variables with m 
equality constraints being satisfied at each iteration, then 
the feasible space has n-m dimensions for the primal 
methods to work with. 
 



A. Feasible direction method 



Potential difficulties 



B. Active set method 



Active set method 



Active set method 



Active set theorem 



C. Gradient projection method 
• Key Idea: The negative gradient at a current feasible 
  solution is projected onto the working surface for finding 
  the direction of movement. 



Gradient projection method 



D. Reduced gradient method 



Reduced gradient method 



Case 1 – linearly constrained problems 



Linearly constrained case 



Nonlinearly constrained problems 



II. Penalty and barrier methods 
• They are procedures for approximating constrained optimization 

problems by unconstrained problems. 
 

•  Penalty methods add to the objective function a term that prescribes 
a high cost for constraint violation. 
 

•  Barrier methods add a term that favors points interior to the feasible 
domain over those near the boundary. 
 

• A parameter c is used to control the impact of the additional term. 
 

• They usually work on the n-dimensional space of variables directly. 
 



A. Penalty function method 
• Basic concept: 



Example of penalty functions 
• Inequality constraints        Equality constraints 

 
 
 

•                                                  General 



Penalty function method 
• How it works?        Any good properties? 



Question 
• Do we always have to solve an infinite sequence of 

penalty problems to obtain a correct solution to the 
original problem? 
 

• Answer: 
  Exact Penalty Functions are exact in the sense that the 
  solution of the penalty problem yields the exact solution  
  to the original problem for a finite value of the penalty 
  parameter. 



Exact penalty theorem 

* *



Related properties – Lagrange multipliers 



Related properties – Hessian matrix 
• Virtually any choice of penalty function (within the class 

considered) leads to an ill-conditioned Hessian and to 
consideration of Hessian of the Lagrangian restricted to 

  subspace that is orthogonal to the subspace spanned by  
  the gradients of the active constraints. 



B. Barrier function method 



Barrier function method 
• Method: 

 
 
 
 
 

• Properties: 
  Virtually the same as that of the penalty function method. 



III. Dual approach 
• Work on the dual problem instead of the original primal 

problem. 
 

• Study of  Lagrange multipliers 
 

• Dual interpretation of cutting planes 
 



Augmented Lagrangian (multiplier) method 

• Basic idea:  
  - Combination of penalty function and local duality 
   methods. It is one of the most effective algorithms. 
 
  Case 1: 



Penalty function viewpoints 



Properties 



General scheme 



Duality viewpoints 



Augmented Lagrangian method 
• Case 2 : Inequality constraints 



Cutting plane method 



General scheme 



Dual interpretation 



Example 
• Kelley's Convex Cutting Plane Algorithm: 



Convergence theorem 



Example 
• Supporting Hyperplane Algorithm: 



Illustration 



V. Primal-dual approach 
• Lagrange method 
  Basic idea:  Directly solve the Lagrange first order 
                     necessary condition. 


	Lecture 11: Solution Methods for constrained Optimization
	Basic approaches 
	I. Primal approach
	A. Feasible direction method
	Potential difficulties
	B. Active set method
	Active set method
	Active set method
	Active set theorem
	C. Gradient projection method
	Gradient projection method
	D. Reduced gradient method
	Reduced gradient method
	Case 1 – linearly constrained problems
	Linearly constrained case
	Nonlinearly constrained problems
	II. Penalty and barrier methods
	A. Penalty function method
	Example of penalty functions
	Penalty function method
	Question
	Exact penalty theorem
	Related properties – Lagrange multipliers
	Related properties – Hessian matrix
	B. Barrier function method
	Barrier function method
	III. Dual approach
	Augmented Lagrangian (multiplier) method
	Penalty function viewpoints
	Properties
	General scheme
	Duality viewpoints
	Augmented Lagrangian method
	Cutting plane method
	General scheme
	Dual interpretation
	Example
	Convergence theorem
	Example
	Illustration
	V. Primal-dual approach

