/

Affine Scaling Algorithms

Since its introduction in 1984, Karmarkar’s projective scaling algorithm has become
the most notable interior-point method for solving linear programming problems. This
pioneering work has stimulated a flurry of research activities in the field. Among all
reported variants of Karmarkar’s original algorithm, the affine scaling approach especially
attracted researchers’ attention. This approach uses the simple affine transformation to
replace Karmarkar’s original projective transformation and allows people to work on the
linear programming problems in standard form. The special simplex structure required
by Karmarkar’s algorithm is relaxed.

The basic affine scaling algorithm was first presented by 1. I. Dikin, a Soviet
mathematician, in 1967. Later, in 1985, the work was independently rediscovered by
E. Barnes and R. Vanderbei, M. Meketon, and B. Freedman. They proposed using the
(primal) affine scaling algorithm to solve the (primal) linear programs in standard form
and established convergence proof of the algorithm. A similar algorithm, the so-called
dual affine scaling algorithm, was designed and implemented by I. Adler, N. Karmarkar,
M. G. C. Resende, and G. Veiga for solving (dual) linear programs in inequality form.
Compared to the relatively cumbersome projective transformation, the implementation of
both the primal and dual affine scaling algorithms become quite straightforward. These
two algorithms are currently the variants subject to the widest experimentation and exhibit
promising results, although the theoretical proof of polynomial-time complexity was lost
in the simplified transformation. In fact, N. Megiddo and M. Shub’s work indicated
that the trajectory leading to the optimal solution provided by the basic affine scaling
algorithms depends upon the starting solution. A bad starting solution, which is too
close to a vertex of the feasible domain, could result in a long journey traversing all
vertices. Nevertheless, the polynomial-time complexity of the primal and dual affine
scaling algorithms can be reestablished by incorporating a logarithmic barrier function
on the walls of the positive orthant to prevent an interior solution being “trapped” by the

144
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boundary behavior. Along this direction, a third variant, the so-called primal-dual affine
scaling algorithm, was presented and analyzed by R. Monteiro, I. Adler, and M. G. C.
Resende, also by M. Kojima, S. Mizuno, and A. Yoshise, in 1987. The theoretical issue
of polynomial-time complexity was successfully addressed.

In this chapter, we introduce and study the abovementioned variants of affine
scaling, using an integrated theme of iterative scheme. Attentions will be focused on
the three basic elements of an iterative scheme, namely, (1) how to start, (2) how to
synthesize a good direction of movement, and (3) how to stop an iterative algorithm.

7.1 PRIMAL AFFINE SCALING ALGORITHM

Let us consider a linear programming problem in its standard form:
Minimize ¢'x (7.1a)
subjectto Ax=bh, x>0 (7.1b)

where A is an m x n matrix of full row rank, b, ¢, and x are n-dimensional column
vectors.
Notice that the feasible domain of problem (7.1) is defined by

P={xeR'|Ax=Db,x> 0}

We further define the relative interior of P (with respect to the affine space
{x]Ax = b}) as

PP={xecR"|Ax=Dh,x> 0} (7.2)

An n-vector X is called an interior feasible point, or interior solution, of the linear
programming problem, if x € P. Throughout this book, for any interior-point approach,
we always make a fundamental assumption

PO # ¢
There are several ways to find an inifial interior solution to a given linear programming
problem. The details will be discussed later. For the time being, we simply assume that

an initial interior solution x° is available and focus on the basic ideas of the primal affine
scaling algorithm.

7.1.1 Basic ldeas of Primal Affine Scaling

Remember from Chapter 6 the two fundamental insights observed by N. Karmarkar in
designing his algorithm. Since they are still the guiding principles for the affine scaling
algorithms, we repeat them here:

(1) if the current interior solution is near the center of the polytope, then it makes sense
to move in the direction of steepest descent of the objective function to achieve a
minimum value;
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(2) without changing the problem in any essential way, an appropriate transformation
can be applied to the solution space such that the current interior solution is placed
near the center in the transformed solution space.

In Karmarkar’s formulation, the special simplex structure
A={xeR" |xi+...+x,=1,x>0,i=1,...,n}

and its center point e/n = (1/n, 1/n,...,1/n)T were purposely introduced for the re-
alization of the above insights. When we directly work on the standard-form problem,
the simplex structure is no longer available, and the feasible domain could become an
unbounded polyhedral set. All the structure remaining is the intersection of the affine
space {x € R"|Ax = b} formed by the explicit constraints and the positive orthant
{x € R"|x > 0} required by the nonnegativity constraints. It is obvious that the non-
negative orthant does not have a real “center” point. However, if we position ourselves
at the point e = (1,1,..., DT, at least we still keep equal distance from each facet,
or “wall,” of the nonnegative orthant. As long as the moving distance is less than one
unit, any new point that moves from e remains in the interior of the nonnegative orthant.
Consequently, if we were able to find an appropriate transformation that maps a cur-
rent interior solution to the point e, then, in parallel with Karmarkar’s projective scaling
algorithm, we can state a modified strategy as follows.

“Take an interior solution, apply the appropriate transformation to the solution space so as
to place the current solution at € in the transformed space, and then move in the direction of
steep descent in the null space of the transformed explicit constraints, but not all the way to
the nonnegativity walls in order to remain as an interior solution. Then we take the inverse
transformation to map the improved solution back to the original solution space as a new
interior solution. Repeat this process until the optimality or other stopping conditions are
met.”

An appropriate transformation in this case turns out to be the so-called affine
scaling transformation. Hence people named this variant the affine scaling algorithm.
Also, because it is directly applied to the primal problems in standard form, its full name
becomes the primal affine scaling algorithm.

Affine scaling transformation on the nonnegative orthant. Let x* € R"
be an interior point of the nonnegative orthant R, i.e., x{‘ >Q0fori=1,...,n We
define an n x n diagonal matrix '

0 0
0 x£ ... 0

X =diag(x)=| . | (1.3)
0 0 ... xk

It is obvious that matrix X, is nonsingular with an inverse matrix X; ', which is also a
diagonal matrix but with 1 /x{‘ being its ith diagonal element fori =1,...,n.
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The affine scaling transformation is defined from the nonnegative orthant R’ to
itself by

y=T(x) = X7 'x (7.4)

Note that transformation (7.4) simply rescales the ith component of x by dividing a
positive number x*. Geometrically, it maps a straight line to another straight line.
Hence it was named the affine scaling transformation. Figure 7.1 illustrates the geometric
picture of the transformation in two-dimensional space. Note that for the two-dimensional
inequality constraints, such as the case depicted by Figure 7.1, the scaling variables
include the slack variables, too. As a matter of fact, each edge of the polygon corresponds
to a slack variable being set to zero. However, it is difficult to represent the whole picture

in the same figure.

Xy M

X2
Figure 7.1
The following properties of 7 can be easily verified:

(T1) Ty is a well-defined mapping from R to R%, if x* is an interior point of RY.
(T2) T, (x*) =e.

(T3) Ti(x) is a vertex of R% if x is a vertex.

(T4) Ti(x) is on the boundary of R if X is on the boundary.

(TS) Ti(x) is an interior point of R} if X is in the interior.

(T6) Ty is a one-to-one and onto mapping with an inverse transformation 7, ' such
that

T y) = Xpy for each y € R]. (7.3)

Primal affine scaling algorithm. Suppose that an interior solution x* to the
linear programming problem (7.1) is known. We can apply the affine scaling transfor-
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mation 7} to “center” its image at e. By the relationship x = Xy shown in (7.5), in the
transformed solution space, we have a corresponding linear programming problem

Minimize (¢“)Ty (7.1a)
subject to Ayy=b, y>0 (7.1'b)

where ¢ = X,c and A, = AX,.

In Problem (7.1’), the image of x*, ie., y* = T, (x*), becomes e that keeps unit
distance away from the walls of the nonnegative orthant. Just as we discussed in Chapter
6, if we move along a direction d’; that lies in the null space of the matrix A, = AX, for
an appropriate step-length o > 0, then the new point y**! = e + akd'y‘ remains interior
feasible to problem (7.1). Moreover, its inverse image x**! = T7'(y**!) = X,y**!
becomes a new interior solution to problem (7.1).

Since our objective is to minimize the value of the objective function, the strategy
of adopting the steepest descent applies. In other words, we want to project the negative
gradient —c¥ onto the null space of matrix Ay to create a good direction d’; with improved
value of the objective function in the transformed space. In order to do so, we first define
the null space projection matrix by

P =1-ATAAD A =1 - X, AT(AXCAT) AKX, (7.6)
Then, the moving direction d’;, similar to (6.12), is given by
df = P(—c) = -1 - X, ATAXGAT) 'AX Xk (7.7

Note that the projection matrix P; is well defined as long as A has full row rank
and x* > 0. It is also easy to verify that AX;d* = 0. Figure 7.2 illustrates this projection

mapping.

—ck

>« Constant objective
s, plane

Figure 7.2

Now we are in a position to translate, in the transformed solution space, the current
interior solution y* = e along the direction of d¥ to a new interior solution y**! > 0 with
an improved objective value. In doing so, we have to choose an appropriate step-length
o > 0 such that

Y =y +aud; >0 (1.8)
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Notice that if d’)‘, > 0, then oy can be any positive number without leaving the

interior region. On the other hand, if (df),- < 0 for some i, then o, has to be smaller
than

o1
Z(dy: T @,

Therefore we can choose 0 < o < 1 and apply the minimum ratio test

. o
= min -
‘ {—(dy)i

to determine an appropriate step-length that guarantees the positivity of y**!. When o
is close to 1, the current solution is moved “almost all the way” to the nearest positivity
wall to form a new interior solution in the transformed space. This translation is also
illustrated in Figare 7.2.

Our next task is to map the new solution y**! back to the original solution space for
obtaining an improved solution x**! to problem (7.1). This could be done by applying
the inverse transformation T,”" to y¥*!. In other words, we have

+1 Tkwl ( k+l> X yk-{-l

= Xk + Othkdl;

@) < o} (7.9)

= Xk - akaPkaC

=%~ X, [[- XAT (AXZAT) ™ AX,] Xec

= x* — 0 X2 {c — AT (AX2AT)™! Axic]

=x* — 0, X} [c — ATw] (7.10)

where
= (AX2A7) ™' AX2c (7.11)
This means the moving direction in the original solution space is d¥ = —XZ[c —
ATw*] and the step-length is o, while d} = —X[c — ATw*] in the transformed space.

Several important observations can be made here:

Observation 1.  Note that d® = —Pc* and d¥ = X, df. Since Py is a projection
mapping, we see that

cIxftl = eTxk 4 achXkd’;
=I5 oy () d
— CTXk _ ak(dk)Tdk

=T — o ||dt])° (1.12)
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“This implies that x**! is indeed an improved solution if the moving direction d’; # 0.

Moreover, we have the following lemmas:

Lemma 7.1.  If there exists an x* € P° with d% > 0, then the linear programming
problem (7.1) is unbounded.

Proof. Since d’; is in the null space of the constraint matrix AX; and d’; > 0, we
know y**! =y + ,d! is feasible to problem (7.1'), for any a; > 0. Consequently, we
can set oy to be positive infinity, then Equation (7.12) implies that the limit of ¢/ x*+!
approaches minus infinity in this case, for x*! = x* + o, X, df € P.

Lemma 7.2. If there exists an x* € P? with d, = 0, then every feasible solution
of the linear programming problem (7.1) is optimal.

Proof. Remember that P is a null space projection matrix. For d’; = —PXic =0,
we know that Xyc is in the orthogonal complement of the null space of matrix AX,.
Since the orthogonal complement in this case is the row space of matrix AX,, there
exists a vector u* such that

AX) o = Xe or WHTAX, =c7X,
Since X; ' exists, it follows that (u¥)" A = ¢”. Now, for any feasible solution x,
x = WHTAx = @W5HTb

Since (w*)”b does not depend on x, the value of ¢’ x remains constant over P.

Lemma 7.3. If the linear programming problem (7.1) is bounded below and its
objective function is not constant, then the sequence {¢’x* |k = 1,2, ...} is well-defined
and strictly decreasing.

Proof. This is a direct consequence of Lemmas 7.1, 7.2, and Equation (7.12).

Observation 2. If x* is actually a vertex point, then expression (7.11) can be
reduced to w* = (BT)" ¢z which was defined as “dual vector” in Chapter 4. Hence we
call w* the dual estimates (corresponding to the primal solution x¥) in the primal affine
scaling algorithm. Moreover, in this case, the quantity

rf=c—ATw (7.13)

reduces to ¢ — AT(BT)~ !¢y, which is the so-called reduced cost vector in the simplex
method. Hence we call r* the reduced cost vector associated with x* in the affine scaling
algorithm.

Notice that when r* > 0, the dual estimate w* becomes a dual feasible solution
and (x)"r* = e"X;r* becomes the duality gap of the feasible solution pair (x*, w*),
ie.,

It —bTwh = eT X, r* (7.14)



Sec. 7.1 Primal Affine Scaling Algorithm 151

In case e" X r* = 0 with r* > 0, then we have achieved primal feasibility at x*, dual
feasibility at w*, and complementary slackness conditions. In other words, x* is primal
optimal and w* dual optimal.

Based on the above discussions, here we outline an iterative procedure for the
primal affine scaling algorithm.

Step 1 (initialization): Set k¥ = 0 and find x° > 0 such that Ax" = b. (Details
will be discussed later.)

Step 2 (computation of dual estimates): Compute the vector of dual estimates
wk = (AXIAT)'AXZc

where X is a diagonal matrix whose diagonal elements are the components of x*.
Step 3 (computation of reduced costs): Calculate the reduced costs vector

F=c—ATwr

Step 4 (check for optimality): If r* > 0 and e’ X,r* < ¢ (a given small positive
number), then STOP. x* is primal optimal and w* is dual optimal. Otherwise, go
to the next step.

Step 5 (obtain the direction of translation): Compute the direction
df = —X,r*

Step 6 (check for unboundedness and constant objective value): If d’y‘ > 0,

then STOP. The problem is unbounded. If d’; = 0, then also STOP. x* is primal
optimal. Otherwise go to Step 7.

Step 7 (compute step-length): Compute the step-length

oy = miin {_ Z_’G)i (d;')i < O} where 0 < o < |

Step 8 (move to a new solution): Perform the translation
= xF 4 ockad’;

Reset k < k+ 1 and go to step 2.

The following example illustrates the steps of primal affine scaling algorithm.

Example 7.1
Minimize —2x; + x7

subject to  x) — x3 +x3 = 15
X3 + x4 = 15

Xy, x2,x3,%4 =0
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In this case,

1t ~1 1 O]

A=lo 1 0 1

b=[15 157, and e=[-2 1 0 07

Let us start with, say, 0= {10 2 7 1317, which is an interior feasible solution. Hence,

1000 0
Xo=| 220 0 w’ = (AX2AT)"'AX%c = [-1.33353 -~ 0.00771)7
0 007 0 0 0 : :
L 0 0 0 13
Moreover,

O =c—ATw) =[-066647 —0.32582 1.33535 —0.00771]F

Since some components of ¥ are negative and e’ Xor® = 2.1187, we know that
the current solution is nonoptimal. Therefore we proceed to synthesize the direction of
translation with

dd = —Xor® = [6.6647 0.6516 —9.3475 0.1002]7

Suppose that & = 0.99 is chosen, then the step-length

0.99
=22 =0.105
%0 = gaz75 = 0-1059

Therefore, the new solution is
x! =x0 + 0Xod) = [17.06822 2.13822 0.07000 12.86178]"

Notice that the objective function value has been improved from —18 to —31.99822.
The reader may continue the iterations further and verify that the iterative process converges
to the optimal solution x* = [30 15 0 0]7 with optimal value —45.

Convergence of the primal affine scaling algorithm. Our objective is to
show that the sequence {x} generated by the primal affine scaling algorithm (without
stopping at Step 6) converges to an optimal solution of the linear programming problem
(7.1). In order to simplify our proof, we make the following assumptions:

1. The linear programming problem under consideration has a bounded feasible do-
main with nonempty interior.

2. The linear programming problem is both primal nondegenerate and dual nonde-
generate.

The first assumption rules out the possibility of terminating the primal affine scaling
algorithm with unboundedness, and it can be further shown that (see Exercise 7.5) these
two assumptions imply that (i) the matrix AX; is of full rank for every x* € P and (ii)
the vector r* has at most m zeros for every w € R™.

We start with some simple facts.

Lemma 7.4. When the primal affine scaling algorithm applies, klim X, rf = 0.
—0Q



Sec. 7.1 Primal Affine Scaling Algorithm 153

Proof. Since {c¢x*} is monotonically decreasing and bounded below (by the first
assumption), the sequence converges. Hence Equations (7.12) and (7.9) imply that

. . . . o
0= lim (c”x* — Tx**") = lim o|d*|?> > lim
k—o0 b3 00 y

dk 2
i, g

Notice that o > 0 and Hd’;H > 0, we have
: kip — 1 Ky _
lim (]| = lim |[X,r*) = 0.
The result stated follows immediately.

The reader may recall that the above result is exactly the complementary slackness
condition introduced in Chapter 4. Let us define C C P to be the set in which the
complementary slackness holds. That is,

C={xeP|Xa*=0} (7.15)

Furthermore, we introduce D C P to be the set in which the dual feasibility
condition holds, i.e.,

D={x*eP|rt>0} (7.16)

In view of the optimality conditions of the linear programming problem, it is easy
to prove the following result.

Lemma 7.5. For any x € C N D, x is an optimal solution to the linear program-
ming problem (7.1).

We are now ready to prove that the sequence {x*} generated by the primal affine
scaling algorithm does converge to an optimal solution of problem (7.1). First, we show
that

Theorem 7.1. If {x*} converges, then x* = lim x*

; is an optimal solution to
—00
problem (7.1).

Proof. We prove this result by contradiction. First notice that when {x*} converges
to x*, x* must be primal feasible. However, let us assume that x* is not primal optimal.

Since r*(-) is a continuous function of x at x*, we know r* = klim ¥ is well
— 00

defined. Moreover, Lemma 7.4 implies that
Xr* = lim Xyt =0
k—>00

Hence we have x* € C. By our assumption and Lemma 7.5, we know that x* ¢ D.
Therefore, there exists at least one index j such that r}‘ < 0. Remembering that x* € C,

we have x/ = 0. Owing to the continuity of r*, there exists an integer K such that for

any k > K, {rf} < 0. However, consider that
S

Lk kN2 k
i =X =)
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Since (xk)2 < 0, we have xJk'H > xj’.‘ > 0,V k > K, which contradicts the fact
that xj —- X = O. Hence we know our assumption must be wrong and x* is primal
optimal.

The remaining work is to show that the sequence {x} indeed converges.

Theorem 7.2. The sequence {x*} generated by the primal affine scaling algorithm
is convergent.

Proof. Since the feasible domain is nonempty, closed, and bounded, owing to
compactness the sequence {x} has at least one accumulation point in P, say x*. Our
objective is to show that x* is also the only accumulation point of {x‘} and hence it
becomes the limit of {x*}.

Noting that r*(-) is a continuous function of x* and applying Lemma 7.4, we can
conclude that x* € C. Furthermore, the nondegeneracy assumption implies that every
element in C including x* must be a basic feasible solution (vertex of P). Hence we
can denote its nonbasic variables by x% and define N as the index set of these nonbasic
variables. In addition, for any § > 0, we define a “8-ball” around x* by

={x" e P |x} <de}
Let r* be the reduced cost vector corresponding to x*. The primal and dual non-

degeneracy assumption ensures us to find an € > O such that

min Ir | > €
jeN
Remember that the nondegeneracy assumption forces every member of C to be a
vertex of P and there are only a finite number of vertices in P, hence C has a finite
number of elements and we can choose an appropriate § > 0 such that

BysNC =x* 7.17)
and
\\\ min|rf| > e,  ¥x“eB; (7.18)
X jeN
Recalling that 7
S 651 = i 1o =

we have

kK12
hm [x] rj] =0

Owing to the boundedness assumption, we know that the step-length oy at each
iteration is a positive but bounded number. Therefore, for appropriately chosen € and &,
if x* € B;, which is sufficiently close to x*, we see that o [xfr¥]* < €3. Hence we can
define a set

Ses = {x" € Bs lak [x}‘rﬂz < €8,V je N}
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Now, for any x* € Se.s, (7.18) implies that
o [xﬂz lrj'fl <68, Vj eN
which further implies that

xJ’-‘+1 = xj{‘ — o [(lef)zr;‘] < 26, Vje N
This means x**! € Bys if x* € S 5.

Now we are ready to show that x* is the only accumulation point of {x*} by
contradiction. We suppose that {x*} has more than one accumulation point. Since x* is
an accumulation point, the sequence {x*} visits S, ; infinitely often. But because x* is
not the only accumulation point, the sequence has to leave S, s infinitely often. However,
each time when the sequence leaves S s, it stays in Bys\S¢ 5. Therefore, infinitely many
elements of {x} fall in B)s\S¢ 5. Notice that this difference set has a compact closure,
and the subsequence of {x*} belonging to Bys\S. s must have an accumulation point in
the compact closure. Noting the definition of C, we know that every accumulation point
of {x*} must belong to it. However, C is disjoint from the closure of Bys\Se s. This fact,
together with Equation (7.17), causes a contradiction. Thus x* is indeed the limit of the
sequence {x*}.

More results on the convergence of the affine scaling algorithm under degeneracy
have appeared recently. Some references are included at the end of this chapter for
further information.

7.1.2 Implementing the Primal Affine Scaling Algorithm

Many implementation issues need to be addressed. In this section, we focus on the start-
ing mechanisms, checking for optimality, and finding an optimal basic feasible solution.

Starting the primal affine scaling algorithm. Parallel to our discussion for
the revised simplex method, here we introduce two mechanisms, namely, the big-M
method and two-phase method for finding an initial interior feasible solution. The first
method is more easily implemented and suitable for most of the applications. However,
more serious commercial implementations often consider the second method for stability.

Big-M Method. In this method, we add one more artificial variable x“ asso-
ciated with a large positive number M to the original linear program problem to make

(1,1,...,1) € R*! become an initial interior feasible solution to the following problem:
Minimize ¢fx + Mx® (7.192)

X
subject to  [A |b — Ae] [—-] =b, x>0, x>0 (7.19b)

X

where e = (1, 1,..., DT e R".
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Comparing to the big-M method for the revised simplex method, here we have
only n + 1 variables, instead of n + m. When the primal affine scaling algorithm is
applied to the big-M problem (7.19) with sufficiently large M, since the problem is
feasible, we either arrive at an optimal solution to the big-M problem or conclude that
the problem is unbounded. Similar to the discussions in Chapter 4, if the artificial
variable remains positive in the final solution (x*, x*') of the big-M problem, then the
original linear programming problem is infeasible. Otherwise, either the original prob-
lem is identified to be unbounded below, or x* solves the original linear programming
problem.

Two-Phase Method.  Let us choose an arbitrary x > 0 and calculate v = b—Ax’.
If v = 0, then x° is an initial interior feasible solution. Otherwise, we consider the
following Phase-I linear programming problem with n + 1 variables:

Minimize u (7.20a)
subject to  [A | v] {3‘-] =b, x>0, u>0 (7.20b)
Uu

It is easy to verify that the vector

0 0
-(3)-(2)
u® 1

is an interior feasible solution to the Phase-I problem. Hence the primal affine scaling
algorithm can be applied to solve this problem. Moreover, since the Phase-1 problem is
bounded below by 0, the primal affine scaling algorithm will always terminate with an
optimal solution, say (x*, u*)7. Again, similar to the discussions in Chapter 4, if u* > 0,
then the original linear programming problem is infeasible. Otherwise, since the Phase-I
problem treats the problem in a higher-dimensional space, we can show that, except for
very rare cases with measure zero, x* > 0 will become an initial interior feasible solution
to the original problem.

Note that the difference in dimensionality between the original and Phase-I prob-
lems could cause extra computations for a simpleminded implementation. First of all,
owing to numerical imprecisions in computers, the optimal solution x* obtained from
Phase-I could become infeasible to the original problem. In other words, we need to
restore primal feasibility before the second-phase computation. Second, the difference of
dimensionality in the fundamental matrices AX2AT (of the original problem) and AX2AT
(of the Phase-I problem) could prevent us from using the same “symbolic factorization
template” (to be discussed in Chapter 10) for fast computation of their inverse matrices.
Therefore, it would be helpful if we could operate the Phase-I iterations in the original
n—dimensional space.

In order to do so, let us assume we are at the kth iteration of applying the primal
affine scaling to the Phase-I problem. We denote

~k x*
X = =
u
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to be the current solution,
A s |X¢ O
A=, X= [ o
Remember that the gradient of the objective function is given by

~()

hence the moving direction in the original space of Phase-I problem is given by

}, and f\k::f&f(k

dt = —X [0 - AT A,A]) 1A (7.21)
where && - X,é. If we further define ‘
wE = (A Ay) 1AL (7.22)
then we have
dt = —X, (@& - Al'wh) (7.23)
Simple calculation results in
AAT = [AXZAT + (4w (7.24)
and
A =[A]v] ﬁ" LH B{-] = [AX | vi¥] {%} = Wby (7.25)
Combining (7.22), (7.24), and (7.25), we see that
wh = [AXZAT + (w17 )y (7.26)
Applying the Sherman-Woodbury-Morrison lemma (Lemma 4.2), we have
wh = ! AXAT) vy = (AXZAT)Y"'v  (7.27)

(@2 +vy1]
where y = vI (AX2AT)~!v. Plugging corresponding terms into (7.23), we see that

& = R — ATwh)
. ([0] [XAT] ,
=% ([a] - [55 | )
_ Xk 0 —‘XkATWk
B 0 uk)|uk (1 —vTwk)

—XZATwk
(uk)z (1 — VTWk)

[(u%)~2 + vT (AXZAT)~1v]

(7.28)

Observing that

Y
@) (1 —v'wh) = )? <1 e y)

1
W)ty
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we further have
3 — 1 XZAT(AXZATY 1 (b — Ax?)
W) 4y -1

Notice that the scalar multiplier in (7.29) will be absorbed into the step-length and
the last element of the moving direction is —1. Hence we know that the algorithm tries
to reduce u all the time. In this expression, we clearly see the computation of aﬁg can be
performed in the original n—dimensional space and the template for the factorization of
AXZAT can be used for both Phase I and II.

In order to compute the step-length, we consider that

(7.29)

&k_H == flk + Olkd];

Similar to the previous discussion, the step-length can be chosen as

oy = min (c?f),- <0 forsome 0 <o < 1

o
"\

An interesting and important point to be observed here is that the Phase-I iterations
may be initiated at any time (even during the Phase-II iterations). Once we detect that
the feasibility of a current iterate is lost owing to numerical inaccuracies that stem from
the finite word length of computers, Phase-I iterations can be applied to restore the
feasibility. Hence sometimes we call it a “dynamic infeasibility correction” procedure.
Sophisticated implementations should have this feature built in, since the primal method
is quite sensitive to numerical truncations and round-off errors.

Having determined the starting mechanisms, we focus on the stopping rules for the
implementation of the primal affine scaling algorithm.

Stopping rules. As we mentioned earlier, once the K-K-T conditions are met,
an optimal solution pair is found. Hence we use the conditions of (1) primal feasibility,
(2) dual feasibility, and (3) complementary slackness as the stopping rules. However, in
real implementations these conditions are somewhat relaxed to accommodate the numer-
ical difficulties due to limitations of machine accuracy.

Let x* be a current solution obtained by applying the primal affine scaling algorithm.
The primal feasibility condition requires that

(I) PRIMAL FEASIBILITY

Ax*=b, x>0 (7.30)
In practice, the primal feasibility is often measured by

_ A% —bj]

= ith x*>0 7.31
T (73D
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Note that for x* > 0, if o, is small enough, we may accept x* to be primal feasible.
The addition of 1 in the denominator of (7.31) is to ensure numerical stability in
computation.

(If) DUAL FEASIBILITY
The dual feasibility requires the nonnegativity of reduced costs, i.e.,
=c-ATw >0 (7.32)

where w* is the dual estimate defined in Equation (7.11). A practical measure of
dual feasibility could be defined as

o Il
el +1

where ||r|| and ||e|| are calculated only for those i such that r,-" < 0. When oy, 18
sufficiently small, we may claim the dual feasibility is satisfied by w*.

(7.33)

(i) COMPLEMENTARY SLACKNESS
The complementary slackness condition requires that
T = eXprt =0 (7.34)
Since
c/xt —bTw* = e X,r* (7.35)
where x* is primal feasible and w* is dual feasible, we may define
0. = T x* — pTwt (7.36)

to measure the complementary slackness condition.

In practice, we choose o0, 0y and o, as sufficiently small positive numbers and

use them to decide if the current iteration meets the stopping rules. According to the
authors’ experience, we have observed the following behavior for the primal affine scaling
algorithm:

1.

2.

3.

At each iteration, the computational bottleneck is due to the computation of the
dual estimates w¥.

Although the primal feasibility condition is theoretically maintained, the numerical
truncation and round-off errors of computers could still cause infeasibility. There-
fore, the primal feasibility needs to be carefully checked. Once the infeasibility is
detected, we may apply the Phase-I “dynamic infeasibility correction” procedure
to restore the primal feasibility.

The value of the objective function decreases dramatically in the early iterations, but

the decreasing trend slows down considerably when the current solution becomes
closer to optimality.
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4. The algorithm is somewhat sensitive to primal degeneracy, especially when the
iteration proceeds near optimality. But this is not universally true. In many cases,
even with the presence of primal degeneracy, the algorithm still performs quite
well.

Finding a basic feasible solution. Notice that, just like Karmarkar’s algo-
rithm, at each iteration, the current solution of the primal affine scaling algorithm always
stays in the interior of the feasible domain P. In order to obtain a basic feasible solution,
the purification scheme and related techniques described in Chapter 6 can be applied here.

7.1.3 Computational Complexity

Compared to Karmarkar’s projective transformation, the affine scaling transformation is
less complicated and more natural. The implementation of the primal affine scaling is
also simple enough. It does not need the assumption of “zero optimal objective value”
nor require the special “simplex structure.” By far, it is one of the most “popular”
variants of the interior-point method. According to R. Vanderbei, M. Meketon, and B.
Freedman’s experiment, for problems with dense constraint matrices, their primal affine
scaling implementation takes about 7.3885m~0-0187,,0.1694 jterations to reach an optimal
solution within € = 1073. The result was derived from the regression analysis of 137
randomly generated problems.

Although in practice the primal affine scaling algorithm performs very well, no
proof shows the algorithm is a polynomial-time algorithm. Actually, N. Megiddo and
M. Shub showed that the affine scaling algorithm might visit the neighborhoods of all
the vertices of the Klee-Minty cube when a starting point is pushed to the boundary.

Potential push method. To avoid being trapped by the boundary behavior, a
recentering method called potential push is introduced. The idea is to push a current
solution x* to a new interior solution ¥ which is away from the positivity walls but
without increasing its objective value. Then continue the iterations from %*. Figure 7.3
illustrates this concept. v

In Figure 7.3, we move from x*~! to a new solution x* along the direction d*~!
provided by the primal affine scaling algorithm. Then we recenter x* to ¥* by a “potential
push” along the direction d* such that x* and % have the same objective value but & is
away from the boundary.

To achieve this goal, first we define a potential function p(x), for each x > 0, as

px) =—> log,x (7.37)
j=1

The value of the potential function p(x) becomes larger when x is closer to a positivity
wall x; = 0. Hence it creates a force to “push” x away from too close an approach to



Sec. 7.1 Primal Affine Scaling Algorithm 161

Constant
objective

planes
N

Objective
step (along d&-1 1

N

Recentered
solution

Potential
step (along d})

>
T

]
¥
'
i
)
I
i
4
¢
'
i
i
I
i
il

Figure 7.3

a boundary by minimizing p(x). With the potential function, we focus on solving the
following “potential push” problem:

Minimize p(x) (7.38a)
subject to  Ax = Db, x>0 (7.38b)
cIx=clxt (7.38¢)

Note that (7.38b) requires the solution of problem (7.38) to be an interior feasible solution
to the original linear programming problem; (7.38¢) requires it to keep the same objective
value as x*; and minimizing p(x) forces the solution away from the positivity walls.
Therefore, we can take the optimal solution of problem (7.38) as %*.

Similar to our discussions for the Phase-I problem, if we directly apply the primal
affine scaling algorithm to solve the potential push problem, we have a mismatch in
dimensionality, since problem (7.38) has one more constraint than the original linear
programming problem. In order to implement the potential push method in a consistent
framework with the primal affine scaling algorithm, we need to take care of requirement
(7.38c) separately. Also notice that we do not really need to find an optimal solution
to the potential push problem. Any feasible solution to problem (7.38) with improved
value in p(x) can be adopted as x.

One way to achieve this goal is to take x* as an initial solution to problem (7.38),
then project the negative gradient of p(x) onto the null space of the constraint matrix A
as a potential moving direction, say p*. But in order to keep the same objective value,
we first project the negative gradient of the objective function ¢’x onto the null space
of A and denote it as g. Then, the recentering (or push) direction &'; is taken to be the
component of p* which is orthogonal to g. Finally, along this direction, we conduct a

line search for an optimal step-length.
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Mathematically speaking, we let P = I — AT (AAT)~'A be the projection mapping
and Vp(x) be the gradient of the potential function. Then, we have

p‘ = —P(Vp () = [1- AT (aa7) ' A <Xik> (7.39)
where
1 (L L)T
=
Similarly,
g=—Pc=—[I-AT(AAT)'Alc (7.40)

We now decompose p* into two components, one along g and the other orthogonal
to it. The first component can be expressed as pg, for some p > 0, since it is along the
direction of g. Therefore the orthogonal component can be expressed as

df =p* —pug (7.41)
Moreover, the orthogonal condition requires that
@H7g=0 » (7.42)
which determines the value of u by
KNT
p= P T) g (7.43)
g'g
and, consequently,
. ®)’g
dé =p* — [ g (7.44)
g’g

Figure 7.4 illustrates this situation.

Mg

df = pt — pg Figure 7.4
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Now we focus on finding an appropriate step-length « such that the point x* is
translated to a new solution X¢ = x* + «d which has the same objective value as ¢ x*
but with a lower value in p(x). To do so, we conduct a line search along the direction
dfc. One of the easiest ways is via binary search. Note that the maximum value (say %)
that ¥ can assume is given by

%= : (7.45)

mjax {—-((?)’g)j/xj'-‘}

Hence we only have to search for « in the interval (0, %) such that p(&*) assumes a
minimum value.
Several issues are worth mentioning here:

1. When the potential push method is applied after each iteration of the primal affine
scaling algorithm, since P needs to be evaluated only once for all iterations and
a binary search is relatively inexpensive, the evaluation of the potential function
required during the search becomes the most time-consuming operation associated
with the potential push.

2. The purpose of applying potential push is to gain faster convergence by staying
away from the boundary. If the extra speed of convergence obtained by potential
push appears to be marginal, then it is not worth spending any major effort in it.
Some coarse adjustments are good enough in this case. According to the authors’
experience, no more than four or five searches per affine scaling iteration are needed
to estimate ¥,

3. Recall that Karmarkar’s potential function is given by (6.18), namely,

f&x;¢) =nlog, (¢'x) — Z log, x;

Hence f(x;c) =n log, (cTx) — p(x), assuming that ¢’ x > 0. When the potential
push is applied after each iteration of the primal affine scaling, we see the first
term in f(X; ¢) is reduced by the affine scaling and the second term is reduced by
the potential push. Thus the flavor of Karmarkar’s approach is preserved.

4. Since the flavor of Karmarkar’s potential function is preserved, it is conjectured that
primal affine scaling together with potential push could result in a polynomial-time
algorithm. But so far, no rigorous complexity proof has been provided.

Logarithmic barrier function method. Another way to stay away from the
positivity walls is to incorporate a barrier function, with extremely high values along the
boundaries {x € R" |x; = 0, for some 1 < j < n}, into the original objective function.
Minimizing this new objective function will automatically push a solution away from
the positivity walls. The logarithmic barrier method considers the following nonlinear
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optimization problem:

n
Minimize F,(x) = c¢’x— p Y _log, x; (7.462)

Jj=1
subject to Ax =b, x>0 (7.46b)
where p > 0 is a scalar. If x*(u) is an optimal solution to problem (7.46), and if x* ()
tends to a point x* as u approaches zero, then it follows that x* is an optimal solution
to the original linear programming problem. Also notice that the positivity constraint
x > 0 is actually embedded in the definition of the logarithmic function. Hence, for any

fixed o > 0O, the Newton search direction d,, at a given feasible solution x is obtained
by solving the following quadratic optimization problem:

1
Minimize EdTVZF,L(x)d + ((VF,(x)7d (7.47a)

subject to Ad =0 (7.47b)

where VF,(x) = ¢ — uX"'e and V2 F,(x) = uX2.

In other words, the Newton direction is in the null space of matrix A and it
minimizes the quadratic approximation of F, (x). We let A,, denote the vector of Lagrange
multipliers, then d,, and A, satisfy the following system of equations:

()8 -(8

Letting ¢, = X~ 'ud,,, we have
I XAT du\ _ [ Xe—pe
ax o J\n )= 0

¢, = —[1 — XAT (AX2AT)"'AX](Xc — pe) (7.48)

It follows that

and
1 T 24 Ty—1
d, = —;X[I — XA (AXAY)Y T AXI(Xe — pe) (7.49a)

Taking the given solution to be x = x* and comparing d,, with the primal affine
scaling moving direction d¥, we see that

1
d, = ;df + X [ - X AT (AXCAT) T AX Je (7.49b)

The additional component X[ — X, AT (AX2AT)"'AX,]Je = X;P,e can be viewed as
a force which pushes a solution away from the boundary. Hence some people call it
a “centering force,” and call the logarithmic barrier method a “primal affine scaling
algorithm with centering force.”
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While classical barrier function theory requires that x* solves problem (7.46) ex-
plicitly before p = 1t is reduced, C. Gonzaga has pointed out that there exists g > 0,
0 < p < 1, and @ > 0 so that choosing d,,, by (7.49), x**! = x*+ad,,, and gy = puk
yields convergence to an optimal solution x* to the original linear programming problem
in O(4/nL) iterations. This could result in a polynomial-time affine scaling algorithm
with complexity O(n3L). A simple and elegant proof is due to C. Roos and J.-Ph. Vial,
similar to the one proposed by R. Monteiro and 1. Adler for the primal-dual algorithm.

7.2 DUAL AFFINE SCALING ALGORITHM

Recall that the dual linear programming problem of problem (7.1) is
Maximize bTw (7.50a)
subject to ATw+s=c, s >0, w unrestricted (7.50b)

Similar to the dual simplex method, the dual affine scaling algorithm starts with a dual
feasible solution and takes steps towards optimality by progressively increasing the ob-
jective function while the dual feasibility is maintained in the process.

Notice that problem (7.50) contains both unrestricted variables w € R™ and non-
negative variables s € R”. In this case, (w; s) is defined to be an interior feasible solution
if ATw+s =c and s > 0. Also note that for w-variables, there is no meaning of “cen-
tering” since they are unrestricted. But for s-variables, we can treat them as we treat the
x-variables in the primal problem.

7.2.1 Basic ldeas of Dual Affine Scaling

The dual affine scaling algorithm also consists of three key parts, namely, starting with
an interior dual feasible solution, moving to a better interior solution, and stopping with
an optimal dual solution. We shall discuss the starting mechanisms and stopping rules
in later sections. In this section we focus on the iterates.

Given that at the kth iteration, we have an interior dual solution (w¥;s*) such
that ATwX 4+ s* = ¢ and s* > 0. Our objective is to find a good moving direction
(a; d*) together with an appropriate step-length f;, > 0 such that a new interior solution

(whtL; 51y is generated by
Wl = wk 4 gdt (7.51a)
s =" + gd* (7.51b)
which satisfies that
ATwl i+t — ¢ (7.52a)
st~ 0 (7.52b)

and

b7 wht! > pTwk (7.52¢)
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Plugging (7.51) into (7.52a) and remembering that A7 w* +s* = ¢, we have a requirement
for the moving direction, namely,
k k
ATdl +df = (7.53a)

In order to get better objective value, we plug (7.51a) into (7.52c), which results in
another requirement for the moving direction:

b’d: >0 (7.53b)
To take care of (7.52b), the affine scaling method is applied. The basic idea is to recenter
sate=(1,1,...,1)T € R" in the transformed space such that the distance to each

positivity wall is known. In this way, any movement within unit distance certainly
preserves the positivity requirement.

Similar to what we did in the primal affine scaling algorithm, we define an affine
scaling matrix S; = diag (s*) which is a diagonal matrix with s,-k as its ith diagonal
element. In this way, Sk_]s" = e and every s-variable is transformed (or scaled) into a
new variable u > 0 such that

u=S;"'s (7.54a)
and
s = Seu (7.54b)

Moreover, if d* is a direction of cost improvement in the transformed space, then its
corresponding direction in the original space is given by

d“ =S,d. (7.54¢)

Now we can study the iterates of the dual affine scaling algorithm in the transformed
(or scaled) space. In order to synthesize a good moving direction in the transformed
space, requirement (7.53a) implies that

ATdl +dt =0= ATd" +S,df =0
= S;'ATdE +df =0 = S 'ATd, = —df
Multiplying both sides by AS; ' we get
AS;?ATd = —AS;'d*

Assuming that A is of full row rank, we obtain

df = —(AS2PAT)1ASd - (7.552)
By defining Q, = (AS,'('ZAT)"AS,:l, (7.55a) is simplified as
& = —Qd (7.55b)

The above equation says that d¥ is actually determined by d¥ in the transformed
space. If we can find an appropriate direction d¥ such that (7.53b) is satisfied, then we
can achieve our goal. To do so, we simply let

dt =-Q/b (7.56a)
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then we have
b"d}, = b"Qud} =b"QQ{b = b Q> = 0
Combining (7.56a) and (7.55b), we see that
d“ = (ASZAT) b (7.56b)

Consequently, from (7.53a), we have the following moving direction in the original
space:

df = ~ATd = —AT(AS2AT) b (7.56¢)

Once the moving direction (d*; d*) is known, the step-length By is dictated by the
positivity requirement of s**! as in the primal affine scaling algorithm, namely,

1. If di‘ = 0, then the dual problem has a constant objective value in its feasible
domain and (w*; s*) is dual optimal.

2. If df > 0 (but # 0), then problem (7.50) is unbounded.

3. Otherwise,

st
=)

Note that, similar to the way we defined dual estimates in the primal affine scaling
algorithm, if we define

d5; < 0} where 0 <a <1

xt = —8;2d* (7.57)

then Ax* = AS;?ATd% = b. Therefore, x* can be viewed as a “primal estimate” in
the dual affine scaling algorithm. Once the primal estimate satisfies that xf > 0, then
it becomes a primal feasible solution with a duality gap ¢’ x* — bTw*. Moreover, if
c’x* — b7wk = 0, then (w*;s*) must be dual optimal and x* primal optimal. This
information can be used to define stopping rules for the dual affine scaling algorithm.

7.2.2 Dual Affine Scaling Algorithm

Based on the basic ideas discussed in the previous section, we outline a dual affine
scaling algorithm here.

Step 1 (initialization): Set k = 0 and find a starting solution (w°;s®) such that
ATW0 + % = ¢ and ¥ > 0. (Details will be discussed later.)

Step 2 (obtain directions of translation): Let S, = diag (s*) and compute
& = (AS;?AT)"'b and df = -ATd"

Step 3 (check for unboundedness): If @ = 0, then STOP. (w*;s*) is dual
optimal. If d* > 0, then also STOP. The dual problem (7.50) is unbounded.
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Step 4 (computation of the primal estimate): Compute the primal estimate as:
x* = -8 %d;

Step 5 (check for optimality): If x* > 0 and ¢’x; — b7w, < €, where € is a
preassigned small positive number, then STOP. (w*; s) is dual optimal and x* is
primal optimal. Otherwise, go to the next step.

Step 6 (computation of step-length): Compute the step-length

Br = min {

(d")l

l (dk), < O} where 0 < < 1

Step 7 (move to a new solution): Update dual variables (w; s) by

Now we present an example to illustrate the dual affine scaling algorithm.

Example 7.2

wk+l

=W+ fid,

Sk+l — Sk +/3kd§
Set k < k + 1 and go to Step 2.

Consider the dual problem of Example 7.1 and solve it by using the dual affine scaling
algorithm.
First note the dual problem is

It is easy to verify that w°

Maximize 15w; + 15w;
1 0 St -2
‘ —1 1| [w s2 | _ | 1
subject to 1 0 [ wn } + 55| = 0
0 1 S4 0

initial interior feasible solution. Hence,

and

So =

Then

0 =240
x = =8;7d; =

0

oo O =

1
0
0

0

0
3
0

0

0

ol

3

= -ATd =
(23.53211

51,82,83,54 >0

23.53211

—2 A T\—1
= (AS5y"A7) b = [34.67890

—23.53211
—11.14679
-23.53211
—34.67890

11.14679 2.61467 3.85321)7

}

=1[=3 =317 ands® =1 1 3 3)7 constitute an
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Although x0 > 0, the duality gap is ¢/ %% — b7 w® = 54.08257, which is far bigger than
zero. Hence the current solution is not optimal yet.
To calculate the step-length, we choose o = 0.99. Consequently,

0991

= ———— = (.04207
23.53211 0.0420

Bo
Updating dual variables, we have

wl= (=3 =3)T +0.04207 x (23.53211 34.67890)7 = (~2.01000 —1.54105)"and
s'=( 1 3 37 4004207 x (23.53211 —11.146789 —23.53211 —34.67890)7
= (0.01000 0.53105 2.01000 1.54105)7

So far, we have finished one iteration of the dual affine scaling algorithm. Iterating
again, we obtain

w2 = (—2.00962 —1.10149)7
s? = [0.009624 0.00531 2.00962 1.01494]7
x? =[29.80444 14.80452 0.00001 0.19548]7

This time, x> > 0 and the duality gap has drastically reduced to
cx? —bTw? = —44.80435 — (—45.36840) = 0.56404

which is clearly closer to zero. The reader may carry out more iterations and verify that the
optimal value is assumed at w* = (=2 —1)T ands* = (0 0 2 1)7 with an optimal ob-
jective value of —45. The corresponding primal solution x* is located at (30 15 0 0T,

7.2.3 Implementing the Dual Affine Scaling Algorithm

In this section we introduce two methods, the “big-M method” and “upper bound
method,” to find an initial dual feasible interior solution for the dual affine scaling al-
gorithm. Then we discuss the stopping rules and report some computational experience
regarding dual affine scaling.

Starting the dual affine scaling algorithm. The problem here is to find
(w?; s%) such that ATw? +s% = ¢ and s° > 0. Note that, in a special case, if ¢ > 0, then
we can immediately choose w® = 0 and s° = ¢ as an initial interior feasible solution
for the dual affine scaling algorithm. Unfortunately, this special case does not happen
every time, and we have to depend upon other methods to start the dual affine scaling
algorithm.

Big-M Method. One of the most widely used methods to start the dual affine
scaling is the big-M method. In this method, we add one more artificial variable, say w?,
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and a large positive number M. Then consider the following “big-M” linear programming
problem:

Maximize b’w+ Mw®
subject to ATw+puw’+s=c (7.58)

w, w? unrestricted and s> 0

where p € R" is a column vector whose ith component, { = 1, ..., n, is defined by
_J1 ifeag =0
Pr=90 ife >0

Now, we define ¢ = max|c; |, set & > 1, and choose w = 0, w® = —6¢, and
]

s = ¢ + 0¢p. It is clearly seen that (0; —6¢C; ¢ + 8cp)” is feasible to the big-M problem
(7.58) with ¢+ 8cp > 0. Hence we have found an initial interior feasible solution to the
big-M problem to start the dual affine scaling algorithm.

Note that w? starts with —8¢ < 0 and is forced to increase in the iterative process,
since M is a large positive number. At some point of time, we expect to see that
w® becomes nonnegative unless the original problem (7.50) is infeasible. When w*®
approaches or even crosses zero at the kth iteration, we can take w = w* and § = s*+pw?®
to start the dual affine scaling algorithm for the original dual linear programming problem
(7.50). If w* does not approach or cross zero, then it can be shown that the original
problem (7.50) is infeasible. Showing this is left for the reader as an exercise.

Also note that both 8 and M are responsible for the quantity of Mw®. Their values
could be “tweaked” simultaneously for numerical stability and robustness.

Upper Bound or Artificial Constraint Method. In this method, we assume that
for a sufficiently large positive number M, one of the optimal solutions to the original
primal linear programming problem (7.1) falls in the ball of S(0; M), and we consider a
corresponding “upper-bounded” linear programming problem:

Minimize ¢’x
subjectto Ax=Db and 0<x<u

where u = [M M ... M]T e R". The additional upper-bound constraints are
artificially added to create a dual problem with a trivial initial interior solution. Actually,
the dual of the upper-bounded problem is given by

Maximize b'w —ulv

subject to ATw+s—v=c, s>0, v=>0, and w unrestricted

Vector v is sometimes called the vector of surplus variables. Remembering the
definition of ¢ and 6 in the previous section, we see that w® = 0, v° = 6%e > 0, and
s’ = ¢+ 6Ce > 0 form an interior feasible solution to the dual upper-bound problem.
Subsequently, the dual affine scaling algorithm can be applied.



Sec. 7.2 Dual Affine Scaling Algorithm 171

The success of this method depends upon the choice of M. It has to be sufficiently
large to include at least one optimal solution to problem (7.50). If the original linear
programming problem is unbounded, the choice of M becomes a real problem.

Stopping rules for dual affine scaling. For the dual affine scaling algorithm,
we still use the K-K-T conditions for optimality test. Note that the dual feasibility is
maintained by the algorithm throughout the entire iterative procedure. Hence we only
need to check the primal feasibility and complementary slackness.

Combining (7.56¢) and (7.57), we see that the primal estimate is given by

xt = —§;2d* = S 2AT (AS2AT)™'b (7.59)

It is easy to see that the explicit constraints Ax = b are automatically satisfied for
any x* which is defined according to formula (7.59). Therefore, if x* > 0, then it must
be primal feasible. Also note that, if we convert problem (7.50) into a standard-form
linear programming problem and apply the primal affine scaling to it, the associated dual
estimates eventually result in formula (7.59).

Once we have reached dual feasibility at w* and primal feasibility at x*, then the
complementary slackness is provided by o, = ¢/x* — b” w*. When o, is smaller than a
given threshold, we can terminate the dual affine scaling algorithm.

Experiences with dual affine scaling. In light of the fact that the dual affine
scaling algorithm is equivalent to the primal affine scaling algorithm applied to the dual
problem, similar properties of convergence of the dual affine scaling can be established
as we did for the primal affine scaling algorithm. The computational effort in each
iteration of the dual affine scaling is about the same as in the primal affine scaling. To
be more specific, the computational bottleneck of the primal affine scaling is to invert the
matrix AX}A7, and the bottleneck of dual affine scaling is to invert the matrix AS;2AT.
But these two matrices have exactly the same structure, although they use different
scaling. Any numerical method, for example, Cholesky factorization, that improves the
computational efficiency of one algorithm definitely improves the performance of the
other one.

Based on the authors’ experience, we have observed the following characteristics
of the dual affine scaling algorithm:

1. For a variety of practical applications, we have noted a general tendency that
the dual affine scaling algorithm converges faster than the primal affine scaling
algorithm. However, the major drawback of the dual affine scaling algorithm is
that it does not give good estimates of the primal variables.

2. The problem of losing feasibility in the primal affine scaling algorithm is not a
serious problem for dual affine scaling. Actually, since the dual feasibility is
maintained by choosing appropriate d* = —ATd%, one could approximate the
inverse matrix of AS;”A” in computing d¥ and still obtain a feasible direction
d*. Hence the dual method is less sensitive to numerical truncation and round-off
erTors.
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3. The dual affine scaling algorithm is still sensitive to dual degeneracy, but less
sensitive to primal degeneracy.

4. The dual affine scaling algorithm improves its dual objective function in a very
fast fashion. However, attaining primal feasibility is quite slow.

7.2.4 Improving Computational Complexity

Like the primal affine scaling algorithm, there is no theoretic proof showing the dual
affine scaling is a polynomial-time algorithm. The philosophy of “staying away from the
boundary” to gain faster convergence also applies here. In this section, we introduce the
power series method and logarithmic barrier function method to improve the performance
of the dual affine scaling algorithm.

Power series method. In applying the primal affine scaling algorithm, if we
take the step-length oy to be infinitesimally small, then the locus of x* can be viewed as
a continuous curve extending from the starting point x° to the optimal solution x*. As a
matter of fact, in the limit, we may pose the following equation:

dx(o) X

= dm, T = X = ¥ e 4T
as a first-order differential equation and attempt to find a solution function which describes
the continuous curve. This smooth curve is called a continuous trajectory, and the moving
direction df = Xkd§ at each iteration is simply the tangential direction (or first-order
approximation) of this curve at an interior point of P.

As we can see from Figure 7.5, the first-order approximation deviates from the
continuous trajectory easily. A higher-order approximation may stay closer to the con-
tinuous trajectory that leads to an optimal solution. The basic idea of the power series
method is to find higher-order approximations of the continuous trajectory in terms of
truncated power series.

Continuous
trajectory

x0

Order 2

Order 3

Figure 7.5
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The same idea applies to the dual affine scaling algorithm. As a matter of fact,
a continuous version of the dual affine scaling algorithm may be obtained by setting
Br — 0 and solving Equation (7.51) as a system of ordinary differential equations.
These equations will specify a vector field on the interior of the feasible domain. Our
objective here is to generate higher-order approximations of the continuous trajectories
by means of truncated power series.

Combining (7.56b) and (7.56c), we first write a system of differential equations
corresponding to (7.51) as follows:

aw(B) _ —2, T-1
- [AS(B)“A"1™'b (7.60a)
ds) _ rdw(p)
a5 A 5 (7.60b)
with the initial conditions
w(0) =w® and s(0)=s° (7.60c)

where S(B) = diag (s(8)) with s(8) = s + gd, > 0.

In order to find the solution functions w(B) and s(8) which trace out a continuous
trajectory, we may consider expanding them in power series at the current solution
w(0) = w¥ and s(0) = s° such that

0 e (N[BT L (1) [dwe)
wor =300 (53) [ ] =57 () [5G, oo

j=1 /=0
and
9N }_) {dfs(ﬁ)} S j(i) {djs(ﬂ)} 7.61b
s(B) s+§ﬁ <j! T Z:ﬂ jt L dBl | (7.61b)

If we denote

e (1) [dFB)
/ —(,-!)[ dp LO

for a function f(B), then (7.61) becomes

wp)=>_ plwi> (7.62a)
j=0
and
s(B) =) BIsI> (7.62b)
-

Equation (7.62) can be truncated at any desirable order to get an approximation
of the continuous trajectory. Of course, higher-order truncation depicts the continuous
trajectory more closely but at higher computational expense. In general, to obtain a kth
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(k > 1) order approximation of w(B) and s(8), we need to compute w=</> and s</> for
j=1,..., k. But Equation (7.60b) implies that

§997 = —ATw<Ii>, for j=1,2,... (7.63)

Hence the key is to compute w</> for j > 1.
We start with Equation (7.60a) and denote M(8) = AS(8)"2AT. Then we have

w<> = [M<>] 'y (7.64)

where M<0> = M(0) = AS(0)72A7, in which S(0)~2 is the diagonal matrix with 1/(s?)?
being its ith diagonal element, and

dw(B)
M(@B)——— =D 7.65
B T; (7.65a)
Taking kth derivative on both sides, we have
& . ,
k! d%=’m au+h
> ( 1k — ')v> { a’ﬁ(k—j()ﬂ):l [ dﬁ(jv—:-rl()ﬁ)J =90 (7.65)
j=0 .]' J *
In other words, we have
&
DG+ DM = g (7.65¢)
j=0
which further implies that
1 k
<k+1> I M<O> -1 -M<k—j+l> <j> fork > 1 7.66
" ((k+l)>[ : ,-le v k=l 009
Hence our focus is shifted to find M<*~/+1>w</> for j = 1,2, ..., k and compute
w<kt1> in a recursive fashion.

Remembering that M(8) = AS(B8)?AT, we let Y(8) = S(B8)~? be a diagonal
matrix with 1/(s;(8))? as its ith diagonal element. Then, we have

M<K+l g<i> AY <k—JHl> AT o<j> Ay <k—itl>g<j> (7.67)
and
1 k
<k+1> M<0> —1 A sy <k—jtl> <j> fork > 1 7.68
w :<(k 1)>[ ] > Y S ; ork = (7.68)

j=1

In order to compute Y</>, we further define Z(8) = S(8) to be a diagonal matrix
with (5;(8))? as its ith diagonal element. In this way, we see that

Z(BY () =1
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Taking kth derivative results in
k
ZZ<""f>Y<f> =0, Vik>1
—

Consequently,

k—1
Y<k> — __[Z<0>]~l ZZ<k—j>Y<f> , Vik>1, (769)
j=0

where Y<% = Y(0), which is a diagonal matrix with 1/ (s?)2 being its ith diagonal
element, and Z<0> = Z(0), which is a diagonal matrix with (s?)? being its ith diagonal
element.

Now, if we know Z<¥=/> then Y<*¥> can be obtained by Equation (7.69). But this
is an easy job, since Z(8) = S(B)?. Taking kth derivative on both sides, we have

k
Z<k> — Z S<k—j> S<j> (770)

j=0

where $</> for each j is a diagonal matrix which takes the ith component of s</>,
ie., 577, as its ith diagonal element. In particular, $<%> = S(0), which is the diagonal
matrix with s? as its ith diagonal element.

Summarizing what we have derived so far, we can start with the initial conditions

w =w0) =w s =50)=5°
Proceed with
w<'> = [M(0)]"'b = [AS;?AT]7'b,
and

S<1> — ___ATW<1>

Remembering that Z<0> = Z(0) = diag ((s%)?) and Y<% = Y(0) = [Z(0)]"!, from
Equation (7.70), we can derive Z<'>. Then, Y<!> can be derived from Equation (7.69).
Now, recursively, we can compute w<>> by Equation (7.68); compute s<2> by

s> = AT w<k> (7.71)

for k = 2; compute Z<?> by Equation (7.70); and compute Y<2> by Equation (7.69).
Proceeding with this recursive procedure, we can approximate w() and s(8) by a power
series up to the desirable order.

Notice that the first-order power series approximation results in the same mov-
ing direction as the dual affine scaling algorithm at a current solution. In order to get
higher-order approximation, additional matrix multiplications and additions are needed.
However, there is only one matrix inversion ASEZAT involved, which is needed anyway
by the first-order approximation. Since matrix inversion dominates the computational
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complexity of matrix multiplication and addition, it might be cost-effective to incorpo-
rate higher-order approximation. According to the authors’ experience, we found the
following characteristics of power series method:

1. Higher-order power series approximation becomes more insensitive to degeneracy.
2. Compared to the dual affine scaling algorithm, a power series approximation of
order four or five seems to be able to cut the total number of iterations by half.

3. The power series method is more suitable for dense problems.

As far as the computational complexity is concerned, although it is conjectured that
the power series method might result in a polynomial-time algorithm, no formal proof
has yet been given.

Logarithmic barrier function method. Similar to that of the primal affine
scaling algorithm, we can incorporate a barrier function, with extremely high values
along the boundaries {(w;s)|s; = 0, for some 1 < j < n}, into the original objective
function. Now, consider the following nonlinear programming problem:

n
Maximize Fj,(w, p) = bTw+ Z log, (¢; — Afw) (7.723)
j=1

subject to ATw <c (7.72b)

where 1 > 0 is a scalar and AJT is the transpose of the jth column vector of matrix
A. Note that if w*(u) is an optimal solution to problem (7.72), and if w*(u) tends to
a point w* as w approaches zero, then it follows that w* is an optimal solution to the
original dual linear programming problem.

The Lagrangian of problem (7.72) becomes

n
L(w,A)=b"w+p > log,(c; — ATw)+ A" (c — ATw)
j=1

where A is a vector of Lagrangian multipliers. Since ¢; — Aij > 0, the complementary
slackness condition requires that A = 0, and the associated K-K-T conditions become

b—uAS'e=0, and s>0
Assuming that w* and s* = ¢ — ATw* > 0 form a current interior dual feasible solution,
we take one Newton step of the K-K-T conditions. This results in a moving direction

1
Aw = ;(AS,:ZAT)“lb — (AS;2AT)AS le (7.73)

Compare to d¥ in (7.56b), we see that —(AS;?AT)~'AS;'e is an additional term in
the logarithmic barrier method to push a solution away from the boundary. Therefore,
sometimes the logarithmic barrier function method is called dual affine scaling with
centering force.
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By appropriately choosing the barrier parameter y and step-length at each iteration,
C. Roos and J.-Ph. Vial provided a very simple and elegant polynomiality proof of the
dual affine scaling with logarithmic barrier function. Their algorithm terminates in at
most O(4/n) iterations. Earlier, J. Renegar had derived a polynomial-time dual algo-
rithm based upon the methods of centers and Newton’s method for linear programming
problems.

Instead of using (7.72), J. Renegar considers the following functicn:

Fow, B) = tlog,(b"w — B)+ > log,(c; — Al'w) (7.74)

j=1
where $ is an underestimate for the minimum value of the dual objective function (like the
idea used by Todd and Burrell) and ¢ is allowed to be a free variable. A straightforward
calculation of one Newton step at a current solution (w*; s*) results in a moving direction
d (8) = v (AS;ZAT)'b — (AS2AT)TTAS e (7.75)
where
_ bT(ASATY'AS e + BT Wk — B
YT TwE — B)/1 + bT (AS ZAT)-Th

By carefully choosing values of ¢ and a sequence of better estimations {8*}, J. Renegar
showed that his dual method converges in O (/nL) iterations and results in a polynomial-
time algorithm of a total complexity O (n>3L) arithmetic operations. Subsequently, P. M.
Vaidya improved the complexity to O(n3L) arithmetic operations. The relationship
between Renegar’s method and the logarithmic barrier function method can be clearly
seen by comparing (7.73) and (7.75).

7.3 THE PRIMAL-DUAL ALGORITHM

As in the simplex approach, in addition to primal affine scaling and dual affine scaling,
there is a primal-dual algorithm. The primal-dual interior-point algorithm is based on
the logarithmic barrier function approach. The idea of using the logarithmic barrier
function method for convex programming problems can be traced back to K. R. Frisch
in 1955. After Karmarkar’s algorithm was introduced in 1984, the logarithmic barrier
function method was reconsidered for solving linear programming problems. P. E. Gill,
W. Murray, M. A. Saunders, J. A. Tomlin, and M. H. Wright used this method to develop
a projected Newton barrier method and showed an equivalence to Karmarkar’s projective
scaling algorithm in 1985. N. Megiddo provided a theoretical analysis for the logarithmic
barrier method and proposed a primal-dual framework in 1986. Using this framework, M.
Kojima, S. Mizuno, and A. Yoshise presented a polynomial-time primal-dual algorithm
for linear programming problems in 1987. Their algorithm was shown to converge in at
most O(nL) iterations with a requirement of O (n>) arithmetic operations per iteration.
Hence the total complexity is O(n*L) arithmetic operations. Later, R. C. Monteiro and
I. Adler refined the primal-dual algorithm to converge in at most O(/nL) iterations
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with O (n*) arithmetic operations required per iteration, resulting in a total of O(n’L)
arithmetic operations.

7.3.1 Basic ldeas of the Primal-Dual Algorithin

Consider a standard-form linear program:
Minimize ¢’x
subjectto Ax=Db, x>0 )
and its dual:
Maximize b’w
subject to ATw+s=c, s > 0, w unrestricted (D)

We impose the following assumptions for the primal-dual algorithm:

(A1) The set S = {x € R"|Ax = b, x > 0} is nonempty.
(A2) The set T = {(w;s) € R™ x R" |ATw 4+ s = ¢, s > 0} is nonempty.
(A3) The constraint matrix A has full row rank.

Under these assumptions, it is clearly seen from the duality theorem that problems
(P) and (D) have optimal solutions with a common value. Moreover, the sets of the
optimal solutions of (P) and (D) are bounded.

Note that, for x > 0 in (P), we may apply the logarithmic barrier function technique,
and consider the following family of nonlinear programming problems (P,):

n
Minimize ¢'x —pu E log, x;
j=1

subject to Ax = b, x>0

where @ > 0 is a barrier or penalty parameter.

As u — 0, we would expect the optimal solutions of problem (P,) to converge to
an optimal solution of the original linear programming problem (P). In order to prove
" it, first observe that the objective function of problem (P, ) is a strictly convex function,
hence we know (P,) has at most one global minimum. The convex programming theory
further implies that the global minimum, if it exists, is completely characterized by the
Kuhn-Tucker conditions:

Ax = b, x>0 (primal feasibility) (7.76a)
ATw+s=c, s>0  (dual feasibility) (7.76b)
XSe —ue=0 (complementary slackness) (7.76¢)

where X and S are diagonal matrices using the components of vectors x and s as diagonal
elements, respectively.
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Under assumptions (Al) and (A2) and assuming that (P) has a bounded feasible
region, we see problem (P,,) is indeed feasible and assumes a unique minimum at x(u),
for each 4 > 0. Consequently, the system (7.76) has a unique solution (x;w;s) €
R™ x R™ x R". Hence we have the following lemma:

Lemma 7.5. Under the assumptions (Al) and (A2), both problem (P,) and sys-
tem (7.76) have a unique solution.

Observe that system (7.76) also provides the necessary and sufficient conditions
(the K-K-T conditions) for (w(w); s(it)) being a maximum solution of the following
program (D)

Maximize b"w+ u Z log, s;
j=1

subject to AfTw+s=c, s > 0, w unrestricted
Note that Equation (7.76c) can be written componentwise as
XjS; = W, forj=1,...,n (7.76¢")

Therefore, when the assumption (A3) is imposed, x uniquely determines w from Equa-
tions (7.76¢") and (7.76b). We let (x(it); w(w); s(w)) denote the unique solution to system
(7.76) for each pu > 0. Obviously, we see x(u) € S and (w(uw); s(i)) € T. Moreover,
the duality gap becomes

g(w) = e"x(u) — b w(w)
= (" — w()T A)x(u)
=s(u)"x(u) = np (7.77)

Therefore, as u — 0, the duality gap g(it) converges to zero. This implies that x(u) and
w(w) indeed converge to the optimal solutions of problems (P) and (D), respectively.
Hence we have the following result:

Lemma 7.6. Under the assumptions (Al)—(A3), as u — 0, x(u) converges to
the optimal solution of program (P) and (w(u); s(u)) converges to the optimal solution
of program (D).

For i > 0, we let T denote the curve, or path, consisting of the solutions of system
(1.76), i.e.,

I' = {(x(); w(w); s(u)) | (x(u); w(p); s(u))  solves (7.76) for some p > 0} (7.78)

As (@t — 0, the path I leads to a pair of primal optimal solution x* and dual optimal
solution {(w*; s*). Thus following the path I" serves as a theoretical model for a class of
primal-dual interior-point methods for linear programming. For this reason, people may
classify the primal-dual approach as a path-following approach.

Given an initial point (x%; w0:s%) € S x T, the primal-dual algorithm generates a
sequence of points {(x*; w*; s*) € § x T} by appropriately choosing a moving direction
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(d%; d; d*) and step-length B* at each iteration. To measure a “deviation” from the
curve I" at each (x*; w¥; s¥), we introduce the following notations, for k =0, 1,2, ...,

¢f =xbsk,  fori=1,2,...,n (7.79a)
1 n
¢:ve = ; Z} ¢zk (7.79b)
¢t =min{gf; i=1,2,...,n) (7.79¢)
k
6 = ?%3 (7.79d)
(lbmin

Obviously, we see that ¥ > 1 and (x*; w*; s*) € I' if and only if 6% = 1. We shall
see in later sections, when the deviation 6° at the initial point x% w%s% e S xTis
large, the primal-dual algorithm reduces not only the duality gap but also the deviation.
With suitably chosen parameters, the sequence of points {(x*; w*; s*) € S x T} generated
by the primal-dual algorithm satisfy the inequalities

T —bTw = (1 — 2/(n6%)) (cTx* — b7 wh) (7.80a)
O —2 < (1 —1/(n+ 1)(©H* = 2), if 2 < 6% (7.80b)
gl <2, if oF <2 (7.80c)

The first inequality (7.80a) ensures that the duality gap decreases monotonically.
With the remaining two inequalities we see the deviation #* becomes smaller than 3 in
at most O (nlog@P) iterations, and then the duality gap converges to 0 linearly with the
convergence rate at least (1 —2/(3n)).

7.3.2 Direction and Step-Length of Movement

We are now in a position to develop the key steps of the primal-dual algorithm. Let
us begin by synthesizing a direction of translation (moving direction) (d¥; d*; d*) at a
current point (x*; w¥; %) such that the translation is made along the curve I' to a new
point (x*+!; wk*!; s+1) This task is taken care of by applying the famous Newton’s
method to the system of equations (7.76a)—(7.76c).

Newton direction. Newton’s method is one of the most commonly used tech-
niques for finding a root of a system of nonlinear equations via successively approximat-
ing the system by linear equations. To be more specific, suppose that F(z) is a nonlinear
mapping from R" to R” and we need to find a z* € R" such that F(z*) = 0. By using the
multivariable Taylor series expansion (say at z = z¥), we obtain a linear approximation:

F(Zt + A7) ~ F*) + I Az (7.81)

where J(z) is the Jacobian matrix whose (i, J)th element is given by

[ dF;(z) }
azj z=2*
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and Az is a translation vector. As the left-hand side of (7.81) evaluates at a root of
F(z) = 0, we have a linear system

J@HAzZ = —F @5 (7.82)

A solution vector of equation (7.82) provides one Newton iterate from z* to zF! =
z* + d* with a Newton direction df and a unit step-length. When J(z*) is nonsingular and
the starting point z° is “close enough” to z*, Newton’s method converges quadratically
to z*. But this spectacular convergence rate is only a “local” behavior. For a general
nonlinear mapping F (z), if z° is not close enough to z*, the Newton iteration may diverge
hopelessly.

Let us focus on the nonlinear system (7.76a~c). Assume that we are at a point
(x*; wk; s%) for some p* >-0, such that x*,s* > 0. The Newton direction (d¥; d%; d¥)
is determined by the following system of linear equations:

A 0 07 Ax* —b
0 AT I @ | =— | ATwf +s —¢ (7.83)
Sk 0 Xk d/; stke - ,u,"e

where X, and Sy are the diagonal matrices formed by x* and s*, respectively. Multiplying
it out, we have

Adk = ¢ (7.84a)
ATdy +df = (7.84b)
Sidt + X, dk = v (7.84c)
where
t* =b — AxF, vt =c—ATw - and vF = pFe — X See (7.85)

Notice that if x* € S and (w*; s*) € T, then t* = 0 and u* = 0 correspondingly.
To solve system (7.83), we multiply both sides of Equation (7.84b) by AX, S,
Then, we have

AX,S;'ATd = AX, S v — AX, Sl d (7.86)
Now from Equation (7.84c), we have
df = X' - X1, dk (7.87)

Following (7.85), we denote X; 'v¢ = u*X;'e — Sie as p*. Using Equation (7.84a) in
the above equation would produce

AXS;'df = AX, S 'pF — ¢ (7.88)
Substituting Equation (7.88) back into Equation (7.86) yields
df, = [AX, S 'ATT! (AX, S, (uf - ph) + ) (7.892)

where XkSk_1 is a positive definite diagonal matrix.
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Once df, is obtained, d* and d* can be readily computed by

df =u* - ATd (7.89b)
and
dt =X, S;'p* — d4 (7.89¢)
Again, for (x*; w; s*) € S x T, Equations (7.89a) - (7.89¢) are simplified as
dt = —[ADJAT]!AS; 'V (7.90a)
df = -ATdY (7.90b)
d¥ = S [vF — X,d¥] (7.90c)

where ﬁ,% = XkSk_l and Dy = diag (x/xk/s").
It is important to note that d¥, d%,
denote vector

and d* in (7.90) are closely related. If we
rf (1) = X; ' Dev¥ (1) (7.91a)
and matrix
Q=Da (ADIAT)TAD,

then (d*; d%; d*) can be rewritten as

d* = D, (1 - Qr¥(w) (7.902')
d, = —(ADZAT) ' AD,r* (1) (7.90b")
d =D;'Qrk () (7.90¢")

Since matrix Q is the orthogonal projection matrix onto the column space of matrix
D,A”, we see that

D 'd + Dedk = rf(u), (7.91b)
(@H7d* = D7 'd) Dk =0 (7.91c)

After obtaining a Newton direction at the kth iteration, the primal-dual algorithm
iterates to a new point according to the following translation:

xk-H :Xk +ﬂkd};
Wk+l :wk _l_ﬁkd/zcu
Sk+1 — Sk +ﬂkd/;

with an appropriately chosen step-length 8* at the kth iteration such that x**! € § and
(wk+l . Sk+l) eT.
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Step-length and penalty parameter. When (x*; w*; s*) € S x T, the primal-
dual algorithm needs two parameters ¢ and 7, such that 0 < v < ¢ < 1, to control the
penalty (or barrier) parameter u* and the step-length * at the kth iteration.

For the penalty parameter, remembering the notations defined in (7.79), since we
want to reduce the duality gap, nq*)’;ve, we may choose the penalty parameter to be a
smaller number by setting

pt=ook, (7.92)
In this way, definition (7.85) implies that v* < 0.

As to the step-length g%, the choice is closely related to the complementary slack-
ness. Note that Equations (7.84c) and (7.85) imply that xfd¥ + sfd¥ = u* — ¢f. Hence
the complementary slackness varies quadratically in terms of the step-length £, since

$£(B) = (xf + Bdy) (sf + Bdy)
=¢f+B (W —gf)+ B (didl), i=12...n

Moreover, since (d)Td* = 0, we see the average complementary slackness, and hence
the duality gap, changes linearly in 8, i.e.,

Eo(B) = (X + BaE)T (sF + BAY) /n = gk, + B (1 — oK) (7.93b)

k
ave

(7.932)

Ignoring the quadratic term in (7.93a) and lowering the value uf = o¢
factor T < o, we can define a linear function

Y (B) = ¢k + B(r ok — Dk (7.94)

The function ¢*(B8) can be either convex or concave depending upon the value of dfi d;* .
For the convex piece, since df,_ dfi > 0, the curve of qbf‘(,B) lies above the curve of

w*(B) for 0 < B < 1. However, a concave piece of gbf‘ (B) may intersect ¥*(B) as
shown in Figure 7.6. In order to control the deviation parameter #* while reducing the
complementary slackness, we choose

o =max {B |¢f(B) = v*(B)  forall Be(0,p),
0<Bf<l, and i=1,...,n} (795

by a

Then the step-length * at the kth iteration is defined by
p* =min {1, &*} (7.96)

The geometrical significance of o and B* is depicted in Figure 7.6. It is clearly seen
from the figure that the choice of 8 depends on the choice of 0 < t < 1 to ensure the
existence of o*.

Note that when (x*; w*;s*) € S x T, since (d%; d*;d¥) is a solution to (7.84)
with t* = 0 and u* = 0, we know that Ax**! = b and A”w + s = ¢. Moreover, the
definition of o in (7.95) further implies that x**! > 0 and s**! > 0. In other words,
(Xk+1; wk-{-l; sk—l—l) eSxT.
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7.3.3 Primal-Dual Algorithm
We now are ready to state the primal-dual algorithm as following:

Step 1 (initialization): Set k¥ = 0 and find a starting solution (x°; w%; s%) e S x T.
Let € > 0 be a tolerance for duality gap and o, v be control parameters such that
O<rt<o <l

Step 2 (checking for optimality): If ¢”x* — b”w* < ¢, then stop. Otherwise,

continue.
Step 3 (finding the direction of translation): Define ¢¥,, and ¢f, by (7.79). Let
uk = o¢k, and v¢ = pke — X,Sre. Compute dX, %, d* according to (7.90).

Step 4 (calculating step-length): Compute o* by (7.95) and B* by (7.96).
Step 5 (moving to a new solution): Let

gk — ¢k +ﬂkd§
witl = wk . ghak
g+l — +ﬁkd/;
Set k < k -+ 1 and go to Step 2.

7.3.4 Polynomial-Time Termination

Unlike the pure primal affine scaling and the pure dual affine scaling, the primal-dual al-
gorithm is a polynomial-time algorithm. The well-chosen step-length 8* at each iteration
leads to the nice convergence results:

Theorem 7.3. If the step-length 8% < 1 at the kth iteration, then

g > 4(oc — 1) - 4(c — 1)
T n(l =20 +6%02) T n(l 4+ o?)6k

(7.97a)



Sec. 7.3 The Primal-Dual Algorithm 185

Tt b Twh = (1 = (1 — ) ) (T % — bTwh) (7.97b)
O — o/t < (1—v)(0F —ojr)  ifojt <BF (7.97c)
ot <o/t ifOF <o/t (7.97d)
where
(o — 1)1

YT a0t o?) 140 —0)7
On the other hand, if ¥ = 1, then
T b TwhH = o (cTxk — BT wh) (7.982)
ot <o/t (7.98b)

Proof. Let us define
‘ 2
1(B) = blain + B (1 — din) — [ W[ (87/4) (7.99)
where r*(1.%) is defined by (7.91a). What we want to prove first is that
¢f‘(,B) > 75 (B) forBe(0,1] and i=1,...,n (7.100)

Note that the first two terms of Equation (7.93a) are bounded below by the first
two terms of Equation (7.99) for all 8 e [0, 1]. Hence we only have to evaluate the
last quadratic term. By (7.91b) and (7.91c), we know r*(u¥) is the orthogonal sum of
vectors D 'dX and D,d¥. Therefore,

OF'd); Dedh); = (rF(uh) — Ded))Dedb); < |rF /4
Moreover, we see that
(O7'db); (Dedl); = (D7 'd)T (D) - Y (D 'db); (Dydb)
J#L
>0 — |Irf ()P /4
Hence we conclude that (7.100) holds.

Now consider the case of ¥ < 1. We let y = max{8|n*(8) = ¥*(8)}, where
Yk (B) is defined by (7.94) with T = o. Since uf = o¢’,, with (7.96), we know

ave?

B* = of > y. Moreover, putting (7.94) and (7.99) together, by computing a positive
solution of the equation

n*(B) = v*(B) (7.101)
we get

4(oc — )Pk,

k __ Lk —
=2y =muor

(7.102)
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On the other hand, by (7.91), we have

| b)) Z (@) — ok, ($5) P

i=1
n
= n@f, — 2Pk, + 0% (Ph)* Y (@7
i=1
= nqb{a(ve(l - 20 + 02¢§Ve/¢§1in)
= n@r, (1 — 20 + 26%)
<ngk . (1+0%8*,  since 6° > 1 (7.103)

Combining the last two inequalities in (7.103) with (7.102), we obtain the inequality
(7.97a).
Notice that xfd¥ + sfdf = p* — ¢} and (@%)7 (d*) = 0. We further have

b = (1/n)}:¢"“ = (1/m)HHT (8

i=1
= Gk + B (U — oL) (7.104)
Since uf = ot

ke = 0 (c7x* —bTw*)/n, Equation (7.97b) follows immediately.
Recalling the definitions (7.94), (7.95), and (7.96), we see that

¢§1—1{;11 =y ('Bk) - ¢mm + :B (r¢ave - (pmm) (7.105)
Together with (7.104), we have
gkl _ E’_ _ ave + :Bk (G¢ave - ave) . g
t ¢mm + 'Bk (T(pave d)min) T

— (1 - 'Bk) ( qbave ¢mm)
[¢ + ﬁk (T¢ave - ¢min)]r

_ 6% ¥ k9
- [1 T ﬁk} (9 - T) (7.106)

When 6% < o/7, the right-hand side of (7.106) becomes nonpositive. Conse-
quently, so does the left-hand side, and 61 < o/t This proves (7.97d).
On the other hand, when 6% > <, (7.106) implies that

ok gk o
gt 2 < 1—-—-’——-—— ok — 2 7.107
T 7 1+ 70 Bk ( T ) ( )
Note that (7.97a) implies

4(0c — 1)

ok gt > (7.108)

n(l+o?)
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Substituting this inequality into (7.107), we have the result (7.97c).

Finally, let us prove (7.982) and (7.98b) in case 8% = 1. It is not difficult to see
that (7.98a) can be derived in the same way as we derive (7.97b). As to (7.98b), we first
note that as g% =1,

PF(BH = v*(BY  fori=1,2,....,n (7.109)
Hence,
9k+1 - ¢§\j;1 < zll(ve (ﬁk) (o} (7110)

il (-

and the proof is complete.

In view of Theorem 7.3, if k* is the earliest iteration at which 8% < /7, then
2 <9k5(1—v)k(9°-3>+f{, Vi <k
T T T
and
o

9k

IA

) Vik>k*
T

If such a k* does not exist, then 6% > o/, ¥ k and
g <9’°5(1—u)’<(9°—5)+9—, vk
T T T
Notice that 0 < v < 1, in either case we have
0* <max {o/7,6°}, V&
Then it is clear to see that 0 gets smaller than (¢/7) + 1 in at most O(nlog, 6°)
(say, 12) iterations. Consequently, it follows from Equation (7.97a) that
4(1 — -
(1—oypt > 2=DO =)
n(l+o2)(F+1)

Vk>k (7.111)

By the inequality (7.97b), the duality gap ¢’ x* — b? w* attains the given accuracy
€ and the iteration stops in at most

T O_bT 0
0 (nloge <——-—-——--——c X W >>
€

additional iterations. Hence the primal-dual algorithm terminates in at most
cTx0 —bpTwo
O(nlog, 6% + 0 <n log, <——-Z————>>

iterations.
There are various ways of setting the control parameters ¢ and 7 such that 0 <
T <0 < 1. As a special case, we let ¢ = 1/2 and v = 1/4, then

ks %
'B’"nOk
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and (7.80) follows. Also notice that at each iteration of the primal-dual algorithm, the
computational bottleneck is the inversion of the matrix Aﬁ%AT. A direct implementation
requires O(n®) elementary operations for matrix inversion and results in an O(n*L)
complexity for the primal-dual algorithm. Definitely, this complexity can be reduced by
better implementation techniques.

7.3.5 Starting the Primal-Dual Algorithm

In order to apply the primal-dual algorithm, we start with an arbitrary point (x°; w%; s°) €
R™m+7 such that x° > 0 and s° > 0.

In case Ax® = b and ATw? + 5% = ¢, we know x° € S and (W% s%) € T and we
have a starting solution for the primal-dual algorithm. Otherwise, consider the following
pair of artificial primal and dual linear programs:

Minimize ¢’X + Tx,4
subject to Ax+ (b—AxDx,. =D (AP)
ATW +5% — ) x +xp30 = A
(% Xn41; Xnt2) = 0

where x,,,1 and x,., are two artificial variables and 7 and A are sufficiently large positive
numbers to be specified later;

Maximize b7w+ AWt
subject to - ATw + (ATW® +5° — c)wp +s=c (AD)
b—-A w5, =m
Wit + Snp2 =0
(s; Sn+1§ Sny2) 20

where w41, Sp+1 and s,42 are artificial variables.
Notice that if we choose 7 and A such that

7> (b—Ax%)"w° ~ (7.112a)
2> (ATw +87 —¢) X ' (7.112b)

0 0 0,0 . - ; .
then (x°, x,, x0,,) and (W, w) ;8% 2., 50 ,) are feasible solutions to the artificial

problems (AP) and (AD), respectively, where
gy = 1
xff+2 =x—(ATwo +50 - C)TXO

o
W] = -1
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O =1 —(b—A")Tw
Spar =
In this case, the primal-dual algorithm can be applied to the artificial problems
(AP) and (AD) with a known starting solution. Actually, the optimal solutions of (AP)
and (DP) are closely related to those of the original problems (P) and (D). The following
theorem describes this relationship:

Theorem 7.4. Let x* and (w*; s*) be optimal solutions of the original problems
(P) and (D). In addition to (7.112a) and (7.112b), suppose that

A> (ATwl +80 — o)Tx* (7.112¢)
and
7> (b—AxHTw* (7.112d)

Then the following two statements are true:

(i) A feasible solution (X, X,41, Xp+2) of (AP) is a minimizer if and only if X solves
(P) and X+ = 0.

(ii) A feasible solution (W, Wm+1; S, Spt1, Sntz) of (AD) is a maximizer if and only if
(W; §) solves (D) and W,,4+ = 0.

Proof. Since x* is feasible to (P), if we further define that x; | = O and x; , = A—
(ATwO +s% —¢)Tx*, then (x*, x|, x},) is feasible to (AP). Suppose that (X, X41, Xn+2)
is feasible to (AP) with x,+1 > 0, then

Ix* +rxli =wTb=wT(Ax+ (b~ Ax)x,11)

Note that ATw* + s* = ¢, X541 > 0, and (7.112d). We see that

cIx* + T < (c— sHTx + TXps1 < €1 X+ Ty

since s*7x > 0. This means that (X, x,.1, X,4+2) cannot be an optimal solution to (AP) un-
less x,41 = 0. Furthermore, through the property of continuity, we know (x*, x5 ;, X;,5)
is an optimal solution to (AP). Therefore, if a feasible solution (X, Xp+1, Xn42) of (AP)
is optimal, then X,4; = 0 and ¢’X = ¢’ x*. Because X satisfies all the constraints of (P),
it must be an optimal solution to (P).

Conversely, if (X, 0, X,,12) is a feasible solution of (AP) and X is an optimal-solution
of (P), then the objective value ¢/X + 7%, coincides with the minimal value ¢/x* +
mx,,,. Hence it is an optimal solution of (AP). This concludes the proof of part (i).
Similarly, we can prove part (ii).

7.3.6 Practical Implementation

In the real implementation of the primal-dual algorithm, it is a very difficult task to keep
(x*; wk; s*) € Sx T due to numerical problems. Also the choice of the control parameters
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greatly affects the performance of the algorithm. Much effort has been devoted to
designing a version of the primal-dual algorithm for practical implementation. In this
section, we introduce one version of the primal-dual algorithm that allows us to start
with an arbitrary point (x%; w'; s”) with x°, s° > 0. This version produces a sequence of
iterates {(x*; w¥; s*)}, with x*, st > 0, which leads to an optimal solution, although they
no langer stay on the curve of S x T. It is important to know that, at this moment, there
ie no rigorous convergence proof for this version of the primal-dual algorithm, but it is
~:dely used in many commercial packages.

Moving direction. The basic idea of this version follows from the analysis of
Section 3.2. Assume that we are at a point (x%; wk: §¢) for some p* > 0, such that
x*,s¢ > 0. The Newton direction (d%;d*;d¥) is determined by Equations (7.89a)~
(7.89¢). Combining (7.89a), (7.89b), and (7.89¢c), we have

di = MkﬁkPkﬁkX;‘ e — f)kPkf)kC + ]A)%AT (AIA)%AT)_—1 tk (7.1 13&)
where D? = X, S;! and P, = I — D, A7 (AIA)%AT)’IAIA),(, which is the projection matrix
onto the null space of matrix AD,.

If we further define that
df,m = ukﬁkPkﬁkX;Ie, dk ” - —ﬁkPkﬁkc and difm = f)zAT(AﬁiAT)—_ltk

Xo

then (7.113a) becomes
df =df +d +d. (7.113b)

Xobj X feas

The first term of (7.113b) is usually called the centering direction, since in light of
the potential push, it is nothing but the projection of the push vector (1/x*) which helps
the algorithm stay away from the walls of the primal polytope. The second term is called
the objective reduction direction, since it is the projected negative gradient of the primal
objective function which leads to a reduction in the primal objective function. The third
term is called the feasibility direction, since t“ is a measure of primal feasibility. Also
note that Ad’x‘w =0, and Ad’;ub] = 0. Hence these two directions are in the null space of
matrix A, and the primal feasibility is solely affected by d* s

In practice, if we start with an arbitrary point (x°; w®; s%) with x°, s° > 0, the value
of t° might be very large, since x° could be far from being feasible. At this point, the
main effort of the algorithm will be in finding a feasible point near the central trajectory.
Once a feasible solution is found (say, at the kth iteration) the algorithm will try to
keep t = 0 for all ¥’ > k, except for the case that feasibility is lost due to numerical
truncation or round-off errors. In this way, dﬁ/w will eventually vanish from the picture.

In a similar fashion one can carry out the analysis of moving directions on the dual
side, i.e, d’:u and df. It is left as an exercise for the reader.

Step-length. Once the moving direction is obtained, we are ready to move to a
new point (x¥*1; wktl: gk+1y with x¥+! > 0 and s¥*! > 0. To do so, we let

Xt =x* + gpdt (7.1142)
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Wt = w1 gpdt) (7.114b)
st =* + ppdt (7.114c)
where fp and B are the step-lengths in the primal and dual spaces, respectively. The

nonnegativity requirements of x**! and s**! dictate the choice of the step-lengths Sp
and Bp. One simple way, as we did before, is to take

1
" max {1, —dfi/ax{‘}

(7.115a)

and
1

Po = ax {1~ jash)

(7.115b)

where o < 1, (d¥); is the ith component of d*, x¥ is the ith component of x*, (d%); is

the ith component of d*, and s! is the ith component of s*.

Adjusting Penalty Parameters and Stopping Rules. Notice that the mov-
ing direction at the kth iteration is determined by the value of the penalty parameter z*.
Strictly speaking, the translation described above has to be carried out several times for
a fixed value of ¥, so that the Newton steps actually converge to the central trajectory
corresponding to that u*. However, it is apparent that doing so would be an “overkill.”
Recall that at optimality u* has to be brought to zero to satisfy the complementary slack-
ness. Therefore, in practical implementations, the value of u* is reduced from iteration
to iteration and only one Newton step is carried out for a given value of yuf.

The way in which u* can be reduced at each iteration is suggested by the algorithm
itself. From Equation (7.76¢) we see that p = s”x/n. Plugging in the values of x* and
s* gives us a reasonably good measure of the penalty parameter for the current point.
According to our experience, sometimes, a lower value of u*, say, o[(s*)7x*]/n with
o < 1, could accelerate the convergence of the algorithm. There have been other similar
ideas reported by various authors on the choice of u*. Nevertheless, the above simple
rule seems to work well for a variety of practical problems solved by the authors.

As far as the stopping rules are concerned, we may check the primal feasibility, dual
feasibility, and complementary slackness. Notice that the primal feasibility is measured
by t*, dual feasibility by u¥, and complementary slackness by v* as defined by (7.85).

Step-by-Step Procedure. As a summary of our discussion, we now provide
a step-by-step procedure for the implementation of the new version of the primal-dual
interior-point algorithm.

Step 1 (starting the algorithm): Set k = 0. Choose an arbitrary (x”; w?; s) with
x% > 0 and s® > 0, and choose sufficiently small positive numbers €], €3, and 3.

Step 2 (intermediate computations): Compute

x)7 sk
)
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t“ = b~ Axt, vt = ¢ — ATwr —s5 v¢ = pfe — X;See, p* = X'V, and
IA)% = XkSk‘I, where X, and S, are diagonal matrices whose diagonal entries are
xF and s, respectively.

Step 3 (checking for optimality): If

U <6 1]} e nd hall
" bl +1 ’ el +1

then STOP. The solution is optimal. Otherwise go to the next step.
[Note: ||u]| and ||c]| are computed only when the dual constraints are violated.
If w > 0, then there is no need to compute this measure of optimality.]

Step 4 (calculating directions of translation): Compute
dt = (AIA)%AT>_1 (Af)f (u* —p*) + tk)
df =u* — ATd}
&t = 07 (p* ~ )
Step S (checking for unboundedness): If
t“*=0, d >0, and 'd <0
then the primal problem (P) is unbounded. If
=0, d“>0, and b'd* >0

then the dual problem (D) is unbounded. If either of these cases happens, STOP.
Otherwise go to the next step.

Step 6 (finding step-lengths): Compute the primal and dual step-lengths

1
~ max {1, —d* jax}}

Bp

and

1
~ max {1, —d¥ jasF}

Bo

where o < 1 (say, 0.99).
Step 7 (moving to a new point): Update the solution vectors

X x4 Bpd-
Wl wE 4 Bpdt)
s« st 4 ppdt

Set k < k + 1 and go to Step 2.
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Now we present a numerical example to illustrate the algorithm.

Example 7.3

Consider the same problem as in Example 7.1 and Example 7.2. We begin with an arbitrary

assignment of X0 = [1 1 1 137, w0 =10 0}7,°=1{1 1 1 1]7. With this

information, we see that Xg, Sg and ﬁg are all equal to the identity matrix I, and uo = 1.
We now compute

0 =b-Aax"=[14 1317, wW=c-ATwW0-s°=[-3 0 -1 -17
V0 =ple—XoSpe=10 0 0 07, p’=x;"'=(0 0 0 0

Therefore,

0 _ Ao Ty 29 0 0 07 _ 04 02 10 _ 6.4
dy, = (ADGAT) " [ADG (u ‘p)“]“[o.z 0.6”12]‘[0.2]
O =u-ATd = [-94 28 -74 -102)7
=D’ -d) =94 28 74 1027

Although d2 > 0 and ¢7d9 < 0, we see from t° that the primal is still infeasible at
this moment. Hence we proceed further.

We choose « = 0.99. Using the formula to compute the step-lengths, we find that
Bp = 1.0 and Bp = 1/10.30303 = 0.097059. Therefore the updated solution becomes

x'=01 11 yT+10x 94 28 74 10217
= [104 3.8 84 11217
st=11 1 1 117 +0.0.097059 x [-94 -2.8 -7.4 -10217
= [0.08765 0.72824 0.28176 0.00999] 7
and
wl=[0 0] +0.0.097059 x [6.4 9.2]7 = [0.62118 0.89294]7

The new solution x! is already primal feasible, which is in tune with our previous
discussions. The reader is urged to carry out more iterations to see that an optimal solution
with

=030 15 0 07, w'=[-2 -1]7, and s*=[0 0 2 117

is finally reached.
7.3.7 Accelerating via Power Series Method
As we discussed before, ideally it takes several Newton steps for a given penalty pa-

rameter to get onto the central trajectory, although we found that in most cases it is
adequate to carry out only one Newton step for each penalty parameter. In order to track
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the continuous central trajectories more closely, we may consider using the power-series
approximation method as we did for the dual affine scaling algorithm.

To simplify the discussion, we choose the smaller one between Bp and Bp as a
common step-length S8 for both the primal and dual iterations and focus on a current
point, say (x%; w’;s%. In the limiting case of 8 — 0, (7.84) can be rewritten in the
following continuous version:

dax(g)

A 7 = t(8) (7.116a)
rdw(B) ds(B)

A 5t = u(B) (7.116b)
dx(p) ds(B)

S(8) T, + X(8) 5 = v(p) (7.116¢)

such that x(0) = x°, w(0) = w°, and s(0) = s°, where t(8) = b — Ax(8), w(f) =
c— ATw(B) — s(8), v(B) = ue — X(B)S(B)e, and X(B) and S(B) are the diagonal
matrices whose diagonal elements are x;(8) and s;(8), respectively.

Now, what we have to do is to find a solution to the system depicted by Equa-
tion (7.116) in the form of a truncated power series. This can be carried out exactly as
we did for the dual affine scaling algorithm. The only difference is that, in addition to the
expansions of w(j3) and s(8), we need to consider the expansions of x(8), t(8), u(8),
and v(B8) around S = 0 as well. Owing to the similarity in procedure, the algebraic

implifications are left for the readers as an exercise.

Based on our experience, we note the following characteristics of the primal-dual
interior point algorithm:

1. The algorithm is essentially a one-phase method.

2. The computational burden per iteration is more or less the same as that of the
primal or the dual affine scaling algorithm.

3. The improvement in convergence rate obtained by performing the power series
enhancement to the primal-dual algorithm is not as significant as we obtained in
the dual affine scaling algorithm.

4. Owing to its “self-correcting nature” (at least, in the case of restoring feasibility
that might have been lost due to numerical errors of computers), the primal-dual
algorithm is found to be numerically robust.

7.4 CONCLUDING REMARKS

In this chapter we have studied the basic concepts of affine scaling including the primal,
dual, and primal-dual algorithms. Many extensions have been made to enhance the basic
affine scaling algorithms. However, it is important to understand that the research work
in this area is still ongoing. Different barrier functions including the entropy and inverse
functions have been proposed. Unfortunately, no polynomial convergence result has
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been achieved at this moment. A unified treatment will definitely help the development
of the interior-point methods for linear programming. The idea of using interior-point
methods to solve quadratic and convex programming problems with linear constraints
has also been explored by many researchers. We shall study these interesting topics in
later chapters.
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EXERCISES

7.1.

7.2

7.3.

7.4.

7.5.

You are given two algorithms, A and B. Algorithm A solves systems of linear equations;
Algorithm B solves linear programming problems.

(a) How can you use Algorithm A to solve a linear programming problem?

(b) How can you use Algorithm B to solve a system of linear equations?

(¢) Combining (a) and (b), what is your conclusion? Why?

Consider the following linear programming problem:

Minimize —x; +1
subject to x3—x4 =0
X{+xa+x3+x4=1
X1,%X2,%3,x4 >0

(a) Draw a graph of its feasible domain. Notice that (0,0, 0.5,0.5) is a vertex. Use the
revised simplex method to find its moving direction at this vertex and display it on the
graph.

(b) Note that (0.01, 0.01, 0.49, 0.49) is an interior feasible solution which is “near” to the
vertex in (a). Use Karmarkar’s algorithm to find its moving direction at this solution
and display it on the graph.

(¢) Use the primal affine scaling algorithm to find its moving direction at
(0.01,0.01, 0.49, 0.49) and display it on the graph.

(d) Use the primal affine scaling algorithm with logarithmic barrier function to find its
moving direction at (0.01, 0.01, 0.49, 0.49) and display it on a graph.

(e) Compare the directions obtained from (a) —(d). What kind of observations can be made?
Do you have any reason to support your observations?

Focus on the same linear programming problem as in Exercise 7.2.

(a) Find its dual problem and draw a graph of the dual feasible domain.

(b) Show that (1, —2) is an interior feasible solution to the dual linear program.

(c) Apply the dual affine scaling algorithm to find its moving direction at this point and
display it on the graph of the dual feasible domain.

(d) Is this moving direction pointing to the dual optimal solution?

(e) Apply the dual affine scaling algorithm with logarithmic barrier function to find its
moving direction at this point and display it on the graph of the dual feasible domain.

(f) Is the direction obtained in (e) better than that in (¢)? Why?

Focus on the same linear programming problem again.

(a) Starting with the primal feasible solution x = (0.01, 0.01, 0.49, 0.49) and dual feasible
solution w = (1, —2), apply the primal-dual algorithm as stated in Section 7.3.6 under
“Step-by-Step Procedure” to find its moving directions d, and d,.

(b) Display the moving directions on the corresponding graphs.

(c) Can you make further observations and explain why?

Given a linear programming problem with bounded feasible domain, if the problem is both

primal and dual nondegenerate and x* is a primal feasible solution, show that

(a) AXy is of full row rank (assuming that m < n).

(b) The set C defined in (7.15) is a set of vertices of the polytope P of primal feasible
domain.
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7.6. Consider a linear programming problem with lower bounds:

Minimize ¢!x

subject to Ax=Db

X=>q

where A is an m x n matrix with full row rank and q € R”.

(a) Convert it into a standard form linear programming problem with exactly n variables.

(b) Find the dual linear program of (a). Show that when q = 0, a regular dual program is
obtained.

(¢) Our objective is to design an interior-point method to solve the problem. The basic
philosophy is to map a current interior solution x* ( Ax* = b and x* > q ) to the
“center” of the first orthant of R” (i.e., e = (1,..., 7).

(i) Find such a transformation and prove it is one-to-one and onto from the set {x €
R"|x = q} to the set {y € R" |y > 0}.

(if) Write down the corresponding linear program in the transformed space.

(iii) In the transformed space, project the negative gradient of the objective function into
the null space of the constraints. What is the moving direction?

(iv) Derive the corresponding moving direction in the original space.

(v) Apply the primal affine scaling algorithm to the converted standard linear program
of (a). Compare the moving direction with the one obtained in (iii). What is your
conclusion?

(vi) Continue the work of (iii): how do you choose an appropriate step-length to keep
feasibility?

(vii) Give the formula for updating a current interior solution.
(viii) What is your stopping rule?

(ix) How do you find an initial interior solution?

(x) Finally, state a step-by-step procedure to solve a linear programming problem with
lower bounds.

7.7. Consider the primal affine scaling with logarithmic barrier function. Define Pax, to be
the projection map onto the null space of matrix AXg, and show that the moving direction
(7.49a) at a current solution x* can be written as

Xkc
dIZL = "‘XkPAXk <—/,_LIT — e)

7.8. In this problem, we try to outline a proof showing the primal affine scaling algorithm with
logarithmic barrier function is a polynomial-time algorithm. This proof is due to Roos and
Vial.

(a) Show that

X;c Xpz(xk, uk . Xz
Pax, (——k— - e) = —k——(———u—)— —e, where z (xk, ,u,k) minimizes ZkE— —e

uk uk

with the constraints A7y +z = c and y € R”™. [Hint: Consider the first-order optimality
conditions of the minimization problem.]
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(b) Problem (a) indicates that the 2-norm of

Xkc
PAXk (TL‘F et e)

can be used as a measure for the distance of a given point x* to the point x*(u*) on
the central trajectory. Let us denote this distance measure by § x, ub), e,

Xkc
s (5 )|

Show that §(x¥ (%), u*) = 0 and z(xF (1), ub) = z(uk).
(¢) A new solution is given by x**! = x* + d%_. Show that

S(x, uhy =

X ()

k-+1 — 2Xk
k
W

X

(d) Prove that, if § (xk, p.k) < 1, then x**! is an interior feasible solution to (P). Moreover,
Skt ik < S(xk, k). This implies that if we repeatedly replace % by <%t with
fixed u*, then we obtain a sequence of points which conveiges to x*(u¥) quadratically.

(e) Choose 0 < @ < 1 and let u*+! = (1 — @)k, Show that

5(Xk+l,/.l,k+]) < T‘i__e_ (8(Xk+l,/,ck) +9\/'r;)

(f) Let 8(x*, u*) < 1/2 and @ = 1/6./n. Show that §(xk+!, 41y < 1/2.
(g) Notice that when 2(xk, u") is determined, then y(x¥, /ﬂ‘) is also determined by ATy +
z = ¢. Now, if §(x*, ,uf‘ ) < 1, show that y(x¥, ;Lk) is dual feasible. Moreover,

pkn = 85, by v/m) < T xk = by, 1) < uk(n + 865, w¥)v/m)

(h) Given an initial interior feasible solution x® > 0 and a barrier parameter w0 > 0 such
that §(x°, u%) < 1/2. Also let ¢ be a large positive integer. We state our algorithm as

follows:
begin
0 :=1/6/n, x :=x°, p = u";
while nu > ¢79 do
begin
z = Z(X, 1);
X2z
X = 2X — ——;
7
wo= (1= 0)u,;
end
end
Let qO = —log, (n,uo'), and show that the algorithm terminates after at most 6(g ~q°)ﬁ

iterations. The final points x and y(x, ) are interior solutions satisfying

3
"x—bTy(x, p) < 5e
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7.9.

7.10.

7.11.

7.12.

7.13.
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For the dual affine scaling algorithm, explain the meaning of “primal estimate” as defined
in (7.59).

For the primal-dual algorithm, try to decompose d¥, and d¥ as we did for d% in (7.113).
Then analyze different components.

We take X' = e, w0 =0, and s = e.

(a) Show that (7.112a) becomes 7 > 0.

(b) Show that (7.112b) becomes A > n — ¢’ e.

(¢) What about (7.112¢) and (7.112d)?

Derive the power-series expansions for x(8), w(8), s(8), t(8), u(B), and v(B) in the
primal-dual algorithm.

Develop computer codes for the primal affine scaling, dual affine scaling, and primal-dual
algorithms and test those problems in Exercise 3.16.



