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Abstract The aim of this paper is to establish a fundamental theory of convex analysis
for the sets and functions over a discrete domain. By introducing conjugate/biconjugate
functions and a discrete duality notion for the cones over discrete domains, we study
duals of optimization problems whose decision parameters are integers. In particular,
we construct duality theory for integer linear programming, provide a discrete version
of Slater’s condition that implies the strong duality and discuss the relationship between
integrality and discrete convexity.
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1 Introduction

In recent decades, the idea of developing a discrete analogue of conventional con-
vex analysis has become the motivation of many researches. Along this direction,
discretely convex functions were introduced by Miller [1] in 1971 and integrally con-
vex functions were defined by Favati and Tardella [2] in 1990. Subsequently, several
types of convexity defined on discrete domains have been proposed by Murota and
his coauthors. In particular, the M-convex functions, L-convex functions, M _convex
functions and LF-convex functions were introduced in [3-6], respectively. Inspired
by the properties of convex and semi-strictly quasiconvex functions, Ui [7] defined
D-convex and semistrictly quasi-D-convex functions and discussed the connections
between D-convexity and aforementioned convexity definitions for functions defined
on discrete domains. Characterizations of convexity on crystallographical lattices have
been introduced by Doignon [8]. The theory of discrete duality also took the prominent
attention of researchers in the field of integer programming. A comprehensive theory
on discrete duality can be referred to Nemhauser and Wolsey [9] and Murota [10]. We
may also refer to [11] and references therein for Lagrangian dual method for solving
general integer programming problems.

Motivated by the general approach of [8,12], this paper aims to develop a new
framework that enables the use of conventional convex analysis on discrete domains.
Different from the above-mentioned literature, we start with introducing convex sets
on the integer domain Z" and mixed-integer domain Z" x R and define the discrete
convex function as a function whose epigraph is convex in Z" x R. In our approach,
the discrete restriction f|z» of a convex function f on the real domain is convex
on Z". Conversely, every convex function on a discrete domain can be extended to a
convex function on the real domain. Unlike other types of convex functions defined
on discrete domains, our simple approach enables the use of already-existing results
of conventional convex analysis to check the convexity of functions defined on a
discrete domain. For a real-valued function f : Z" — R, we define the conjugate and
biconjugate functions by

f*) =sup{(x,y) = f(x):x € Z"} onR"

and
w(x) =sup{(y.x) — f*(») :y e R"} onZ".
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Convex Analysis and Duality over Discrete Domains 191

By introducing the convex-closure cclz: (f) of a function f on a discrete domain, we
prove a discrete analogue of the Fenchel-Moreau theorem stating that the second dual
(dual of dual) of the function f satisfies that £ = cclz: (f) on Z". Unlike Murota’s
approach, our dual problem based the conjugate function f* works on a continuous
domain instead of on a discrete domain. We then demonstrate how the furnished results
can be implemented to construct duality theory for integer programming problems. In
particular, we provide a discrete analogue of Slater’s condition that implies the strong
duality for integer linear programming and show the essential role of convexity notion
for the sets in a discrete domain. The analytical approach adopted in this study can be
further extended to optimization on mixed-integer domains and quasiconvex analysis
on discrete domains.

The rest of the paper is structured as follows: In Sects. 2 and 3, by introducing
the concepts of convex-closure, convex-interior, convex-boundary of sets in a discrete
domain, we study some topological and algebraic properties of convex and affine sets
in a discrete domain. In Sect. 4, using the convexity notion for sets in a mixed-integer
domain, we introduce the notion of convex functions on a discrete domain. Section 5 is
devoted to the notion of convex-relative interiors. In Sects. 6-8, we further investigate
the properties of convex functions on a discrete domain, introduce the concept of
convex-lower semi-continuity, define conjugate/biconjugate functions and prove a
discrete analogue of the Fenchel-Moreau theorem. In the last section, we show our
duality theory for integer programming and provide some sufficient conditions for
assuring the strong duality in integer linear programming.

Throughout this study, we denote by Z the set of integers, N the set of positive
integers, Z" the n-dimensional Cartesian product of Z x Z X --- x Z, R the set of
real numbers and R” the n-dimensional Euclidean space. For a set S C R", its closure

is denoted by S or clgn (S); its interior is denoted by 3’ or intrn (S); its boundary is
denoted by 9S or bdryg.(S); and its convex hull is denoted by convg:(S), in the
sense of the regular topology of R” [13]. We also denote by [.| and [.] the greatest
integer function (or floor function) and the least integer function (or ceiling function),
respectively. All existing results of the literature are particularly noted.

2 Convex Sets in Z"

We first introduce the notion of convexity for sets in the discrete domain Z" and
discuss the properties of convex sets in Z".

Definition 2.1 (Convex set in Z!*) Let S be a subset of Z". S is said to be convex in
7" if and only if the expression x + A(y —x) € S holds for all x, y € convga (S) NZ"
and A € [0, 1] such that x + A(y — x) € Z".

Since S C convgs (S) N Z" for aset S C Z", we obtain the following result:

Lemma 2.2 A set S C Z" is convex in 7" if and only if

S = convg: (S) N Z". (Fig.1)
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192 M. Adivar, S.-C. Fang

Using Lemma 2.2, one may also define a convex set on a more general domain A"
which can turn into Z" or product of R and Z"~".

Definition 2.3 Let 7;,i = 1,2, --- , n, be nonempty closed subsets of reals and A"
denote the product 77 x T x --- x T,. A set S C A" is convex in A" if and only if

S = convp: (S) N A",
Lemma 2.4 If A is a convex set in R", then
convpr (ANZ"YNZ" = ANZ". 2.1)

Proof Since A NZ" C convre (A NZ"), we have A N Z" C convrn (A NZ") N Z".
When A is convex in R”, we further have

ANZ" = convgn (A) N Z" D convgn (A N Z") nZz".
This leads to the next result.

Theorem 2.5 If A is a convex set in R", then A N 7Z" is convex in Z".

Definition 2.6 (Convex hull in 7") The convex hull of a set S in Z", denoted by
convzx (S), is given by

convzn (§) = convgn (S) N Z".

Using Theorem 2.5 and Definition 2.6, we have the following result:

Lemma 2.7 Let S be a set in Z"". Then, we have

1. Sis convexinZ" if and only if there is a convex set C C R" such that S = CNZ".
2. convzn(convy: (S)) = convza (S).

A convex set in Z? A non-convex set in Z?

Fig.1 Convex and nonconvex sets in 7?2

@ Springer



Convex Analysis and Duality over Discrete Domains 193

convyn (S) is the intersection of all convex sets in ZI* containing S.

convn (§) = convgs (convy (S)).

The intersection of an arbitrary collection of convex sets in 7" is convex in Z".
Let Sy and Sy be two convex sets in 7" and 7", respectively. Then,

oSNk w

Si xS ={(x,y):xeS and y e S} 2.2)

is a convex set in 7" x 7M.
7. For two sets Sy, Sy C 7",

convzn (S1) = convze(S2) if andonlyif convge:(S1) = convge(S2).

2.1 Convex-Closure, Convex-Interior and Convex-Boundary of Sets in Z"

We now define more details of the sets in Z".

Definition 2.8 For a set S C Z", the convex-closure, convex-interior and convex-
boundary of S in Z", are defined by

cclzn (§) = convge (S) NZ",
cintzy (S) = convgn (S) N Z",
and

cbdyy. (S) = dconvg: (S) N Z",

respectively, where convg: (S) , co@S), and dconvp. (S) indicate the closure, inte-
rior and boundary of the set convg:(S) in R". Moreover, we say a set S C Z" is
integrally closed in Z" if

S = cclzn (S). (2.3)

For a convex set § C Z", we always have

cintza (S) C §

and for any set § C Z"

S C cclgn (S).

Remark 2.9 The closeness of a convex set S in Z" may not imply its integrally close-
ness in Z". For example, the set

S={x,0):xe€Z}U{O, 1)}
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194 M. Adivar, S.-C. Fang

is a closed set and it is convex in Z2, but it is not an integrally closed set in Z? satisfying
(2.3).

Lemma 2.10 For a set S in 7", its convex-closure cclzn(S) and convex-interior
cintyn (S) are both convex sets in 7"

2.2 Convex Cones in Z"

In this section, we define convex cones in Z" and study their properties.

Definition 2.11 (Cone in Z"") A subset K C 7" is a cone in Z" if Ax € K holds for
all x € K and A > 0 such that Ax € Z".

Remark 2.12 A conein Z" is equal to the union of nonempty intersections of half-lines
emanating from the origin with Z". The origin itself may or may not be included.

Using the notion of convexity on Z", we define a convex cone on Z" as below.

Definition 2.13 (Convex cone in 7Z™) A cone in Z" is called a convex cone if it is a
convex set in Z".

Definition 2.14 (Conical combination in Z") An element x € Z" is called a conical
combination of the elements x!, x2, --- , x* € Z" if

k
X = Zkixi forsome A; >0, 1<i<k.
i=l1

An element x € Z" is called a strictly conical combination of the elements

xLx2 o xkezrif

k
X = Zkixi forsome A; >0, 1<i<k.
i=1

The following results follow from the definition.

Lemma 2.15 A set K C Z" is a convex cone in Z" if and only if there is a convex
cone K in R" such that K = K N 7Z".

Proof The proof of the sufficiency part is clear from Lemma 2.7. For the necessity
part, assume that K is a convex cone in Z". From [14, Corollary 2.6.3], the set

K = {Ax :A >0 and x € convr:(K)}
is a convex cone in R". It suffices to show that K = K N Z". Convexity of K

yields~K c KN7Z" Toshow that K D K N Z", we assume the existence of an
x € (K NZ")\K. Then,

k
X=a«a (Z )»,-x’)
i=1
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Convex Analysis and Duality over Discrete Domains 195

forsomea >0, >0andx' e K,i =1,2,--- ,k,suchthatZi-‘=1 A= 1.

If o 211, then we must have ax! € convge(K) foralli =1,2,--- ,kand x! € K
since mx' € K for m := min{m € Z : m > «}. This along with convexity of K
implies

k

x = Z)\.i (otxi) € convpn (K)NZ" =K,
i=1

which is a contradiction.

If0 < a < 1, then we can choose an integer m := min{m € Z : m > é} for which
we have 7iix € K N Z" since K is a cone in R”. Moreover, we have nix ¢ K since
x ¢ K and K is a cone in Z". This leads to a contradiction since ma > 1 and

k
mx = Zki (r’riaxi) € convgr (K)YNZ" =K.
i=1
This completes the proof.

Observe that K = {(x,0) : x = 1,2, ---} is a convex cone with
K ={(x,0):x > 0} D convgs(K) = {(x,0) : x > 1}.

Thus, convgs (K) = K is not true in general. In the following we provide a sufficient
condition so that convgs (K) = K holds.

Lemma 2.16 Let K C Z" be a convex cone in Z" including the zero vector 0 € Z"
and let K be defined by

K = {Ax : X >0 and x € convgrn(K)}.

Then

K = convpn (K), 24

and hence,

cclyn (K) = clpn (K) N Z". (2.5)
Proof We need to show that
{Ax:A>0 and x € convr:(K)} C convpn(K).

Ifx e E, then
k
X=u« (ZA,-x’)
i=1
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196 M. Adivar, S.-C. Fang

for some o > 0, A; > O0and x € K,i=12,-- ,k,suchthatZi-‘=1 =1,
If o 2_1, then we must have ax’ € convgn(K) foralli =1,2,--- ,kand x' € K
since mx' € K form := min{m € Z : m > «}. This implies

k
x = Z)‘i (axi) € convpn (K).
i=1
If 0 < o < 1, then we have
ax' = ax! + (1 — )0 € convgr (K) for all xeK

since 0 € K. Consequently, we have (2.4), and hence, cclz: (K) = clpn (1? YN 7Z".
This completes the proof.

Corollary 2.17 A set K C Z" is a convex cone in Z" if and only if it contains all
strictly conical combinations of its elements.

Proof From [15,Lemma 1.5], we know the set K= {Ax : A > 0and x € convr:(K)}
is a convex cone in R” containing all strictly conical combinations of its elements.
The proof then follows from Lemma 2.15.

Corollary 2.18 The intersection of an arbitrary collection of convex cones in Z" is a
convex cone in 7.".

Proof The proof follows [14, Theorem 2.5] and Lemma 2.15.

Theorem 2.19 If S is a convex set in Z", then
K={x:2>0 and x € convg:(S)} NZ"

is the smallest convex cone in Z" containing S.

Proof 1If S is convex in Z", then S = convgr: (S) N Z". By [14, Corollary~2.6.3], we
know that the smallest convex cone in R” containing convg: (S) is the set K given by

K={x:%>0 and x € convg:(S)}. (2.6)

This fact and Lemma 2.15 imply that the smallest convex cone in Z" containing the
set S = convrn (S) NZ" is K N Z". This completes the proof.

Definition 2.20 (Dual cone) Let K be a cone in Z". The set
K*:{yeR":(x,y)>0 for all xeK}

is called the dual cone of K, where (, ) denotes the inner product on R”.

Actually, the dual cone of a set in Z" is defined in a conventional manner as the
dual cone of a set in R".
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Convex Analysis and Duality over Discrete Domains 197

Example 2.21 Let Z? = 7 x 7. The dual cone O7 of the first orthant
O1={(x,y):x,yeZ and x,y >0}
in Z? is given by
Of ={(x,y):x,y €[0,00)}.

Observe that OT is the first orthant in R2.

With the linearity and continuity of the inner product operator (, ) the next two
results follow.

Lemma 2.22 For any cone K in 7", the dual cone K* is a convex and closed cone
in R".

Corollary 2.23 If Ky and K, are two cones in Z" satisfying K1 € K», then Kj € K.

Definition 2.24 (Second dual of a cone in Z'") Let K be a cone in Z", the set
Kpn={xeZ": (x,y) >0 forall ye K"}
is the second dual cone of K in Z". In other words,
K= (K*)"'nz", 2.7

where (K*)* indicates the conventional dual of the real cone K* in R”.

Theorem 2.25 Let K be a cone in 7" including the zero vector 0 € Z". Then
cclzn(K) = K.
Consequently, if K is integrally closed in 7" [i.e., cclyzn (K) = K] with 0 € K, then
K =K.
Proof For the cone K in Z", the linearity of inner product yields
K*={yeR":(x,y) 20 forall x € convg:(K)}.

Therefore, y(#0) € K* if and only if y is the normal vector of every closed half-space
of the form

a

H ={xeR":(a,x) >0}

including convg: (K). By [14, Corollary 11.7.2], we have

(Ax ;2 >0 and x € convp:(K)} = ﬂ H;,r,
yeK*
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198 M. Adivar, S.-C. Fang

where H;“ indicates the half-space {x € R" : (y, x) > 0} containing convg:(K).
Together with (2.5), we have

celyn(K) = ﬂ HP | nzZ"
yeK*
={xeR":(y,x) >0 forall ye K*}nZ"
= (K*)"NZ" = K}
This completes the proof.

Hereafter, we will define a pointed cone in Z" by using the conventional definition
[16, 2.4.2 Definition] of pointed cone C in R”. It should be mentioned that the authors
in [17] and [16] defined the convex cone C in R" as a convex set satisfying AC < C
for all 1 > 0. However, in our approach we regard the convex cone C in R” to be the
set satisfying AC C C for all A > 0. This type of approach has also been adopted by
many authors in conventional convex analysis (see for instance [14, 15]). Bearing this
fact in mind and using [16, 2.4.2 Definition], we can derive the following variant of
definition of pointed cone in R"” which may not include the origin.

Definition 2.26 (Pointed cone in R™) A convex cone C in R” is pointed if the set
Co={Ax:1>0 and xe€C}
satisfies the following
Con —Co = {0}.

Notice that when C is a closed and convex cone in R”, C = Cy is always true. We
now define a pointed convex cone in Z".

Definition 2.27 (Pointed cone in Z") A convex cone K in Z" is pointed if the set
Ko={x:%>0 and x € convg:(K)}
satisfies that
KonN—Ko = {0}.

Example 2.28 Consider the convex cone K = {(s1, s2) : 51,52 € [1,00) NZ} in 72,
Then we obtain

Ko = ((0, 00) x (0, 00)) U {0}.

Since K N —K = {0} the given set K is a pointed cone in Z?.
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Convex Analysis and Duality over Discrete Domains 199

In conventional convex analysis, a set A in R” is said to be solid if it has a nonempty
interior (see [16, 2.4.2 Definition]). Inspired by this definition we give the next defi-
nition.

Definition 2.29 (Solid cone in Z'*) A convex cone K in Z" is solid if cintz: (K) # &.
The next result is commonly seen in convex analysis.

Theorem 2.30 [16, 2.4.3 Proposition] If C is a closed convex cone in R", then we
have

a. If C is solid, then its dual C* is pointed,
b. If C is pointed, then its dual C* is solid.

Thus C is solid (pointed) if and only if C* is pointed (solid).
This theorem leads to the following result for cones over integer domains:

Theorem 2.31 Let K be an integrally closed cone in 7" and 0 € K. Then we have

a. If K is solid in 7", then its dual K* is pointed in R",
b. If K is pointed in 7", then its dual K* is solid in R".

Proof Let K = {Ax : A > O0and x € convr:(K)}. If K C Z" is a integrally closed
cone including zero vector 0 € Z", then (2.4) yields

clgpn (f) = convpn (K). 2.8)

Smce convgn (K) = convgn (cclzn (K)) (see Proposmon 5.10 in Sect. 5), we get from
= cclzn (K), (2.4), and (2.8) that clgn (K ) =
Observe that

cintzn (K) C int (convrn (K)) C int (can (E)) .

If the _cone K is solid [i.e., if cintz» (K) # @], then the closed and convex cone
clgs (K) in R" is solid. This along with preceding theorem implies that the dual cone
(clrn (K))* is pointed. By continuity and linearity of the inner product, we obtain

(clpn (K))" = K* = K*.
This shows that K* is pointed in R". Conversely, if K is pointed, then by definition

the convex cone K is pointed in R". Since K is closed and convex, by the preceding
theorem (K )* is solid. Thus, K* = (K )* is solid in R”. This completes the proof.

3 Affine Sets in Z"

In this section, the concept and properties of affine sets in Z" are introduced. Recall
that Z and N denote the set of integers and the set of positive integers, respectively.
Also recall the next definition in convex analysis.
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200 M. Adivar, S.-C. Fang

Definition 3.1 (Affine combination and affine hull in R™) Foraset S C R", an element
x € R" is an affine combination of elements of S if and only if

m
x = Z Aixt
i=1

forsomem € N, x!, x2, ... x™ € S, and A; € R with Y =1
The affine hull of S, denoted by affg» (5), is the collection of all affine combinations
of elements of S in R".

Similarly, we define the affine hull in Z".

Definition 3.2 (Affine hull in 7Z*) For a set S C Z", an element x is an affine combi-
nation of elements of S in Z" if and only if

m
x = Z rixt
i=1

for some m € N, x!, x2, ..., x™ € 8, and Xi € R such that Z;"Zl Ai = 1 and
Z:":l rixt e 7.

The affine hull of S in Z", denoted by affz: (S), is the collection of all affine
combinations of elements of S in Z".

The affine hull affz» (S) can alternatively be stated as follows:

Lemma 3.3 For any set S in 7"
aff 70 (S) = affgn (S) N Z". 3.
Definition 3.4 (Affine set in Z") For a set S C Z", S is said to be affine in Z" if

and only if x + A(y — x) € S for all x,y € affgs(S) N Z" and A € R such that
X+ 1y —x)eZ.

This definition can alternatively be stated as below:

Lemma 3.5 Foraset S C 7Z, S is affine in Z" if and only if
affz: (S) = S. (3.2)
Lemma 3.6 If A is an affine set in R", then
affpn (ANZ")NZ" = ANZ". (3.3)

Proof Since ANZ" C affgn (ANZ"), we have ANZ" C affpe (ANZ")NZM If A
is affine in R”, then

affgs (ANZ")NZ" C affpn (A)NZ" = ANZ".
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Convex Analysis and Duality over Discrete Domains 201

Substituting S for A N Z" in (3.3) and using Lemma 3.5, we have the next result.
Theorem 3.7 If A is an affine set in R", then A N7Z" is an affine set in 7.
Next, we provide a characterization of the affine sets in Z".

Corollary 3.8 A set S in Z" is affine if and only if there is an affine set A in R" such
that S = ANZ"

Proof Lemma 3.6 proves the necessity part. For the sufficiency part, let S be an affine
set in Z", then A = affr: (S) can be given as the desired set satisfying S = A N Z".
The proof follows.

The next result is a direct consequence of Lemmas 3.3 and 3.6.

Corollary 3.9 For any set S C Z",
affzn (afon (S)) = affRn (affRn (S) N Zn) NnNzZ" = affRn (S) NnNzZ" = affzn (S)
Thus, aff7: (S) is an affine set in 7.

Using (3.1) and the properties of the affine hull affg: (S) in R” (see [14, Section 1]),
we have some properties of the affine affz: (S) hull in Z" listed below.

Corollary 3.10 For any set S C 7", affy7:(S) is the intersection of the collection of
affine sets in 7" containing S.

Corollary 3.11 ForanysetS C Z", aff 7 (S) is the smallest affine set in Z* containing
S.

Next, we give the relationship between affr: (S) and affz: (S).

Corollary 3.12 For any set S C 7",
affRn (S) = aff]Rn (affzn (S)) .

Proof For S C Z", since S C affz:(S) and affz:(S) C affg:(S), we know that
affrn (S) C affrn (affz. (S)) and

affpn (affz (S)) C affpn (affrs (S)) = affrn (S),

respectively. The proof follows.

Corollary 3.13 Forany Sy, S, C 7",
aff7n (S1) = affyzn (S) if and only if affre(S) = affrn(S3). (3.4)

Proof 1t is a direct consequence of Corollary 3.12 and (3.1).
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202 M. Adivar, S.-C. Fang

4 Convex Functions on Z"
In this section, we define extended real-valued convex functions on Z" and inves-
tigate their basic properties.

Definition 4.1 (Epigraph of a function on Z'") Let S C Z" and f : S — R U {£o0}
be an extended real-valued function defined on S. Its epigraph, denoted by epi( f) is
defined by

epi(f) ={(x,y) e SxR:y = f(x)}.

The inner epigraph is defined by

epi(f) = {(x.y) € Sx Ry > f(x)}.

Remark 4.2 When S = 7",
epi(f) ={(x,y) € Z"xR:y > f(x)}.

We call the function f in the above definition a “function on discrete domain” or
“discrete function” in this paper. Notice that the epigraph of a discrete function f is a
set in a mixed domain of Z" x R.

Definition 4.3 (Effective domain of a function on discrete domain) Let f be a function
on a discrete domain S C Z". Its effective domain, denoted by dom( f), is defined to
be the projection of the epigraph of f onto Z", i.e.,

dom(f) = mzn (epi(f))
={xeS:3IyeRst (x,y) €epi(f)}
={xeS: fx) < +oo},

where 77 denotes the projection from Z" x R to Z". Moreover, the dimension of the
unique subspace parallel to affrs (dom(f)) is called the dimension of dom(f) (see
[14, Theorem 1.2]).

Remark 4.4 When S = Z", then
dom(f) ={x € Z": f(x) < 400} = m(epi(f)), @.1)

where 71 denotes the projection from R” x R onto R”. It is useful to represent a
function f on Z" by the following relation:

fx)y=inf{y e R: (x,y) cepi(f)}. 4.2)

Here, we take inf @ = 400 which happens only at x € Z" but x ¢ dom(f).

Using Definition 2.3, we define a convex function f on Z" in terms of convexity
of epi(f) in Z" x R.
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Definition 4.5 (Convex/concave/affine function on Z') Let f be a function on a dis-
crete domain S C Z". We say f is a convex function on Z" if and only if its epigraph
is a convex setin Z" x R, i.e.,

epi (f) = convgar1 (epi (f)) N (Z" x R). 4.3)

A function g on a discrete domain § C Z" is a concave function if the function —g
is a convex function on Z". A function /& on a discrete domain S C 7Z" is an affine
function if it is finite, convex and concave on Z.

One may easily verify the next result by using Definitions 4.3 and 4.5.
Lemma 4.6 If f is a convex function on 7", then dom ( f) is a convex set in Z.".

Corollary 4.7 If f is a convex function on Z", then
71 (epi (f)) = 71 (convgas1 (epi () NZ",

where 71 is the projection mapping from R" x R onto R".

Proof The proof follows from (4.3) and the equality
1 [convgati (epi (f)) N (Z" x R)] = m (convga+1 (epi (f))) N Z".

Corollary 4.8 Let A be a convex set in R" such that A N Z" is nonempty. If g is a
convex function on a convex set A, then the restriction f = glang» of g to ANZ" is
a convex function on A N Z".

Proof If g is a convex function on a convex set A in R”, then epi (g) is a convex set
in R"*!. As we did in Lemma 2.7, we get

epi (&lanzn) = epi(g) N ((ANZ") x R),

which shows convexity of epi ( gl AmZn) in Z" x R). This completes the proof.

Remark 4.9 A convex function f on S C Z" can always be extended to a convex
function on whole Z" by setting f(x) = +oo for x ¢ S. By a “convex function”, we
shall henceforth always mean a “convex function with possibly infinite values which
is defined throughout Z"”,unless otherwise specified. The rules we adopt are listed
below:

dat+too=00+a=00 for —00 <o < +00,

da—00=—00+a=—-—00 for —oco<a<+o0,
000 = oo =00, a(—o0) = (—o0)a = —00 for 0 < a < +oo,
o200 = 0o = —00, (—00) = (—o0)a =00 for —oco < a <0,

0o =000 =0=0(—00) = (—00)0, —(—00) = 00,

inf @ =400, supg = —oo.

Note that oo — oo and —oo + oo are undefined and to be avoided.

@ Springer



204 M. Adivar, S.-C. Fang

Definition 4.10 (Proper/improper convex function on Z™) Let f be a convex function
on Z". We say f is a proper function if its epigraph is nonempty and contains no
vertical lines, i.e., f(x) < +oo for at least one x € Z" and f(x) > —oo for all
x € Z". A convex function on Z" which is not proper is called improper.

Lemma 4.11 A convex function f on Z" is proper if and only if the convex set S =
dom (f) C Z" is nonempty and the restriction of f to S is finite, i.e., —00 < f(x) <
400 forall x € S.

Lemma 4.12 Let f be a finite convex function on a convex set S C Z". Then the
function

| fx), ifxes,
F(x)_{—i—oo, ifx¢s

is a proper convex function on Z".

Example 4.13 Let f be a function on Z given by

—o0, if |x] <1,
fx)=10, if [x] =1,
00, if |x| >1

is an improper convex function on Z.

An alternative criteria for convexity of a function f on S C Z" can be given as
follows.

Theorem 4.14 A function f on a convex set S C 7" is convex in Z" if and only if

f (Z m") <Y o ny (44)
i=1 i=1

orallm € Nand all x' € S, y' € R, and »; € [0,1],i = 1,2,---,m, such that
Il Nandall x' € S, y' € R, and }; € [0,1] 1,2 h th
YA =1, 2" Axt € Z", and f(x') < y'.

Condition (4.4) can be expressed in different ways. The next two variants would
be especially useful.

Theorem 4.15 Let f be an extended real-valued function defined from a convex set
S C 7" to (—oo0, o). f is convex on S if and only if

(S ) < Xur ()
i=1 i=1

orallm € Nandallx' € Sand; € [0,1],i =1,2,--- ,m, suchthat 31" | A; =
forall Nand all Y'e Sand; €0, 1] 1,2 hthat Yy 'L & 1
and Y 'L aixt € 2.
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Corollary 4.16 If f| and f> are proper convex functions on 7", then f|+ f» is convex
onZ".

Proof This is a direct consequence of Theorem 4.15.

Remark 4.17 Notice that for proper convex functions f1 and f>, we have (f; + f2) (x)
< oo if and only if f; (x) < oo and f> (x) < oo. Thus, the effective domain

dom (f1 4+ f2) of f1 + f», satisfying that dom (f; + f2) = dom (f1) N dom (f2),
may become empty. In this case, f1 + f> becomes improper.

Theorem 4.18 Let f be an extended real-valued function defined from a convex set
S C Z" to [—00, o0]. f is convex on S if and only if

m m
f (Zk,’xi) < Z)»iyi
i=1 i=1
forallm € N and all x_i e S, yi e R _and Ai_ e (0,1),i =1,2,---,m, such that
YA =1L YL hixt € Z and f(x') < y'.

Corollary 4.19 A function f : 7" — [—o00, o] is convex if and only if its inner
epigraph

epi (f) == {(x,y) € Z" xR : f(x) <y} (4.5)

is convex in 7' x R.
Corollary 4.8 and Theorem 4.15 lead to the next result.

Corollary 4.20 1. Every function of the form
fx)=(x,a)+a,aeR" and a € R

is convex on 7.
2. A quadratic function

1
f@)=35{x, 0x) +{x,a) +a,

where Q is a symmetric n X n matrix, is convex on Z" if and only if Q is positive
semi-definite, i.e.,

(z, Qz) 2 0 forevery z € R".
3. The indicator function

0, ifx €S,

8@:$:{+m,ﬁx¢s

of a set S in Z" is convex if and only if S is convex in Z".
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Theorem 4.21 For any convex function f in 7" and any a € [—00, +00], the level
sets{x e Z" : f(x) <a}and{x € Z" : f(x) < a} are convex in Z".

Proof Convexity of the set {x € 7" : f(x) < «a} follows from Theorem 4.18, with
y' = a. The convexity of the set {x € Z" : f(x) < «} comes from Lemma 2.7 (5)
which implies the convexity of the set

yga{x eZ': f(x) <y},

which coincides with the set {x € Z" : f(x) < «}.
Using Lemma 2.7 (5), we have the next result.

Corollary 4.22 Let I be an index set, f; be a convex function on 7" and o; € R for
eachi € I, then

C=ﬂl{x€Z”:fi(x)<ai}

1€

is a convex set in 7".

Corollary 4.23 Let I be an index set and f; be a convex function on 7" for each
i €1, then

fx)=sup{fi(x):iel} (4.6)

is a convex function on 7.".

Proof 1f f is given by (4.6), then the epigraph of f coincides with N;<;epi (f;) which
is a convex set in Z" x R. The proof follows.

For the conventional convex analysis, we have the following result:

Theorem 4.24 ([14, Theorem 3.4]) Let A be a linear transformation from R" to R™.
Then,

AC = {Ax : x € C}
is a convex set in R™ for every convex set C in R", and
AT'D={x eR": Ax € D}
is a convex set in R" for every convex set D in R™.

The next example shows that discrete convexity may not be preserved under linear
mappings.

Example 4.25 Letm : Z xZ — 7 be the projection operator defined by 7 (x1, x2) =
x1. Obviously, 71 S = {1, 3} is not a convex set in Z while S = {(1, 1), (3,2)} is a
convex set in Z X Z.
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Lemma 4.26 Let S C Z" be convex in 7" and A : R" — R™ be a linear transfor-
mation satisfying

A (convgs (S) NZ") = Aconvgn (S) NZ".
Then the set AS is convex in 7.
Proof Since S is convex in Z" and A is linear, we have

AS=A (COHVRn SN Z”)
= Aconvgm (S) NZ™
= convgn (AS) N Z"™
= convym (AS).

Lemma 4.27 Let A : R" — R™ be a linear transformation with AZ" = 7. If D is
a convex set in Z", then A=\ D is a convex set in 7.

Proof Let D be a convex set in Z™. Suppose that x', x2, ..., x" are the elements of
A~!D and Ai €[0,1],i = 1,2,---,r, are the scalars such that Zle Ai = 1 and
Yoi_ Aix' € Z". Since AZ" = 7", we know that

r r
A (ZM’) YA ez,
i=1 i=1

By the convexity of D, we have

r r
A (Zm") = ZA,-Axi eD,
i=1 i=1

which implies that

.
Zx,»xf e A'D.
i=1

Consequently, A~ D is a convex set in Z".

5 Convex-Relative Interiors of sets in Z"
Let C C R" and affr. (C) be the affine hull of C (the intersection of the collection
of affine sets containing C). Recall that the relative interior of C in R”, denoted by

1i (C), is defined by

11 (C) = {x € affrs (C) : J¢ > 0, B(x, &) Naffr: (C) C C},
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where
B(x,e):={y e R":d(x,y) < ¢}
is an open ball around x. Notice that for a convex set C in R", we have
ri {convgs (C)} NR" =1i (C).

Inspired by this notion, we define the convex-relative interior for sets in Z".

Definition 5.1 (Convex-relative interior in Z!*) Let set S be a set in Z". The convex-
relative interior of S in Z", denoted by criz» (S), is defined by

crign (S) = ri (convge (S)) N Z".
Aset S C Z" is relatively open in Z", if
S = crign (S)
and S is regular in Z", if crign (S) # O.
Note that, for a convex set S in Z", it is always true that
crizn (S) C S C cclz (5). 6D

Remark 5.2 For any set S C Z", the convex-relative interior criz» (S) can be alterna-
tively defined by

crizn (S) = {x € affz: (S) : de > 0
s.t. B(x, &) Naffrs (S) C convgn (S)}. 5.2)
This indicates that the convex-relative interior operator is not a monotone operator,
i.e., S1 € S may not imply that criz» (S1) € crizr (S2). As an example, consider that
S1 = {0} and S, = {0, 1} in Z. Obviously, S; € S but S| = criz (S1) 2 criz (S2) =
. To guarantee the monotonicity of the convex-relative interior operator, we need

to impose the additional condition that affz» (S;) = affz: (S2). Under this condition,
from (3.4) and (5.2), we see that

S1 C 8§ = crign (S1) Ccrign (S2) .

Recall the next result in conventional convex analysis.

Lemma 5.3 ([15, Lemma 1.10]) For any nonempty set A C R”",

affge (A) = affge (A) = affps (convge (A)) = affge (convin (A)) .

A similar result in Z" is given below.
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Lemma 5.4 For any nonempty set S C 7
affzn (S) = affzn (convze (5)) .
Proof The proof follows from the following relation

affzn (S) C affyzn (convyn (S))
= affgn (convyn (S)) NZ"
= affgn (convge (S)) NZ"
affgs (S) N Z"
affz (S).

Theorem 5.5 For a set S C Z", crizn (S) and cclyn (S) are convex sets in Z".
Proof From[14, Theorem 6.2], we know thatri (convy: (S)) and convg (S) are convex
sets in R” having the same affine hull and same dimensionality as convg» (). Hence,
the sets

crign (S) = ri (convgn (S)) N Z"
and

cclzn (S) = convgn (S) N Z"

are convex in Z".

Remark 5.6 For a nonempty convex set S C Z", it is possible that criz: (S) = @.
For such a set, it is possible that affz» (S) # affz» (crize (S)). For example, let § =
{0, 1} C Z. Then, criz, (S) = ri (convrs (S))NZ = (0, 1)NZ = @ and cclys (S) = S.
Also notice that § = {0, 1} is convex in Z with

@ = affz (criz (S)) C affz (S) = Z.

Remark 5.7 Recall from conventional convex analysis [15, Lemma 1.12], for aregular
set C in R", we have

affgn (1i (C)) = affge (C).

However, this may not be true in the discrete case. For example, consider the regular
set S = {1, 2, 3} in Z. We have

ri(convge (S5)) = (1, 3),
which implies that

affz (criz (S)) = {2} # Z = affz (S).
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A necessary and sufficient condition for the desired equality affz.(S) =
affzn (crizn (S)) is given below.

Corollary 5.8 Let S be a regular set in Z". Then,
affzn (crign (S)) = affgn (ri (convgn (S))) N Z", (5.3)
if and only if
affzn (S) = affzn (crign ().
Proof Using (5.3), [14, Theorem 6.2] and [15, Lemma 1.12], we have

affzn (crign (S)) C affgn (ri (convge (S))) NZ"
= affgn (convgs (S)) NZ"
= affpn (§) N Z"
= affzn (S).

The proof follows.

Lemma 5.9 For any set S in 7",
affzn (S) = affzn (cclzn (5)) .
Proof For S C 7", we have
S C convgn (S) C affgn (S).
Therefore,
S C cclgn (S) C affgzn (S).

The desired result follows from Corollary 3.9.

For convenience, we prove the following result on a more general domain A" which
can turn into Z" or product of R and Z.

Proposition 5.10 Let T;, i = 1,2, --- , n, be nonempty closed subsets of reals and
A" denote the product T1 x Tr x --- x T,. For any set S in A", we have

convgn (S) = convge (cclyn (S)), 5.4
where

cclan (8) := convgra (S) N A™.
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Proof We may assume that S is closed in R” because
S C S C convgn(S)
implies
conves (S) = conves (3),

and hence, ccln (S) = cclan (E) Fori =1,2,---,n,let T; be the ith closed set in
the product A”. Then, the complement Tic of T; is either the empty set or the union of
countably many open intervals that do not intersect with each other, i.e., TiC = Uy Iik ,
where Il.k is an open interval, fork = 1,2, - - -, and Il.k N Il.k/ = @& for k # k’. Define

Vik ::RxRx~-inkx-..xR,
Then, we have

nC _ k
(4")" =y vi.

Along with cclgn (§) = convgs (S) N A", we have

cclpn (S) = convgr (S)\ y vE.
L,
Now, we only need to show that
convge (§) C convge (COHVRn S\ Li Vlk) 5.5
L,

since m D convgn (m\ Uik Vik) is clear.

Suppose that x = (x1,x2, -+ ,x,) € m. There are two cases: (i) x ¢ Vik
for all i, k; (ii) there exists a set J (x) C {1, 2, --- , n} such that, for eachi € J (x),
there is a unique k; satisfying x € Vl.ki . For case (i), x € m\ Uik Vl.k and
(5.5) follows. For case (ii), we know J (x) # & and for eachi € J (x), the set Iiki is
biT), where a¥', bY € T; for all i, k;. Without loss of

a finite interval. Let Il.ki = (af’ ,b;

generality, we assume that 1 € J (x). This implies that x € Vlk‘, and x] € (all‘l, blf‘)
by definition. Define the sets

i i

Ak = {y € convgn (8) @ y; = aki}

and

Bf" = {y € convgn (S) @ y; =bf"}.
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It is obvious that Alfl N Vlk = @& and Bi” al Vlk =g forallk =1,2,---. We note
also that x € convgn (§) N Vlk "and SN Vlk1 = @. Considering the special structure
of Vlk ! it is impossible that the set convgs (S) N Vlk ! has any extreme points. Actually,
convgr (S) N Vlk ! is the union of line segments between the points of A]f' and Blfl.

k k
Thus, there must exist points yAll S Alfl and yBll S Blf' such that x is a convex

k k k k
combination of yAll and yBll. Note that 1 ¢ J (yA11> and 1 ¢ J (y311> since
Alf] N Vlk = @ and Blf' N Vlk =@ forallk = 1,2, .. This shows that

X € COnvpn (COHVRn S\ k}.{) V{‘) .

k k -
We may assume, w.l.o.g., that 2 € J (yAl1 ) This implies that yAl1 € convge (S) N

. . ki gk
V2k 2. Then, we may conclude the existence of two points y41 42" Alf] N Agz and

ki gk k k ko, . kg ky ky pky
yA-B" e AT N B5? such that yA1' is a convex combination of yA1 42" and yA1 52",

k
Similar arguments can be applied to y? 1" This shows that
X € convpn <coann (S)\LkJ (Vlk U Vé‘)) .

We can continue this procedure to eliminate all Vik from convge (§). This means we
have at most 2" points in convge (S)\ U; x Vik such that x is a convex combination of
them. Therefore, x € convg: (convre (S)\ U; x Vl.k). This completes the proof.

Proposition 5.11 [f S is an integrally closed set in 7, i.e., S = cclzn (S), then
Wgn(é’) = convp: (S).
Corollary 5.12 Forany S C 7", cclgn (S) is an integrally closed set in 7", i.e.,
cclyn (cclzn (S)) = cclgn (S) . (5.6)

Proof For S C 7", (5.4) implies that

cclyn (cclgn (S)) = convgn (cclzn (S)) N Z"
= convpn (S) N Z"
= CC]Zn (S) .

Example 5.13 Consider the convex set S = {(0, 1)}U{(x, 0) : x € Z}in Z?. We know

S #convpa(S) NZ* = {(x,y) :x € Z, ye{0,1}}.
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Clearly, WRz(S) is the closed strip
convga(S) ={(x,y):xe€R and 0<y <1},
which does not coincide with the set
convp2(S) = {(x,y) :xe€R and 0<y<1}.
However, we have
convg2(S) = convpga (W N Zz) ,

i.e., (5.4) holds.

Corollary 5.14 Let S be a nonempty set in Z". If
ri (convgn (S)) = convgn (11 (convge (S)) N Z™), 5.7

then CriZn (S) # .

Proof 1f crizn S = ri (convgrn(S)) N Z" = &, then the right hand side of (5.7) will
be an empty set, while ri (convrn (S)) # @ can be inferred by Hadjisavvas et al. [15,
Lemma 1.13]. This completes the proof.

Note that the set S = (x, x) : x € Z satisfies (5.7).

Corollary 5.15 For any set S in Z" satisfying (5.7),
crign (crign (S)) = crign (S) .
Proof By (5.7) and [15, Relation (1.24), p. 17], we know that

crizn (crizn (S)) = 1i (convn (ri (convgn (5)) N Z")) N Z"
= ri (ri (convg (5))) N Z"
= ri (convg (S)) N Z"
— crign ().

Remark 5.16 In continuous case, a nonempty convex set always have a nonempty
relative interior. However, in the discrete case a nonempty convex set in Z" may have
an empty convex-relative interior. For example, the nonempty convex set S = {0, 1}
in Z has criz (S) = &. Thus, the convexity of a nonempty set S in Z" is not a
sufficient condition to have a nonempty convex-relative interior. Furthermore, the
relation (5.7) is not a necessary condition for a nonempty convex set S in Z" to
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have nonempty convex-relative interior criz» (S). To see this, consider the convex set
S=1{(a,b):be{0,1} and a € Z} U{(0,2)} in Z* with

convgn (ri (convgn(S)) NZ") = {(a,b) :b=1 and a € R}
2 1i (convyn (S))
={(a,b):b€(0,2) and a € R}.

Theorem 5.17 For any set S in 7",

crizn (cclzn (S)) = crign (S) . (5.8)
and

cclyn (crigzn (S)) C cclzn (S).
Moreover, if S satisfies (5.7), then

cclyn (crign (S)) = cclgn (S) . 5.9
Proof By Rockafellar [14, Theorem 6.3] and (5.4), we have

crign (cclzn (8)) = ri (convgn (cclzn (S))) NZ"*
=ri (coann (S)) nZz"
= 1i (convgn (S)) N Z"

= crign (S).

Moreover, for S C Z", we have

cclyn (crign (8)) = convge (ri (convgs (S)) N Z") N Z"
C ri (convgn (S)) N Z"
= convgr (S) N Z"
= cclgn (S).

If (5.7) holds, the last inclusion relation above turns into equality relation. This proves
(5.9).

Theorem 5.18 Let S| C Z" and S» C Z™ be convex sets, then
crign+m (S1 X §3) = crign (S1) X crigm (82) .
Proof By Hadjisavvas et al. [15, Eq. (1.22)], we have

ri (convgs (S1) X convre (82)) = ri (convgn (S7)) X ri (convgn (S53)) .
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Consequently,

crignim (S1 X Sp) = 1i (convgn (S x Sp)) N Z"+™
= 1i (convp (S1) X convgs (S2)) N Z"H™
= (ri (convgn (S1)) X 1i (convge (S2))) N Z"™
= (ri (convgr (81)) N Z") x (ri (convgn (S2)) N Z™)
= crign (S1) X crigm (7).

6 Constructing a Convex Function on R” Using a Convex Function on Z"

We know by Lemma 2.7 that, for any convex set S in Z", there is a convex set C
in R” such that S = C N Z". In this section, we show that, for any convex function
f defined on Z", there is a convex function defined on R” whose restriction to Z"
coincides with f.

Let f be a function on the discrete domain Z". By [14, Theorem 5.3], we know
that the function given by

convgn (f) (x) :=inf {y € R: (x, y) € convga+i (epi (f))} 6.1)
is a convex function on R" with the understanding that the inf@ = +o00. Hereafter,

convge (f) is called the convex hull function of f on R".
Observe that, for the inner epigraph of convg: (f),

epi (convgn (f)) € convguri (epi () < epi (convan (f)) . 6.2)
Lemma 6.1 For any function f : 7" — [—00, o],
dom (convge (f)) = convgrs (dom (f)). (6.3)

Proof Let x € dom (convg: (f)), then (x,r) € convpa+i (epi(f)) for any r >
convgr (f) (x). This implies that

x €y (convga+1 (epi (f)))
= convge (711 (epi (f)))
= convgn (dom (f)).

Conversely, if x € convr (dom (f)), then we have

x € convge (11 (epi (f)))
= 1 (convga+1 (epi (f)))
C 71 (epi (convrn (f)))
= dom (convg: (f)).
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Definition 6.2 (Convex hull function on Z") For any function f : Z" — [—o00, o],
the function f, : Z" — [—00, oo] defined by

Jfe(x) = convgn (f)|zn (x) (6.4)

is called the convex hull function of f on Z", where convg: ( f)|7» denotes the restric-
tion of the function convgs (f) to Z".

Notice that
fe(x) =inf{y e R: (x,y) € convznxr(epi ()}, (6.5)
where
convzr g (epi (f)) := convga+1 (epi (f)) N (Z" x R).

Lemma 6.3 Forany function f : 7' — [—00, 0], f. is the greatest convex function
on Z" dominated by f. Moreover, it follows that

epi (fo) € convzn g (epi (f)) < epi (fo). 6.6)
dom (f;) = dom (convgn (f)) NZ" = convy: (dom (f)), 6.7)

and
crize (dom (fc)) = crizn (dom (f)) . (6.8)

Proof 1f h is convex on Z" and h < f, then
convzn g (epi (f)) € convznxr (epi(h)) = epi(h).

This shows that f, is the greatest convex function on Z" dominated by f. Using (6.5),
we can easily verify (6.6). To show (6.7), (6.3) and (6.4) lead to

dom ( f.) = dom (convg: (f)) NZ"
= convge (dom (f)) N Z"
= convzx (dom (f)).

Then, (6.8) follows by

crizn (dom (f,)) = ri (convgn (dom f,)) N Z"
= ri (convgs (convgs (dom (f)) NZ")) NZ"
C ri (convge (convgs (dom (f)))) N Z"
=i (convgs (dom (f))) NZ"
= crign (dom (f)) .
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On the other hand, (6.7) and Lemma 5.4 imply that
dom (f) < dom (fc)
and

affz» (dom (f)) = affz» (convz: (dom (f)))
= affz» (dom (f¢)) .

Using the monotonicity of the operator criz:, we have
crizn (dom (f)) C crign (dom fe) .

The proof then follows.

Remark 6.4 This lemma and Corollary 4.23 offer an alternative representation of the
function f;. by

Jfe (x) = sup {h(x) :h < f and hisaconvex function on Z”} . (6.9)

Observe that

convpa+i(epi (f)) € epi (convrn (f)) € convgati (epi (f)). (6.10)
Together with [14, Theorem 6.3], we have
ri (convga+1 (epi (f))) = ri (epi (convg (f))) (6.11)
and

convz: xR (epi (f)) € epi(fe) € cclznxr(epi (f)), (6.12)

where

cclznwr(epi (f)) := convpa+1 (epi (f)) N (Z" X R) .
Theorem 6.5 f is a convex function on 7" if and only if
fc = f

Proof Corollary 4.8 proves the necessity part. For the sufficiency part, if f is convex
on Z", then

epi (f) = convga+1 (epi (f)) N (Z" x R).

Therefore, forany x € Z", {y € R: (x, y) € convpu+i1(epi (f))} ={y e R: (x,y) €
epi (f)}. The rest of the proof follows from (4.2) and (6.1).
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Corollary 6.6 For a convex function f on 7"

dom (fe) =dom (f) and epi(fe) =epi(f).

Lemma 6.7 Let f : 7" — [—00, 00] be a function with nonempty effective domain. If
convgr (f) (x0) = —ooforsomexy € dom (convg: (f)), thenconvy: (f) (x) = —o0
forall x € ri (dom (convrn (f))).

Proof Since convyr (f) (xg) = —oo at xg € dom (convgre (f)), by Rockafellar [14,
Theorem 6.4], we know that, for any x € ri (dom (convgrn (f))), thereisascalarn > 1
such that

y = (1 —n)xo + nx € dom (convr: (f)) .

1

Letting n~' = A, we have

x=Axo+ ({1 =Xy, r2€(@1).
The convexity of convgr (f) and Theorem 4.18 lead to
convp: (f) (x) < Aa + (1 —X1)B,

foralla € Rand 8 > convre (f) (). This is possible only if convg: (f) (x) = —o0.
The proof follows.

Theorem 6.8 If f is a proper convex function on Z", then convgn (f) is a proper
convex function on R".

Proof Since f is a proper convex function on Z", we have f > —oo and, by Theo-
rem 6.5,

f(x) =convgrn (f) (x) > —oco forevery x € dom (f).

This is especially true for all x € dom (f) Nri (dom (convg: (f))). By the contrapos-
itive of Lemma 6.7, we know

convre (f) (x) > —oo forevery x € dom (convgn (f)).

Moreover, by the properness of f on Z", we have at least one x; € Z" such that
f(x1) = convprn (f) (x1) < oo. Thus, convgr (f) is a proper convex function on R”.

The next result is a direct consequence of Corollary 4.8 and (6.4).

Corollary 6.9 Forany function f : Z" — [—00, 00], ifconvgn (f) is a proper convex
function on R", then f. is a proper convex function on Z".

Using the contrapositive of the above given result, we get the following:
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Corollary 6.10 If f is an improper convex function on 7", then convgn (f) is an
improper convex function on R".

Recall the next result in conventional convex analysis.

Lemma 6.11 ([15, Lemma 1.35]) If g : R" — [—o00, 00] is a convex function with
dom (g) # O, thenri(epi(g)) # & and

ri (epi (g)) = {(x, y) eR™! . g(x) <y and x € ri(dom (g))}.

This leads to the next result.

Lemma 6.12 [f f : 7" — [—00, 00] is convex on Z" with crizn (dom (f)) # &,
then crizn «r (epi (f)) # & and

criznxr (epi () = {(x,y) € Z" x R: f(x) <y and x € crign (dom (f))} .
Proof Since f is convex on Z", f(x) = convgs (f) (x) forall x € Z". If
(x.y) e{x.y)eZ"xR: f(x) <y and x € crizs (dom (f))},
then

x € crign (dom (f))
= r1i (convgs (dom (f))) N Z"
= ri (dom (convgs (f))) NZ".

Since f(x) = convgrn (f) (x) < y, the preceding lemma along with (6.11) implies

(x,y) €ri(epi(convge (f))) N (Z" x R)
= ri (convga+1 (epi (f))) N (Z" x R)
= criznxr (epi (f)) -

Using the same arguments, we can verify that
criznxr (epi (f)) € {(x.y) € Z" xR: f(x) <y and x € crize (dom ()} .

Definition 6.13 (Positively homogeneous function in Z") A function f on Z" is said
to be positively homogeneous (of degree 1) if

SOx) =Af(x)
holds for all x € Z" and A > O such that Ax € Z".

Theorem 6.14 A function f on Z" is positively homogeneous if and only if epi (f) is
aconeinZ" x R.
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7 Convex-Lower Semi Continuity on 2"

In this section, we define the concept of convex-lower semi continuity for functions
defined on Z". This concept will play an essential role in studying the dual represen-
tation of functions on Z".

Recall the definition of lower-semi-continuity in classical convex analysis.

Definition 7.1 (Ls.c. Hull function on R") For a function g : R" — [—00, 00], the
function g : R" — [—o00, oo] defined by

g(0) :=inf{y e R: (x,y) € epi(g)} (7.1)

is called the lower-semi-continuous hull (or 1.s.c. hull) function of g on R". We say
g : R" — [—00, 00] is lower-semi-continuous, if g(x) = g(x) for all x € R".

Itis clear that, for a function g : R" — [—00, o0], epi (g) = epi (g) and dom (g) &
dom (g) € dom (g), see [15, Lemma 1.31]. Also notice that, for a function f : Z" —
[—o0, 00], (5.4) leads to that

convga+1 (epi (f)) = convpa+1 (COHVR)H»I (epi (f) N (Z" X R)) . (7.2)

Definition 7.2 (Ls.c.-Convex hull function on 7Z") For a function f : Z" —
[—o0, o], the function fis. : R" — [—00, co] defined by

fise(x) := inf {y eR: (x,y) € convgre (epi (f))} (1.3)

is called the 1.s.c.-convex hull function of f on R”. The l.s.c.-convex hull function of
f onZ", denoted fz, is defined to be the restriction of fis. to Z", i.e.,

Siselzn = fe (7.4)

where fisc|z» is the restriction of fis. to Z". We say the function f : Z" — [—00, 00]
is convex-lower semi continuous or convex-l.s.c., if fz(x) = f (x) for all x € Z".
In particular, we say f : Z" — [—o00, 00] is convex-l.s.c. at a point xg € Z" if
fe (xo0) = f (xo) holds.

From (7.3), we see that the function fz can alternatively be expressed as
fe(x) =inf{y e R: (x,y) € cclznxr (epi (f))}, Vx € Z". (1.5)

Lemma 7.3 For any function f : 7" — [—00, o], the L.s.c.-convex hull function fz
is the greatest convex-L.s.c. function on 7" dominated by f. Moreover,

epi (fe) = cclznxr (epi (fc)) = cclznxr (epi (/) (7.6)
dom (fc) € dom (fe) € cclzn (dom (f)), (1.7)
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and
crizn (dom (f;)) = crize (dom (f)) = crizn (dom (fz)) .

Proof From (6.10), we have

epi( fisc) = convpa+1(epi (f)) = epi (convrn (f)). (7.8)

From (7.2), we further have

epi (fz) = convga+1(epi (f)) N (Z" X R) = cclzn«r (epi (f))
= cclznxr (epi (fe)) - (7.9)

Denote by y = fz and apply (7.2), we see that

epi (ve) = cclznxr (epi ()
= cclznxr (epi (f2))
= cclznxr (celznxr (epi (f)))
= cclyn R (epi (f))
= epi (fe)
=epi(y).

Hence the function fz is convex-l.s.c. on Z". If h < f and A is convex-l.s.c. on Z",
then

cclznxr (epi (f)) € cclznxr (epi (h)) = epi (he) = epi (k).
It follows that & < f-.
Since epi (f+) C epi (f2), we know that
dom (f) = my (epi (fc)) € 71 (epi (fe)) = dom (fe) .

The relation of dom ( fz) C cclz» (dom (f)) can be obtained from (6.3) and

dom (fz) = 7y (epi( fisc)) N 2"

1 (&7 (comvar (70) N 2"
71 (epi (convgn ())) N Z"
dom (convgn (f)) NZ"

= convge (dom (f)) N Z"

= cclyzn (dom (f)) .

N
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Finally, Lemma 5.9 and (7.7) lead to that
affzn (dom (f)) = affz» (dom (f;)) = affz» (dom (fz)) .
Using Remark (5.2), (7.7), and Theorem 5.17, we have

crign (dom (f)) < crize (dom (f¢))
C crizy (dom (fe))
C crign (cclzy (dom (f)))
C crign (dom (f)).

This completes the proof.

For a function f : Z" — [—o00, 00], the previous lemma and Corollary 4.23 lead
to

fe(x) =sup{h(x) :h < f and hisconvex-ls.c.onZ"}, VxeZ". (7.10)
Combining (7.1) and (7.8), we have
Jise = convgn (f), (7.11)
and, therefore,
fise(x) = sup {h(x) :h < convge (f) and h is convex and L.s.c. on R"} , Vx e R".

In preparation for the next result, we recall the following definition from continuous
case:

Definition 7.4 ([15, Definition 1.14] and [15, Definition 1.21]) Let g : R" —
[—o0, oo] be a function. The convex hull g, and the 1.s.c.-convex hull gz of the function
g are defined by

gc (x) :=inf {r : (x,r) € convgn (epi f)}
and

gz (x) :=inf {r i (x,r) € W} ,
respectively.

It is known from [15, Lemma 1.26] and [15, Lemma 1.37] that g. is the greatest
convex function on R" dominated by g and gz is the greatest convex and lower-semi-
continuous function dominated by g.
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Lemma 7.5 For any function f : Z" — [—00, 00], we have
convgr (fz) = convgr (f) = (conver (f))z. (7.12)

Proof By the convexity of convrn (f), we know that

convgr (f) = (convg: (f)), - (7.13)
By (7.2), (7.1), and (7.8), we have

convgr (fz) = convgr (f).
From [15, Relation 1.66, p. 41], we know that, for any function g : R" — [—o00, <],
8c = 8c-

This and (7.13) imply that

conven (f) = (convin (f))z-

Theorem 7.6 For any function f : 7' — [—o00, 00], f is convex-Ls.c. on Z" if and
only epi (f) is integrally closed in " x R, i.e., cclznxr (epi (f)) = epi (f).

Proof It is a direct consequence of (7.5) and Lemma 7.3.

Corollary 7.7 For a function [ : 7' — [—00, 0], f is convex-l.s.c. on Z", then the
level set

L(f a)= {x e?Z": f(x) Sa}

is integrally closed in Z" for each a € R, i.e.,

cclyn (L (f,@)) =L (f,a), YaeR.
Proof If f is convex-l.s.c. on Z", then the previous theorem says that

cclznxr (epi (f)) =epi(f).

Together with (7.2), we have

conVga+1 (epi f) = convgati (epi f) .
Consequently,

convgr (f) = convgn (f),
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which means convge (f) isl.s.c. on R"”. Now, forany « € Rand x € cclz: (L (f, @)),
we know x € Z" and there is a sequence of points {x,,} in convrs (L(f, @)) converging
to x. Since

convprr (L(f, ®)) € L(convgs (f), ),

we have

convy: (f) (xp) < a.

The lower semi-continuity of convr» (f) at x,, implies that,

J (x) = convpn (f) (x) < .
Therefore, x € L (f, «).

Remark 7.8 We know by Hadjisavvas et al. [15, Theorem 1.7] that g : R" —
[—o0, 0o] is L.s.c. if and only if epi (g) is closed. However, for a function f : Z" —
[—o0, o], the closeness of epi (/) may not imply that f is convex-l.s.c. Consider the
function f : 72— [—00, 0o] defined by

0, ifx=y=0,
fx,y)=3 00, ifx=0 and y #0,
0, ifx#0 and yeZ.

Obviously,

epi (f) ={(0,0,z2) : z € [0, 0)}
Uf{(x,y,2):(x,y) € (Z—-1{0})) xZ and z € [0,00)}

2)(
=) "

but

cclyr g (epi () = {(x,y,z) S(r,y)eZ* and ze€l0, oo)} T

——72xR . .. . .
where epi (f) “* indicates the closure of the set epi (f) with respect to subspace
topology on Z? x R. From the previous theorem, we know that f is not convex-l.s.c.

8 Conjugate and Biconjugate of Functions on Z"

Conjugate and biconjugate (conjugate of conjugate) of functions on Z" are keys to
duality. In this section, we introduce the corresponding concepts and properties.
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Definition 8.1 Let f : Z" — [—o0o, 0] and a : R — R. If a(x) = (x, y) + b, for
some y € R"and b € R, and f(x) > a(x), Vx € Z", then the function « is called an
affine minorant of function f. The set of all affine minorants of a given function f on
7" (possibly being empty) is denoted by Af.

Lemma 8.2 For any function f : 7" — [—o00, o], Afe = Af. = Af.

Proof Without loss of generality, we assume that Af # @. Since frz < f. < f, we
know Af: € Af. € Af.Foranya € Af,weknow thata < f and a is continuous and
convex on R”. Then, relation (7.10) implies that a < fz and, consequently, a € Afe.

Lemma 8.3 If f : Z" — [—o0, 00] is convex-1.s.c. on 7", then

(convgn (f))z = conves (f). 8.1

Proof When f is convex-l.s.c., we have f = fz. Together with (7.6), we see that

epi (f) = epi (fe) = cclznxr (epi (f)) -

Consequently,

convga+1 (epi (f)) = convga+t (cclzzxr (epi (f))) = convpa+1 (epi (f)). (8.2)

Combining (7.2), (7.3) and (8.2), we may obtain (8.1).

Recall the next result in conventional convex analysis.

Lemma 8.4 ([15, Lemma 1.40]) For any g : R" — [—o0, 00], if |gz(x0)| < 0o at
some xo € R", then the set Ag # @.

This lemma leads to the next result.

Corollary 8.5 For any f : Z" — [—o00, o], if | fe(x0)| < oo at some xog € Z",

Af #a.
Proof Since fz(xg) < oo at xg € Z", by (7.2) and (7.12), we have

(convgn (f))z (x0) = convre (fz) (x0) = fz(x0) < o0.

The previous lemma implies that Aconvg (f) # &, i.e., there is an affine function a
on R” such that

a(x) <convg (f) (x) forall x e R".
Therefore,
a(x) <convg (f) (x) < f(x) forall xeZ",

ie,a € Af.
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A direct consequence of (7.11) and [15, Lemma 1.36] gives the next result.

Corollary 8.6 For any function f : 7" — [—00, co] with dom (f) # &,

(convge (f))z(x) = convgn (f) (x) forall x € ri(dom (convg: (f))).
Moreover, if crign (dom (f)) # O, then
fe(x) = fe(x) forall x e crign (dom (f)).

This leads to the next result.

Lemma 8.7 For any function f : 7' — [—00, 00], the following conditions are
equivalent:

(i) The set Af # @.

@) fe () > —oo.

(iii) fz(-) > —oo0.

Proof If Af # O, then, for any a € Af, relation (7.10) implies that fz(x) >
a(x) for allx € Z". Therefore (i) = (iii). Since fz < f¢, (iii) = (ii) is clear.

To show (ii) = (i), we assume f.(-) > —oo. From the first part of the proof of
Theorem 6.8, we have

—o00 < convge (fe) = (convge (f)), .
If dom (f;) = @, then f = oo and, clearly, Af # @.If dom (f.) # &, then by (6.3)
convrr (dom (f.)) = dom (convg: (f.)) = dom (convpre (f)),
which implies that dom (convge (f)) is a nonempty convex set with

ri (dom (convg: (f))) # @&

since every nonempty convex set in R” is regular. By Corollary 8.6, for xo €
ri (dom (convp= (f))), we have

—00 < (convgr (f)), (x0) = (convgn (f))z (x0) < 0.

Letting ¢ = convgr: (f) in Lemma 8.4, we have Aconvgr: (f) # &. Thus,
convpe (f) < fonZ" and Af # &. This completes the proof.

Definition 8.8 I" (Z") denotes the set of all proper convex-lower semi-continuous
functions f : Z" — (—o0, o], i.e., f is convex-l.s.c. on Z" and f > —oo0.

Recall the so-called Minkowski’s theorem in conventional convex analysis.
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Theorem 8.9 For any function g : R" — [—00, 00],
g e I'R") ifandonlyif Ag # @ and g(x) =supfa(x):a e Ag}.

A similar theorem can be deduced for the discrete case.

Theorem 8.10 For any function f : 7" — [—00, o],
fer(z") ifandonlyif Af# @ and f(x)=supfa(x):ac Af}.
Proof (=) For f (x) =supla(x):a € Af} with Af # O,
ax) < fe(x) < f(x) forall ae Af and x eZ".
This implies that fz (x) = f (x) forallx € Z" and f > —o0,i.e., f € I (Z").

(<) Observe that, for f € I' (Z"), fe = f > —oo and, shown by Lemma 8.7,
Af # @. Therefore,
fx) Z=supla(x):ae Af} > —oo0.
Suppose that f (xg) > sup{a (xg) : a € Af} for some xo € Z", then the inclusion

relation of Aconvg: (f) € Af implies that

f (x0) > sup{a (xo) : a € Aconvpn (f)}
= convgr (f) (x0)

= f(x0),

where the first equality is obtained by (8.1) and Theorem 8.9. This leads to a contra-
diction and completes the proof.

This theorem and Lemma 8.2 lead to the next result.
Corollary 8.11 If f : 7" — [—o00, 00] and f¢ > —o0, then
Af #@ and fe(x) =supf{a(x):a e Af}.

Proof By the previous theorem, we have fz = sup{a (x) : a € Afs} with Afz # .
The desired result follows from Lemma 8.2.

Definition 8.12 (Conjugate/biconjugate of functions on Z'*) For any given function
fonZ"ie., f: Z" — [—00, 00], its conjugate is the function f* : R” — [—o0, 00]
defined by

Sry) =sup{(x,y) = f(x):x €eZ"}. (8.3)
The function Z*,T 1 Z" — [—00, 00] defined by

[ @) =sup{(y,x) — f*(») :y e R"} (8.4)
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is called the biconjugate of function f on Z".

By the above definition, it is clear that the conjugate function f* is convex and lower
semi-continuous on R". Moreover, if the function f : Z" — [—o0, co] is proper and
Af # @, then it is easy to prove that f* is proper.

Remark 8.13 In our definition, for a function on Z", its conjugate is a function on R"

and its biconjugate is a function on Z". For example, if f(x) = %xz defined on Z (the
set of integers), then (see [12])

Na6)) =Sup{yx—%x2:x eZ}

B 1112VGR
=y|(y=3|=5(Y—3|  WeR

Moreover,

[ @) =sup{yx — f*(») : y €R}

1
= Exz = f(x), VxeZ.

The following result is a direct consequence of (8.3).

Lemma 8.14 (Fenchel’s inequality) For any proper function f : Z" — (—o00, 00],
we have

(x, )< fx)+ f*(y) forall x €¢Z" and y e R".
Lemma 8.15 Let [ : Z" — [—00, o0] with Af # @, then
(y,r) €epi(f*) ifandonlyif a(x):=(x,y)—recAf.

Moreover,

fon (x) =supfa(x):a € Af} forall x e Z". (8.5)
Proof Leta(x) = (x,y) —randa € Af,thena (x) < f (x) forall x € Z", and

> ) =sup e y) - f @) ix e 27

Therefore, (y,r) € epi(f*). Conversely, if (y,r) € epi(f*), we know that r >

f* (y) and, consequently, a (x) = (x,y) —r < f (x) forall x € Z".
To prove (8.5), by the definition of epi (f*), we know that

fﬁ(x):sup{(y,x)—r:(y,r)Eepi(f*)} forall x eZ".
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The first part of the proof leads to
foi(x) =supla(x):a e Af} forall xeZ".

Definition 8.16 (Convex-closure function of a function on 7"') Let f : Z" —
[—o0, oo] be a function on Z", its convex-closure function is defined as cclzn (f) :
7" — [—o0, oo] with

fE! lf fE > —00,
—00, otherwise.

celzn (f) == {

Clearly, the function cclz» (f) is convex-l.s.c. on Z" (see the first part of the proof
of Lemma 7.3) and cclz: (f) (-) < fz(-).

Theorem 8.17 Forany f : 7" — [—00, 00], if f is convex on Z", then
(cclgn (fN* (x) = f*(x) forall x € Z". (8.6)

Proof If f- > —oo, then we have (cclz:(f)* = (f)* > f* and Af # O
by Lemma 8.7. If (f2)* (yo) > f* (yo) for some yo € R”", then we would have
(yo, /" (y0)) ¢ epi (f¢), and hence,

(x,y0) — [* (o) ¢ Afe = Af

by Lemmas 8.2 and 8.15. This means, (xg, yo) — f* (yo) > f (x¢) for some x¢ € Z",
which is impossible since f > —oo (see Lemma 8.14). Hence, we have

(cclzn ()" = (f)" = .
If fz > —oc is not true, then by Lemma 8.7 we know that f. (£9) = —oo for some
%0 € Z". Since f is convex, we have f; (%) = f (£9) = —oc. This along with (8.3)

yields f* = +o00 = (cclzn (f))*. This completes the proof.

Definition 8.18 Let f : Z" — [—o00, 00] be a function. f is integrally closed on Z"
if

f(x)=cclgn (f) (x) forall x e Z".

Remark 8.19 1If f : 7" — (—o0, 00] is a proper convex function, then, by (7.9) and
Lemma 8.7, we have

cclznxr (epi (f)) = epi (fe) = epi(cclzn (f)) .
Theorem 7.6 implies that, for a proper convex function, the integrally closeness is

equivalent to convex-lower semi continuity. However, the integrally closed improper
functions are the constant functions of —oo and oo only.
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n

Theorem 8.20 (Fenchel-Moreau theorem on Z") For any function f : 7' —
[_005 OO],

fon (x) =cclzn (f) (x) forall x € Z".
Proof (1) If fz(x9) = —oo for some xo € Z", then we claim that f* = oo. If this is

not true, i.e., f* (yg) < oo at some yg € R”, then there exists some » € R such
that

r>={x,y0)— f(x) forall xeZ".

Consequently, the function a (x) = (x, yo) —r € Af. By Lemma 8.7, we know
that fz > —oo which causes a contradiction. Now, since f* = oo, we know

7n = —00. By Definition 8.16, we have f7 = cclzn (f).

(i) If fz(x) > —oo for all x € Z", then by Theorem 8.10 we have Af # @ and
fe(x) =supfa(x):aecAf}.
From Lemmas 8.15, 8.7 and (8.5), we have

fzn (x) =supfa (x) :a € Af}
= fe(x)
=cclz (f) (x) forall x e Z".

Lemma 8.21 Let f : Z" — (—00, 00] be a proper convex-L.s.c. and positively homo-
geneous functiononZ" andC = {y € R" : f* (y) < 0}.Then, C is anonempty closed
convex set in R" and

f(x)=sup{{x,y):yeC} forall x eZ".
Proof By Theorem 8.20, we have

f) = for@x) = suﬂg{(x,y)—f*(y)} forall x e Z". (8.7
yeR”

Since f is positively homogeneous,

af* (y) = sup {{ax,y) — f (@x)} = f*(y)

xeZh

forall « € Nand y € R”. This implies that
f*(y) € {=00,0,00}. (8.8)

If f*(y) = oo, then f; (x) = —oo for all x € Z". By (8.7), we have f = —o0,
which contradicts the assumption of f > —oo. Therefore, f* is not identical to co
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and (8.8) implies that C # @. Again, by (8.7), we have
f @) = f7 0= swp {(r3) = f7 0} =sup (xy) - forall xeZ".
ye

6”

Since the function f* is convex and L.s.c. on R”, C is a closed and convex subset of
R™.

Definition 8.22 (Subgradient of a function on 7Z") Let f : Z" — [—o00, 00] and
xo € Z", the set

dfzr (x0) = {yo € R" : f(x) = f (x0) + (x —x0, yo) forall xeZ"}
is called the subgradient set of f at the point xg € Z".

Lemma 8.23 Let [ : Z" — [—o00, oo] with | f(x¢)| < oo at some xg € 7", then

yo € dfzn (xo) if andonlyif f (x0) + f* (yo) = (x0, Yo) -

Proof 1f yg € dfzn (x0), by definition, f(x) > f (xo) + (x — x¢, yo) forall x € Z".
Since —o00 < f (x0) < 00, wehave (xg, yo)— f (x0) = (x, yo)— f (x) forall x € Z".
By the definition of f* (yg), we have (xg, yo) — f (x0) = f* (o).

If f (x0) + f* (yo) = {x0, yo) holds for some yy € R", then (8.3) implies that

f (x0) = (x0, yo) = —f* (yo)
< f(x) —(x,y0) forall xeZ".

Thus we have yog € dfz (xo).
Recall the next result in conventional convex analysis.

Theorem 8.24 ([15, Theorem 1.13]) If the function g : R" — [—00, 00] is convex
and —oo0 < g (xg) < oo at some xq € ri (dom f), then 9g (x9) # 9.

A similar result holds for the functions on Z".

Theorem 8.25 If function f : 7" — [—00, 00] is convex on ZI" and —oo0 < f (x9) <
o0 at some xqy € crign (dom f), then dfzn (xg) #= .

Proof Since crizn (dom f) = ri (dom (convre (f))) NZ", letting g = convgs (f) in
the previous theorem, we know the existence of yg € R” such that

convrn (f) (x) = f (x0) + {(x — x0, yo) forall x e R".
Noticing that convge (f)|z» = f, we have
f(x) = f(x0) + (x —x0,y0) forall xeZ".

Consequently, dfz (xo) # .
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9 Optimization and Duality

In this section, we show how the results of convex analysis on discrete domains can
be used for solving optimization problems. In particular, we introduce a dual problem
of the optimization problem on a discrete domain.

9.1 Duality Theory

Let f : Z" — [—00, oo] be an arbitrary function and consider the following primal
optimization problem:

v(P) :=inf{f (x):x e€Z"}. (P)

We let m be a positive integer, and we associate the function f with a function F :
7" x 7" — [—o0, 00] satisfying F (x,0) = f(x) for all x € Z". Consider a
perturbation function p : Z™ — [—00, co] defined by

p(y)=inf {F(x,y):x €Z"}. 9.1)
Obviously, we see that

p0)=v(P).

Using the conjugate function of p(-), we define a dual problem of (P) as below.
Definition 9.1 [Dual problem of (P)] The dual problem of problem (P) is

v(D) = sup{—p*(a)):a)eRm}, (D)
where p* is the conjugate function of p defined in Definition 8.12.

Observe that Definition 8.12 along with (D) yields

i (0) = sup (—p* (@) = v (D). 9.2)

weR™M

Since

p0) = —{{w,0) — p0)}
= — sup {{w,y) — p (M}
yezm
=-p"(v)

for all w € R™, we have

p(0) > sup {—p* (@)} = pin (0).

weR™M
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Putting things together with (9.2), we have the following weak duality property:
v(D) = pzm (0) < p(0) =v (P). 9.3)
We would like to figure out some conditions for the equality v (P) = v (D) to hold.
Notice that if v (P) = —o0, then (9.3) implies that v (D) = —oo and every w € R™
is an optimal solution to the dual problem (D). Therefore, we only need to investigate

the case of v (P) > —oo. The case v(P) = oo can be illustrated similar to [15,
Example 1.16]. Hereafter, we study the case of v (P) < oo.

Theorem 9.2 Assume that function p : 7" — [—o00, 00] is convex and p (0) =
v (P) < o0. Then, we have

v(P)=v (D) ifandonlyif pisconvex-l.s.c.at0.
Proof 1f p is convex-l.s.c. at 0, then
pe(0) = p(0) < oo,

and Ap # @ by Corollary 8.5. Using Lemma 8.7, we have ps > —oo. Along with
Definition 8.16, we see

cclzn (p) (0) = pe (0).
Fenchel-Moreau theorem (Theorem 8.20) implies that
v (P) = p(0) = pz (0) = cclzn (p) (0) = pzm (0) = v (D).
Conversely, if v (P) = v (D), then
p(0) =v(P)=v(D) = pym (0) = cclzn (p) (0),
which shows that cclz» (p) (0) is finite. It follows from Definition 8.16 that

cclzn (p) (0) = pz(0) = p(0) and p(-) is convex-l.s.c. at 0. This completes the
proof.

The above result immediately leads to a sufficient condition for zero duality gap in
the next.

Corollary 9.3 Assume that function p : Z™ — [—00, 00] is convex and p (0) =
v(P) <oo If

0ec Crizm (dOm (P)) )

then the dual problem (D) has an optimal solution and v (P) = v (D).
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Proof If 0 € crigm (dom (p)) and p (0) is finite, then Theorem 8.25 says that
apzn (0) # @.By Lemma 8.23, itis easy to verify that any wg € dpz» (0) is an optimal
solution of the dual problem. Furthermore, Corollary 8.6 leads to p (0) = pz (0). The
preceding theorem implies that v (P) = v (D), which completes the proof.

Let f : Z" — R be a real-valued function and g : Z" — Z™ a vector valued

function represented by g (x) := (g1 (x), g (x), -+, gn(x)), where g; : Z" — Z
fori =1,2,---, m. Consider the special case of problem (P) given by
inf {f (x): g (x) € —K]}, (P1)
xeD

where D C Z" is a nonempty set, and K C Z™ is a convex cone in Z™ such that
0e KNg(D). 9.4)

We now derive an analogue of the Lagrangian perturbation scheme for the opti-
mization problem (P1) over discrete domains. First, define a function F : Z" x Z" —
[—o0, 00] by

fx), ifxeD and gkx)e—-K+y,
00, otherwise.

Fx,y) = {
For this specific choice of F, by (9.1), we see that
p ()= inf{f(x):gx)e—K+y}. 9.5)

Note that the problem (P1) actually includes some important classes of optimization
problems shown in the following example:

Example 94 1. For f(x) = cTx and g (x) = Ax — b with A being an m x n matrix,
K = {0} and D = 7", the optimization problem (P1) reduces to the following
integer linear programming problem on a discrete domain:

inf{ch:szb,er”].

2. If m = n and g (x) = —x, then the problem (P1) reduces to the following gener-
alized geometric programming problem on a discrete domain:

inf{f(x):x € KND}.

3. If the nonempty convex cone K € Z" is chosenas K = Zf_ x {0} with0 € Z"~P
for some p < m, and D = Z", then the problem (P1) reduces to the following
nonlinear programming problems on a discrete domain:

1nf{f(x):gt(x)<0, i:1725"'5p7 gl(x):O7
p+1<i<m, x¢€D}.
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Using the representation of p(-) in (9.5), we can provide more detailed expressions
of the dual problem commonly called Lagrangian dual.

Lemma 9.5 Let K be a convex cone satisfying (9.4), D a nonempty set,
H(Z") = {y eZ" :DNg (=K + y) 7&@}
and y : R™ — R a function defined by

y )= nf |inf|f(x) —(w,y):xeDNg! {—K—l—y}”.

Then

_ Jinfrep {f () = (@, g ()}, ifw € —K¥,
y (w) = {—ooe, ifo ¢ —K*.

Proof Suppose that (9.4) holds. One may easily verify that
g(D) C H(Zm) and K C H(Z’").
We then have
y(w)= inf {inf{f(x)—(w,y):xe€eD and y=g(x)+k forkeK}}
yeH(@Z™)
=kin[f({inf{f(x)— (w,g(x)+k):xe D and
S
k=y—gx) for yeH(zZ")}}. (9.6)
If o € —K*, then (w, k) < O for all k € K. Since g (D) C H (Z™), there exists
xo € D such that yg = g (xg) € H (Z™). This means that we can choose k = 0 in the
second infimum in (9.6) to get y (w) = infyep {f (x) — (@, g (x))}.
If w ¢ —K*, then one can find a kg € K such that (w, ko) > 0 holds. Since K is
a cone in Z™, we have akg € K C H (Z™) for all « € N. Since 0 € g (D), the first

infimum in (9.6) becomes —oo.

Theorem 9.6 [Lagrangian dual of problem (P1)] Consider problem (P1) with the cone
K satisfying (9.4). When the function ® : —K* — [—00, o] is defined by

O (v) := inf {f (x) — (», g (X))},
xeD
the Lagrangian dual of optimization problem (P1) becomes

v (LD) := sup {@ (w):w € —K*} . (LD1)
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Proof By the definition of the function p, for every w € R™, we have

—p* (@) =— sup {{w,y) —p ()}

yezm

=—sup {{w,y)—inf{f(x):xeD and g(x)e —K + y}}
yezm

= — sup {sup{{w,y) — f(¥):xeD and yeg) +K})
yezm

= inf {inf {f(x) —(w,y) :x € D and yeg(x)+K}}
yezZm" | xeD
=y (o). 9.7
The rest of the proof follows from the preceding lemma.

The following is an example for illustration.

Example 9.7 Let f (x) = (x — 1)>, K = {0}, g (x) = 3x — 6 and D = Z. Clearly
(9.4) holds and (P1) becomes

1\2
v(P):inf{(x—z) :3x—6=0 and er},

which has an optimal solution x = 2 with the value %. For this choice of (P1), we have

—p* (@) =inf {f (x) — (0, g (x)) : x € D}

1\2
;rel;{(x—i) —a)(3x—6)}

inf x(x, w),
xer( )

where x (x, ) := (x — %)2 — w (3x — 6). To find the points x € Z that minimize the

function x, we need to solve
Vx(x, ) <0< Ax(x, w),
(see [12]) or, equivalently,
2x—3w—%<0<2x—3w,

where V and A are the backward and the forward difference operators, respectively.
Then, we have

1 1 1\? 3
—P* (w) = x <5 [Bw] 76!)) = ((5 Bl — 5) - (5 Bw] — 6)) ,
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where [x stands for the smallest integer greater than x. The preceding theorem leads
to the following dual Lagrangian problem:

LD) = 13 1y’ 33 6
o= i((3r1-3) —o(3r1-9) )

Obviously, this problem has an optimal solution w = % with the optimal value
9
v(P)=v (D)= T

Theorem 9.8 For the primal problem (P1), let the vector valued function h : 7' —
7" x R be

h(x) = (g(x), f(x)). 9.8)
If h (D) + (K x (0, 00)) is convex in Z™ x R and
0 € crign (g (D) + K), 9.9)

then oo > v (P1) = v (LD1) and the Lagrangian dual problem (LD1) has an optimal
solution.

Proof 1t is straightforward to show that

epi (p) = h (D) + (K x (0,00))

where epi (p) is given by (4.5). By Corollary 4.19, we know that the function p is
convex. Since dom (p) = g (D) + K, condition (9.9) along with Corollary 9.3 and
the preceding theorem yields the desired result.

9.2 Dual of Integer Linear Programming (ILP) Problem
In this subsection, we explicitly address a dual approach for solving integer linear

programming problems.
Consider the following integer linear programming (ILP) problem:

v(ILP) := inf {ch xeZ' and Ax—b< 0} (ILP)
where ¢ € R”, A is an m x n matrix and b an m-vector. This is a special case of the
problem (P1) with D = Z'|, K = Z%, and g (x) := Ax — b. Here Z, means the

set of nonnegative integers. To establish the dual problem using the convex analysis
arguments developed in the previous sections, we first need to make sure that

¢ (2) = (4 (21) -~ p) 2.
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which requires the constraint function g (x) = Ax — b to be integer valued. If the con-
straint function g is not integer valued, then we may restate the problem (ILP) in terms
of a new constraint function g*(-) : Z* — Z™ with g7 (x) := [Ax — b] forallx €
7! ,where [Ax — b] € Z™ is the vector with components that are least integers greater
than those of Ax — b. Also denote that g* (Z%) := [A (Z") — b].

Notice that, for all x € Z’jr,

Ax —b <0 ifandonlyif g% (x):=[Ax —b]<0. (9.10)
Thus, problem (ILP) is equivalent to the following:
vt (ILP) := inf {ch xeZ' and [Ax —b] < 0} . 9.11)
Let us assume that
0cgt(Z)nZy. 9.12)
Then, we can construct a dual of (9.11) by using the arguments in the preceding
sections. In the rest of this subsection, the dual of (ILP) actually means the dual of

(9.11).
By substituting

O (v) = inf {CTX — (0, 8" (x)>}

n
xeZl}

= inf {ch — (o, [Ax —lﬂ)}

n
xeZ

into (LD1), we have the following dual problem of (9.11):

v* (DILP) := sup [wa+ R (w)}, 9.13)

weR™

where

R () = inf {(c _ ATa))Tx — T ([Ax — b] — (Ax — b))}

xeZl
for weR” 9.14)

and R” is the set of vectors with nonpositive real components.

Lemma 9.9 Let R(w) be defined by (9.14), then for b € Z™ and w € R™, we have

0, ifc— ATw e R,

—o00, otherwise. 9.15)

R(w):{
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Proof Leth € Z" and w € R™. If c — ATw € R”, then

T
(c—ATa)) x— " ([Ax —b] — (Ax — b)) > 0
for all x € Z'} . Since
o' ([Ax —b] —(Ax —b)) =0 forx=0 and beZ",

we obtain R (w) = 0.
If c — ATw < 0 (i.e., if all entries of c — ATw are negative), then

T
inf {(c — ATa)) X:x€ Z’j_} = —00. (9.16)
If R (w) > —o0, then

T \T T
(c—A w) x> R() + o ([Ax — b] — (Ax — b))
>R(w) +o0'l
forall x € Z’i, where 1 is the vector whose components are all 1. Together with (9.16),
we have the desired result.
Using (9.13), we immediately have the next result.

Theorem 9.10 (Lagrangian dual of (ILP) with integral b) Let A € R"*" and b € Z™
such that 0 € g* (Z’i) N Z7. Then, the Lagrangian dual of (ILP) becomes

v (DILP) = sup {a)Tb ce—ATw > 0] . (DILP)

weR™
For an integral matrix A € Z™*", the function g¥ (x) = [Ax — b] turns into

gt (x) = Ax — |b]. With a similar procedure to that of [15, Lemma 1.57] and
combining (9.13) and (9.14), it is straightforward to prove the next result.

Theorem 9.11 (Lagrangian dual of (ILP) with integral matrix A) Assume that A €
7" is an integral matrix and b € R™ such that 0 € g+ (Zﬁ) N Z. If there exists
x € 71 such that Ax = |b], then the primal problem (ILP) is equivalent to

v(ILP) = inf{ch ‘xeZ' and Ax < Lbj}
and the Lagrangian dual of (ILP) becomes

v (DILP) = sup [a)T 6] e — ATw > 0},
weR™

where | b] is component wise greatest integer of b.
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As adirect consequence of Theorem 9.8, we may derive a discrete version of Slater’s
condition to ensure the strong duality theorem for ILP problems in the next result.

Theorem 9.12 (Strong duality for ILP) Given A € R*™™, b € R™ and ¢ € R",
consider the following primal problem:

v(ILP) := inf {ch cxeZ and Ax —b < 0} .

Assume that A = [aij]mxn andb = [b;],,« 1 such that the function g™ (x) = [Ax — b]
satisfies 0 € g© (Zi) NZ% and the function

pe () = inf {cTx i g™ () <) 9.17)
eri

is convex on Z™ or, equivalently, the region hy_p (Z'_;_) + (Z’_ﬁ x (0, oo)) is convex in
7" x R, where

e () = (Tr gt ().
If
0 < ri (conven (g7 (Z7) + Z7)), (9.18)
then
oo > v (ILP) = v (DILP) .
Theorem 9.13 (Convexity and strong duality) Let A € Z"*" be an integral matrix

and b € R™ such that the function prp defined by (9.17) is convex on Z™. Consider
the following primal problem:

v(ILP) := inf {ch cxeZ) and Ax —b < 0} .

If there exist vectors x° € Zr and x"' € (0, 00)"such that Ax° = |b| and Ax" < |b],
then we have

o0 > v (ILP) = v (DILP) = sup {w' [b] :c— ATw > 0} . (9.19)

weR™

Proof We show that all assumptions of Theorem 9.12 hold. First, let’s show that
Slater’s condition (9.18) holds. On one hand, we have

ri (COHVRm (g+ (Zi) + ZT_)) =i (COIIVRm (gJr (Z’i))) +1i (COHVRm (Zﬁ_))
=ri (coanm (gJr (Zi))) + (0, c0)".
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On the other hand for A € Z"™*" and x € 7', we always have g* (x) = Ax — |b].
This along with [15, Lemma 1.18] implies

ri (conven (g% (Z7))) = ri (conven (A (Z1}) — |b])) = Ari (R},) — [b]
= A(0,00)" — |b].

This means the Slater’s condition (9.18) reduces to
0 € ri (convgn (g7 (Z1) + Z7)) = A (0, 00)" — |b] + (0, 00)",

which already holds since Ax! < |b]forx! € (0, 00)". Consequently, all assumptions
of Theorem 9.12 hold. Combining Theorems 9.11 and 9.12 we have (9.19). This
completes the proof.

Hereafter, we discuss the relationship between discrete convexity and integrality.
We say a polyhedron
P(A,b)={x:xeR} and Ax <b}
is integral if
P(A,b) = convg: (P(A,b)NZ").
It is already known that the integrality of P (A, b) and total unimodularity of A are

equivalent. Let us recall the next definition.

Definition 9.14 Let A be an m x n-matrix. The matrix A is called unimodular if all
entries of A are integral and each nonsingular m x m-submatrix of A has determinant
£1. The matrix A is called totally unimodular if each square submatrix of A has
determinant 1 or 0.

Theorem 9.15 ([18]) Let A be an m X n integral matrix. Then, A is totally unimodular
if and only if for every integral n-vector b, the polyhedron {x : x > 0 and Ax < b} is
integral.

Next, we show that total unimodularity is a sufficient condition for convexity of
function pyp defined by (9.17).

Lemma 9.16 If A € Z"™*" is a totally unimodular matrix, then the function pyp
defined by (9.17) is convex on Z"™.

Proof For a unimodular matrix A we have g™ (x) = [Ax — b] = Ax — |b] and then
pip(y) = inf{ch :xeZ' and Ax—|b] < y}, for y e 7™

By the integrality of polyhedron {x eR} : Ax — |b] < y} for y € Z™ we have

inf {c"x:xe€Zf and Ax—|b]<y}=inf{c"x:xeR} and Ax— [b] <y}.
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The proof follows from the convexity of the function
g(y) =inf {ch :xeR} and Ax —|b] < y}

and from Theorem 4.18.
Combining Theorem 9.13 and above Lemma 9.16 we have the next result.

Theorem 9.17 (Total unimodularity and strong duality) Let A € Z™*" be a totally
unimodular matrix and b € R™. Consider the following primal problem:

v(ILP) := inf {ch cxeZ) and Ax —b < 0} .

If there exist x° € 7 and x! € (0, 00)"such that Ax® = |b] and Ax" < |b], then
we have,

oo > v (ILP) = v (DILP) = sup {w! |b] :c—ATw>0}.
weR™

Example 9.18 Consider the following problem:

min —(x| + x2)

s.t. x1 +4x, <19,
4x1 4+ x3 < 19,
X1,X2 € L.

Obviously, this problem has the optimal solution x* = (3, 4) with the optimal value
—7. By Theorem 9.11, we obtain its dual problem

max 19w + 19w>

s.t. w] +4wy; < —1,
41 + w2 < —1,
w1, wy < 0.

The dual problem has the optimal solution w* = (—1/5, —1/5) with the optimal
value —38/5. There is a positive duality gap between optimal values of primal and
dual problems. However, the primal problem is equivalent to the following problem:

min — (x| + xp)
s.t. x1+x3 < 3?,
19
x1 <7,

1
x2<T95

X1, X2 € Z_;,_.
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Notice that, in this case,

1 1
A=1|1 0 and b=
0 1

o +o vl

satisfy the conditions in Theorem 9.17. By Theorem 9.11, we know that the problem
has a dual:

max 7wy + 4wy + 4wz

s.t. w1 +wr2 < —1,
o] + w3 < —1,
w1, w2, w3 <0,

which has the optimal solution w* = (—1, 0, 0) with the optimum value —7. In this
way, the duality gap vanishes.

The next example shows that total unimodularity is not a necessary condition for
convexity of prp or for strong duality.

Example 9.19 Consider the following problem:
min —Xxi
s.t. x1+ xp < 4,

—x1 +x2 <2,
X1, X2 € Z+.

Obviously, this problem has the optimal solution x* = (4, 0) with the optimal value
—4. By Theorem 9.11, we obtain its dual problem

max 4w + 2w>

S.t. w] —wy < —1,
w1 +wr <0,
wi, wr < 0.

The dual problem has the optimal solution w* = (—1, 0) with the optimal value —4.
Notice that we have no duality gap despite the matrix

=]

is not totally unimodular. Using the similar procedure in the proof of Lemma 9.16 and
the equality

inf{cTu:ueRfL and Au—bgy}

=inf{ch:er§r and Ax—béy} for yeZ™,
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where ¢T = (—1,0), it is straightforward to show that prp(y) is convex and all
conditions in Theorem 9.13 hold.

In the following example, we reformulate the given ILP to get a convex function
piLp on Z2.

Example 9.20 Consider the following problem:

v (ILP) = m%n {—2r:2r <5.3}.

t€ly

Obviously, this problem has a solution t* = 2 with an optimal value —4. The primal
problem is equivalent to the following ILP

v (ILP) := min {—2¢ : 2t < 5}. (9.20)

teZ4

By Theorem 9.11, we get the dual problem of (9.20) as follows:

v (DILP) = max {Sw : 2w < —2}.
weR_

The dual problem has the optimal solution —1 with the optimal value —5. There is
a positive duality gap between v (ILP) and v (DILP). For g* () = [2t — 5.3], the
function Py p defined by (9.17) becomes

5
pip (v) = inf {=2f:2f—5< y} = —%iJ for y=—5 —4, ...
I€Z+ 2

Obviously, Prp is not convex on Z. If we add the new constraint # < 2 and the new
slack variable s € Z to the constraint 27 < 5.3, then the new problem

v(ILP) := min {—27:2t+s <5 and 7 <2} 9.21)

t,s€l4

is equivalent to the original problem. Note that the inequality # < 2 can also be derived
by using the disjunctive procedure (see [9, pp. 212-213]) since the inequality 2¢ < 5.3
implies the validity of the inequalities

t—a(t—98)<2
and
t+B8(t—1-6)<2
fora=1,8=2,and,3=%.Now,for

~ 2t +s—5
+ —
g (t7s)_[ t—2 }7
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we have
0=3"2, 1) ezt (Zi)

and

pip (y) == inf
(t.5)€Z2

C2t+s—=5<y
{_2t' t—=2<y» }

where y = (y1, y2) € dompiip = 8" (Z2) + Z%.. Obviously,
0 € criga (3 (72) +22) = (=4, 00) x [-1,00) N Z2,
and

e () = —2(n+2).

This means, ffﬁ} is convex on Z2. Hence, all assumptions of Theorem 9.12 hold.
The dual of the new problem (9.21) becomes

max Swi + 2wy
st. 2w +wpy < =2,
wy =0,
wi, wy <0,
which has an optimal solution {w; = 0, w>» = —2} with the optimal value —4. Hence,

the duality gap vanishes.

Notice thatif we add an unnecessary constraint to the problem, then the reformulated
problem may not satisfy one of the conditions of Theorem 9.12. For example, let’s add
the slack variable s € Z, and the redundant constraint # < 1 to the primal problem.

Now, the primal problem becomes

min {—2t:2t+s <5, t <1}
l,S€Z+

for which Slater’s condition does not hold.

Remark 9.21 Let g™ (x) = [Ax — b]. Theorem 9.12 shows that the convexity con-
dition for the function py p on Z™, the condition (9.12), and the Slater’s condition of
(9.18)

0 € crign (g7 (27) + Z7)

play essential roles to zero out the duality gap for integer linear programming prob-
lems. Theorem 9.13 and the results followed show that our strong duality theorem
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proposes a condition weaker than the integrality of P(A, b). The conditions of dis-
crete strong duality theorem (i.e., Theorem 9.12) may require a reformulation of ILP.
The reformulation may include a new matrix, determined by some new constraints,
which guarantees convexity of the function py p. To be more precise, convexity con-
dition for prp and Slater’s condition (9.18) may require adding new constraints to the
primal problem while the condition (9.12) may require adding new slack variables to
the given constraints. Hence, conditions of the discrete strong duality theorem could
lead to an alternative procedure for the reformulation of ILP problems.

10 Conclusion

The objective of this paper is to establish a fundamental theory of convex analysis for
the sets and functions over a discrete domain and develop a duality theory for solving
optimization problems over discrete domains. We have successfully introduced a new
notion of convexity for sets and functions over discrete domains, developed some
discrete counterparts of the fundamental properties of conventional convex analysis
and extended the classical duality concept for handling integer linear programming
problems. This work has brought a new framework to study the fundamentals of
convexity and duality over discrete domains.

Using the proposed new framework, we have shown a discrete analogue of the
Fenchel-Moreau theorem to characterize the dual of the dual function. We have also
derived a discrete version of Slater’s condition that implies the strong duality theorem
for integer linear programming and discussed the relationship between the new con-
vexity notion and integrality. Unlike the known result of [ 10, Theorem 8.59], our strong
duality theorem does not require M -convexity of the feasible domain and objective
function. Actually, we have shown that strong duality holds even when M -convexity
is violated in the new setting.

One particularly interesting result obtained in the new framework is that the dual
of an integer linear program becomes a regular linear programming problem over a
continuous domain of R". This provides a possibility of using conventional optimiza-
tion methods to solve (or estimate) an integer linear programming problem from the
dual side. However, finding easier and more verifiable conditions to assert the discrete
version of strong duality theorem remains a topic for further investigation. After all,
solving integer linear programming problems is still NP-hard.
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