ISE 789/ OR 791: LECTURE 4 -
QUADRATIC OPTIMIZATION MODEL

1. Functions — convex and nonconvex gquadratic functions

2. Graphs, contours, governing matrix

3. Systems — Method of least squares, k-means clustering,
Markowitz mean-variance model

4. Programs - linearly constrained QP (QP) and
guadratically constrained QP (QCQP)



Optimization models to be covered
1. Linear Optimization

2. Integer Linear Optimization

3. Quadratic Optimization

4. Linear Conic Optimization

5. Nonlinear Optimization



L
Structure of optimization models

1. Functions
- form, graph, contour, first/second order information

2. Systems
- system of equations
- system of inequalities

3. Programs - Duality and optimality
- primal problem
- dual problem
- complementarity



L
Quadratic functions

- Quadratic function: a function f: R" — R is quadratic if
1
f(x) = ixTMx +bTx+c
where M € R, b € R",x € R",c € R.

General form: 1
f(x) = EXTQX + bTx + C

where Q € S™ (a symmetric matrix).

M+MT
2

-Why? Q =




L
Quadratic functions - |

- Properties:
() If f and g are quadraticanda € R, then f + g, f — g, af
are quadratic.
- why?

(1) First order information
VF(x) =0x+b
- implications?

(i) Second order information

F(x) =0

- Implications?



Graphs & contours of quadratic functions
- Quadratic functions of two variables (from umich.edu

Math217 Notes 8.3)
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Graphs and contours — cont’

- Quadratic functions with two variables




Special symmetric matrices

- Definition: A real symmetric matrix M of degree n (M € §™)
IS

(i) positive semidefinite (psd), i.e., M € S%, if
x'Mx > 0,Vx € R":;

(i) negative semidefinite (nsd), if
x'Mx < 0,Vx € R":

(i) indefinite, iIf M is neither psd nor nsd.

Properties: M is psd & —M is nsd,;
aM is psd, for ¢ = 0; nsd for a < 0;
M, N are psd (nsd) = M + N is psd (nsd).



Special symmetric matrices

- Definition: A real symmetric matrix M of degree n (M € §™)
IS

(i) positive definite (pd), i.e.,i.e., M € St ., if
X Mx > 0,Vx € R"\{0};

(i) negative definite (nd), If
x'Mx < 0,Vx € R"\{0};

Properties: M is pd & —M is nd,;
aM is pd, for a > 0; nd for a < 0;
M,N are pd (nd) = M + N is pd (nd).



Special symmetric matrices

- Theorem: A symmetric matrix M of degree n is
() psd (pd) iff all eigenvalues are non-negative (positive);
(i) nsd (nd) iff all eigenvalues are non-positive (negative).

Why? Spectral decomposition
For a non-defective (diagonalizable) matrix M and x € R™, we have

2
x'Mx = xTUAUTx =31, 4; ((XTU)i)

where A = diag(44, ..., 1,) and matrix U contains the n orthogonal
eigenvectors of M.



Special symmetric matrices

Properties:

- M is psd (pd) = all diagonal elements are nonnegative (positive);

1 1 1
- Mispsd= M = M2 Mz (Mzis a psd square root matrix);

- M is pd = M is nonsingular and M~ is pd.

Special insight: a quadratic function defined by a non-
defective matrix can be transformed to an angle (in view of
the coordinates referring to the n orthogonal eigenvectors)
such that either you see a convex quadratic curve, a flat
line, or a concave quadratic curve along each coordinate.



Quadratic function - I

- Properties:
- (iv) A quadratic function f(x) = %xTQx + bTx +c

with Q € S™ is a convex function
Iff Q is positive semidefinite (i.e., Q € S} ).

- (V) f(x) = %xTQx + bTx + c is strictly convex

Iff Q is positive definite (i.e., Q € S%t.).

- (Vi) f(x) = %XTQX + b'x + c with Q € S" is concave

iff Q iIs negative semidefinite (i.e., —Q € S%).

. (Vi) f(x) = ~xTQx + bTx + ¢ is strictly concave
2

Iff Q is negative definite (i.e., —Q € S%,).



How guadratic functions come into picture?

- Approximation — Taylor’s approximation

- For a function f € C%(R™) around a point x’, we have

f&O) ~ f&)+VFEDT(x—x) + 2 (x —x)TF(x') (x —x')



How guadratic functions come into picture?

Distance — measurement of error or discrepancy

- For a point x = (x4, x5, ..., x,)T and pointy = (y4,v5, ..., y,) ", the
Minkowski distance of order p > 1 (p-norm distance) is defined as:
 (1-norm distance) =Y |x; — yi |

1
- (2-norm distance) = X, |x; — v; |32
1
- (p-norm distance) = (X7, |x; — y; [P)P
1
- (infinity norm distance) = lim (X%, |x; — y; [P)?
p—00

= max{|x; — y1l, [x2 — ¥2l, oo 1y — Yul}

x — y||5 is a convex quadratic function.
x||5 = xTx is a strictly convex quadratic function whose
gradient = 2x and Hessian =21 .




L
Logistics system — location problem

- Given the locations {x!,x?, ...,x"} of n stores, find a
location x in a feasible area C for hosting a warehouse
that serves the stores in a most economic manner.

mn
min Y [Ix" = x|f3
=1

st. xe(C.
or,

T
min E t;
i=1

st X' =x[3<t, i=1,....n

x € C.



Method of least squares for data fitting

Fit the data to unvell hidden relations

10H o epate |-
9_ — curve fit |
8f
> [
Uy
6
5F
4' ....................
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Method of least squares for data fitting

- Legendre’s method (1805)

- Given n data points { (x;,y) |i=1,..,n}
with y depending on x in the form
of f (x, B) (called a model)
where B is a vector of m parameters,
our goal is to find the parameter values
for the model that “best fit” the data.

- The method of least squares is often used in regression
analysis to generate estimators and other statistics.



Methods of least squares for data fitting

- Legendre’s method (1805)

- residual . ,L.
ryi =Y _f(XHS)

- sum of squared residuals

T
S = E re.
i=1

- minimize S by setting the gradient to zero

oS "L Oy

T

ri— =
i=1 9B,

and since 1; = y' — f(x', 3). the gradient equations become

0, 7=1,..., m

—~ Jf(x',B) .
—2 E T 03, =0, 7=1,..., m
=1

- solve a system of m equations in m variables for f.



Supervised learning — basic SVM model

- Linear separation with maximum margin (distance)

2
max
[oll.
st yi(w!x' + b) > 1
Vi=1,...,N
weR"beR
equivalently,
2
w3
2

s.t. Y ('wai — b) > 1,
weR" beR.




Quadratic support vector machine (QSVM)

- Motivation:
- Not linearly separable datasets may be nonlinearly
separable




Quadratic support vector machine (QSVM)

- Basic idea: (Jian Luo 2016)
- supervised learning using a quadratic surface to
separate two classes of data points

- 1
max ; ||sz + b”2

2
WeS"beR" ceR.

1 . .
s.t. y; (— (XZ)TWXZ +b'x' +c) >1, Vi=1,...,n.

Equivalently,
min Y [|[Wx' + b|[3
=1

1 ) ) )
s.t. v (5 (xz)Tsz +b'x +c) >1, Vi=1,...,n.

WeS" beR" ceR.



Unsupervised learning - clustering

- Uncover some hidden structure of datasets by clusters
- Clustering based on similarity
- Similarity based on distance

Original unclustered data 6 Clustered data

Income

2
-3

Age

- <From https://mubaris.com/posts/kmeans-clustering/>



L
K-means clustering

- Centroid-based k-means clustering
(Stuart Lloyd of Bell Labs, 1957)

Given a set of observations {x!, x?, ..., x"}, where each observation is a d-
dimensional real vector, k-means clustering aims to partition the n
observations into k (< n) sets § = {54, 55, ..., S} SO as to minimize the within-
cluster sum of squares (WCSS) (i.e. variance). Formally, the objective is to
find:

argmlnz Z [x — p'||5 = argmmz |.S;| Var S

=1 XESz

where u; is the mean of data points in ;.



K-means clustering

- The problem is proven to be NP-hard.
- Why ?

How about an IP formulation?
- what do we have in hand?
- what do we want to achieve?
- what are variables? constraints? objective?



L
IP model for k-means clustering

Define: L ifx e s,
Pii =0, itx ¢S,

k k n
Lo DS k=3 = D> pullx’ =3

i=1 x€S, i=1 j=1
mn
2. i 1 1 .
SN 2% - ST D pix
1 XES?: j:l p].ﬂl le

k n
: ) 12
K-means (IP model) 1111 ZZﬂj,z‘HXJ — '3

i=1 j=1

s.t. ipjﬂ-xj = uiipj’i, 1=1,....k
j=1 j=1

pj,'ie{oal}: J: 7"°:n:i:1:'°'7k
pieRY, i=1,..., k.
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Method for k-means clustering
- B&B? B&C? Heuristics?

Assume K is given and x! € R%
Step 1: assign any K points {u; € R4,k =1, ...,K}
Step 2: Find k* = argmin||x* — ug||, i = 1,...,n. Assign point x' to class S~ .
k

Step 3: update y; = ¥ =

LESk card(Sk) ’
Step 4: Go to Step 2 until all u;, remain unchanged.

k=1,..,K.

K-means cIustering example
. A t \
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<https://lwww.youtube.com/watch?v=_aWzGGNrcic>



Questions

- How good is the heuristic algorithm?

- will it converge?

- converge to an optimal solution?

- how fast?

- can you develop a better algorithm?



How many clusters should there be?

- Can we learn form the dataset to decide an optimal K?

Optimal number of clusters
Elbow method

- On which basis? © 200-
- minimize the “intra-cluster distance”? -
- maximize the “inter-cluster distance”? g
2 100+
§ 50
. ’ ' ? o -
What's your ideas” e gt

Number of clusters k
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How quadratic functions come Into picture

- Covariance — measurement of risk

- Arandom variable has its mean (average) and variance (spread).

- Intuitively, the covariance matrix of a random vector generalizes the

notion of variance to multiple dimensions.

- Covariance matrix (also called dispersion matrix or
variance—covariance matrix) is a square matrix giving the covariance
between each pair of elements of a given random vector.

- Each diagonal element of a covariance matrix reports the variance
of a corresponding variable (covariance of a random variable with
itself).

- In statistics, the covariance matrix of a multivariate probability
distribution is always positive semi-definite; and it is positive definite
unless one variable is an exact linear function of the others.



How quadratic functions come Into picture

- Covariance — measurement of risk
- If the entries in the column vector X = [X;, X, ...,X,,]T are random
variables, each with finite variance and expected value, then the

covariance matrix Kxx is the matrix whose (i, j) entry is the variance
Kx.x; = cov|X, X;| = E[(X; — E[X:]]D(X; — E[X;])]

where the operator E denotes the expected value (mean).

E[(X1 — B[X1])(X1 — E[X1])]  E[(X1 — E[X1])(Xe — E[X2])] - E(X1 — E[X1])(Xn — E[Xn])]
E[(X2 — BE[X2])(X1 — E[X1])] E[(X2 — E[X2])(X2 — E[X2])] -+  E[(X2 — E[X2))(Xn — E[Xn])]

Kxx =

E[(Xn — E[X,])(X1 — E[X4])]  E[(Xn — B[X,]) (X2 — E[X2])] El(Xy — E[Xn])(Xn — E[Xy])]



L
How quadratic functions come Into picture

- Correlation matrix
- Equivalently, the correlation matrix can be seen as the covariance

_ . . X; .
matrix of the standardized random variables a(; ) fori =1, .., n.
i
1 El(X)—p1)(Xo—ps)] E[(X1 —p1)(Xn—pn)]-
o(X1)o(X2) o(X1)o(Xn)
E[(Xo—po)(Xo—po)] 1 E[(Xo—p2)(Xn—pn)]
o(Xo)o(Xq) o(Xg)o(Xn)
corr(X) =
El(Xn—pn)(X1—p1)]  Bl(Xn—pn)(Xa—p)] )
o (Xn)o(X1) o(Xn)o(Xg)

- Each element on the principal diagonal of a correlation matrix is the
correlation of a random variable with itself, which always equals 1.
Each off-diagonal element is between -1 and +1 inclusively.



L
How quadratic functions come Into picture

- Risk of investment

- Asset is something valuable;

- Portfolio is a combination of assets; 7", w; = 1;

- Return of each asset is a random variable r;;

- Expected return of asset i = E[r;] (i.e. 1});

- Expected return of investment =Y, w; 7;;

- Variance of the return vector is the covariance matrix K,..;

- Risk of investment = w’ K,,.w, a convex quadratic function of w.

Asset Allocation for a Conservative Portfolio
(hypothetical example)

30%
Short-Term
Investments

20%
Stocks




Financial system — portfolio selection

- Harry Max Markowitz (1927 -)

(PhD of Economics at U Chicago, 1954,
Nobel Prize 1990)

K" y
gs &

- Mean-variance model (1952, Portfolio Selection)

- Assuming that the returns of assets follow a multivariate normal
distribution, the return of a portfolio can be completely described

by the expected return and variance of the forming assets.



Mean-variance model

- Markowitz mean-variance model (QP model)

- For a given set of n assets, let r = [ry, ...,1,]T and D = {Dij}:ljzl denote the

vector of expected returns and matrix of covariance, respectively. To find an
investment portfolio with the minimum risk subject to receiving an expected
return, we may consider the following Markowitz mean-variance model

(Markowitz, 1952).
min

s.t.

L
§x Dx (MV)

rix =rg

elx=1

rv; =20, 1=1,....n.

where D is pd, r € R% e =[1, ...,1]7 € R" and r, is given.

- This Is a convex quadratic program with linear constraints.



Variations of mean-variance model

- (V1) max r'x
1
S.t. §XTDX <9
el'x=1
x € RY.

where § > 0 is a given tolerance.
This is a convex program with quadratic constraints.

T
. (V2) max 7; X
min §XTDX
st. elx=1
X € Rﬁ.

This is a “multi-criteria decision making (MCDM)” problem.



Cardinality constrained mean-variance model

- CCMV model:

- For a common practice, investors may confine
themselves to selecting a small number of s (s << n)
assets in forming a portfolio for effective management.

1
min -x! Dx

2
’ (CCMV)

st. rxX=nr9

elx =1

1x[lo < s

r, =20, i1=1,...,n.
where ||X||, denotes the # of nonzero entries in X.

- This is a quadratic program with non-differentiable

constraints.



Cardinality constrained mean-variance model

- CCMV - MIQP model:
- Problem (CCMV) can be reformulated as the following mixed
integer quadratic program (MIQP)

1

min -x! Dx

2
st. rix= To
(CCMV_MIQP)
elx =1
el z < S

0<r; <z, 1=1,....n

z€{0,1}, i=1,...,n.

where z € {0,1}" is a binary auxiliary variable.

- This is a mixed-integer quadratic program.



Questions

- Is the (MV) model an easy problem to solve?
Yes, (MV) is (polynomial-time) solvable!

- Is the (CCMV) model a hard problem to solve?
Yes, (CCMYV) is NP-hard!

How to find an efficient solution method?



L
Structure of optimization models

1. Functions
- form, graph, contour, first/second order information

2. Systems
- system of equations
- system of inequalities

3. Programs - duality and optimality
- primal problem
- dual problem
- complementarity



Linearly constrained quadratic program (LCQP)

- Given Q € S, A € R™" b € R™, c € R™, alinearly
constrained quadratic program is given by

1
- (LCQP) min §XTQX +c'x
st. Ax=0b
x € RY

- When Q € S%, (LCQP) is a convex optimization
problem, which is commonly called a “quadratic
program.”



Quadratic program (QP)

- Given (Q, A, b, ¢) in proper dimensions, we have a pair
of (linearly constrained) convex quadratic programs:

1 1

min §XTQX +cl'x max bl w — izTQz

st. Ax=0b (P) s.t. ATw < Qz +c (D)
x € R" weR" zeR"

where ) € ST, A e R"™", beR™, ceR"



L
Duality theory

- Strong duality holds for convex (QP).

Implications: - no duality gap
- primal approach, dual approach,
primal-dual approach



L
Solution methods

Case 1: Case 2:

- Optimality may happen at any feasible point.
- Many solution methods
- conjugate gradient method
- preconditioned conjugate gradient method
- active set algorithm
- Interior-point methods (polynomial-time solvable)



Quadratically constrained quadratic program (QCQP)

. QCQP:

1
min EXTQOX +blx+c

1
s.t. §XTQZ-X + b;fpx +c <0

1=1,...,m.
x € R".

where (); € 8", b, € R", ¢; € R, for j =0,...,m.



L
Convex QCQP (CQCQP)

- When the governing matrices are positive semidefinite,
l.e.,

Q; € S}, forj = 0,1,..,m,
(QCQP) becomes a convex optimization problem.

- (CQCAQP) is equivalent to a “second order cone program”
(SOCP), which is a special class of the linear conic
optimization problems (LCoP).



SOCP

- Second order cone
- Definition: |

L”é{XeR”’

\/x%+---+x§_1<xn} "

|
e 1
|
|
|

- Second order cone programming
Figure : £3
min ¢! x
st. Ax=b (SOCP)
x e L.



L
Convex QCQP = SOCP

- CQCQP can be equivalently formulated as an SOCP

min u
3

1
Zx
s.t. —bF — 2 — } e Lnt?

1
T 7
_ __ Co 1
-bO 2“"2
1
Q7 x Y
—bT—&—l G’Cn: 3:11'*'1m*

1
_ kT e 1
—b; — 5 +3




L
Duality theory

- As a second order cone programming problem, CQCQP
has a dual problem that follows the strong duality
theorem.

- Theorem (SOCP duality theorem)

.. If either SOCP or SOCD is unbounded, then the other one is
Infeasible.

i.  If there exists a feasible solution X such that X € int(K), and
v(SOCP) is finite, then there exists (y*, s*) € feas(SOCD) such
that v(SOCP) = bTy* = v(SOCD).

ii.  If there exists a feasible solution (y,s) such that s € int(K), and
v(SOCD) is finite, then there exists x* € feas(SOCP) such that
v(SOCP) = ¢Tx* = v(SOCD).



L
Solution methods

- As a second order cone program, CQCQP Is polynomial-
time solvable.

- Interior-point methods are available
- primal approach
- dual approach
- primal-dual approach



