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Vectors, Matrices and Spaces

Real numbers: R, Ry, R4
Euclidean space: R"

First orthant: R”
n-dimensional (column) vector:

T = (Jcl,xg,...,xn)T

Matrices space: R™*"
Matrix: M € R™*", ith row M;., jth column M ;, ijth entry M;;(M; ;)
Symmetric square matrices space (n(n + 1)/2-dimensional space):

S"={MecR"™™ | M=M"}.
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Vectors, Matrices and Spaces

Given M € R™ "™, N € R"*™, § € R"*"
e Determinant: det(S)
Trace: tr(5)

tr(MN) =tr(NM)
Null space: NV (M)= {z € R"|Mx = 0}.
Range space: R(M)= {y € R™|y = M« for some x € R"}.
Positive semidefinite matrix:

S=0 < 21'82>0,VzeR"

Positive definite matrix:

S0 = 2782>0,VzecR"and z # 0
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Vectors, Matrices and Spaces

Theorem: (Schur complementary theorem)
Given
— A B _ T 4—1
X = [BT C} and S=C—- B A™'B,

if A~ 0then
X=(>)0&S=(>)0
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Inner Products and Norms

e Inner products:
vey=aly=3, iy
XeoY =u(X"Y)= i XijYis
e Norms:
e Euclidean norm: ||z|j2 = vz ez
o pnorm: [lzfl, = (37, a:f?)'/? for p>1
e Infinity-norm: ||z||oc = max{|z1],...,|zx|}

e Frobenius norm:

IX]lr = VX 0 X = \/u(XTX)

e Note that: 27 Az = A e zz”
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Open, Closed, Interior and Boundary Sets

Neighborhood: N (z%;¢) = {x € R"| ||z — 2°|| < €}.

Open: X C R™ is open if for any = € X, there exists ¢ > 0 such that
N(z;e) C X.

Closed: X c R™ is closed, if R"\X = {z € R"|x ¢ X'} is open.

Closure of a set X C R™ is the smallest closed set containing X and
is denoted as cl(X).
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Open, Closed, Interior and Boundary Sets

e Interior: the interior of a given set X C R" is
int(X) = {z € X|3 ¢, > 0 such that N(z;¢,) C X'}
e Boundary of aset X ¢ R™:
bdry(X) = cl(X)\int(X) = {z € cl(X)|z ¢ int(X)}
e Bounded: a set X C R is bounded if there exist an > 0 such that

lz]| <7 Ve e X
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Functions

Continuous: f : X ¢ R™ is continuous at z° if

(i) 2°ex

(i) limg_, 40 f(x) = f(z%)

Continuous function: f € C°(X) means f is continuous at all points
in X C R™.

Gradient: For f : X C R" - R

Hessian: For f : X C R" - R

2 X
PE) = (55

Continuously differentiable function: f € C?(X) (p = 1,2,---) means
f is p-th continuously differentiable over X ¢ R™.
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Functions

Theorem (Taylor theorem)
Let X be open, f € CP(X), zt,2% € X, 2! # 22 and

z2(0) =02'+(1—-0)2?e X, V0O<H<1.

Then3z =0z +(1-0)22 € X, 0<0 < 1,s.t.
p—1 1 1
f@®) = fa') + Z Hdkf(xl;x2 —zh) + ;!dpf(a’:; z? —zh)
k=1

where d* f(x; h) is the k-th order differential of function f along h.
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Functions: Big O and Small o

Let g(-) be a real-valued function on R.

e g(z) = O(m(x))
J ¢ > 0 such that

<casz — 0 (or + 00)

=0asxz — 0 (or +o0)
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Functions

Taylor theorem in small o formulation:

e p=1
f@+h) = f(x)+ Vf@)h+o(|hl)

0p:2

fle+h) = f(z)+ Vf(@)h+ %hTF(fU)h +o(|[h]l)
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Linear Systems

Given z!,--- 2™ € R”
e Linear combination:

m

Z)\i(Ei,

i=1
where \; e R,i=1,...,m.

e Linearly independent

i)\ixi:O:>A1:~-~:)\m:O

=1

o Affine combination: a linear combination with
dai=1
=1

o Affinely independent: if 22 — 21, --., 2™ — x! are linearly
independent.
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Linear Systems

Convex combination: a linear combination with

d Xi=land)>0i=1,...,m
=1

Hyperplane:
X={recR"a"z= Zaixi =b}
=1

Affine space: affine combination of any two points in the space is still
in the space. (An intersection of finitely many hyperplanes.)

Linear subspace: an affine space containing the origin.

We can always transform an affine space Y ¢ R™ into a linear
subspace X C R” by choosing z° € Y such that

X={zx—-2zec)}
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Linear Systems

Half space:

X={recR"a"z = Zaixi < b}
i=1
e Polyhedron: an intersection of finitely many half spaces.
e Polytope: a bounded polyhedron

¢ Dimension of a linear subspace: the maximum number of linearly
independent vectors in the subspace.

¢ Dimension of an affine space: the dimension of the transformed
linear subspace.

e Dimension of a polyhedron: the dimension of the smallest affine
space containing it.
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Linear Systems

e Linear equations

ater = b
2 —
aer = b = Az =,
aex = b,
where a',--- ,a™ and z are all in R™.
A10X = b1
Ao TR sax-n
A,eX = b,
where Ay, --- , A, and X are all in S™.

e For convenience, A*y =", y; A;.
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Convex Sets and Properties

e Aset X c R"is convex if for any z! € X and z? € X, we have
Arl+ (1 - N)z? e X, forall0 < A < 1.
e Convex hull: the smallest convex set containing a given set

conv(X) = {z € R"|z =", \iy’ for some m € IN,
A0S A=1,andy' € X,i=1,...,m}

e Dimension of a convex set: the dimension of the smallest affine
space containing it.

¢ Relative interior of a convex set X C R"™: suppose H is the smallest
affine space containing X,

ri(X) = {x € R*"|Jopenset Y C R" suchthatx € YNH C X'}
e Supporting hyperplane H = {x € R"|a”z = b} of a convex set X:

aly>bVYyeXand X NH 0.
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Convex Functions and Properties

Epigraph of a function f : X C R - R
epif = {(x,\) € R""H\ > f(z),z € &}

Closed function: if epif is a closed set.

Convex function: if epif is a convex set.

Concave function: if —f is a convex function.

Convex hull function conv(f) of a function f : ¥ C R - Risa
function on X such that epi(conv(f)) = conv(epi(f)).

Lemma
f: X Cc R® — Ris a convex function if and only if for any z!, 22 € X and
0 <X <1, we have

FO& + (1= N)2%) < Af(2') + (1= A) f(2?).
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Convex Functions and Properties

e Subgradient d € R™ of a convex function f: XY C R™ atz € X:

if forany y € X,
fy) = fz) +d" (y — )

e The set {(y,\) € R\ — dTy = f(x) — d¥'x} is a supporting
hyperplane of epif at x.

o Subdifferential of a convex function f: X C R™ at z € X

Of(z) = {d € R"|d is a subgradient of f at x}
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Convex Functions and Properties

Figure: (z, f(z)) <> (m, b) or (y, h(y))
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Convex Functions and Properties

e Conjugate (transform) of f : X C R™ — R:

h(y) = jgg{y o — f(x)}

with h being defined on Y = {y € R"|h(y) < +oo}.

Lemma
h : Y is a closed, convex function.

Lemma (Fenchel’s inequality)
Given f : X and its conjugate i : Y, then

zeoy< f(z)+h(y), VreXandy € ).

Moreover,
rey=f(z)+h(y) < yeif(x)
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Conjugate Functions and Properties

Let f: X € R™ — R be a function with its conjugate transform h : ).
e For a € R, the conjugate of f + ais h — a.
e Fora € R", the conjugate of f(z) = f(z) + zeaon X is

h(y) =h(y—a),Vy €.

e For a € R", the conjugate of f(z) = f(x —a) on X is
h(y) =h(y) +yea,Vye.

e For A > 0, the conjugate of fi(z) = Af(x) on X' is hy(y) = A (%),
Vye).

e For A > 0, the conjugate of fo(z) = f(5) on AX is ha(y) = h(\y),

VyeY/A

Theorem
Assume that f; : X and f5 : X have the same convex hull function. Then

they have the same conjugate transform & : ) when it exists.

Conic Programming 22/38



Conjugate Functions and Properties

We know the dual problem of LD is LP again. When will the conjugate
transform of h : ) become f : X?

Proper function

A convex function f is proper if its epigraph is non-empty and contains no
vertical lines, i.e. if f(z) < +oo for at least one = and f(x) > —oo for
every z.

Theorem

Let f: X C R™ — R be a proper closed convex function with conjugate
transform & : Y. Then the conjugate transform of A : Y is f : X. Moreover,
y € 0f (x) if and only if z € Oh(y). In this case,

zey=f(x)+h(y) <= yeif(x)orxec dh(y)
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Convex Cone Structure

Content
« Convex Cones and Properties
« Partial Order and Ordered Vector Space
« Some Examples
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Convex Cones and Properties

A set K C R" is a cone if

Vre Kand A > 0= Az € K;

A cone K C R™ is pointed if
Kn-K ={0}

A cone K Cc R" is solid if

intK # (;

A cone K C R™ is proper if it is pointed, solid, closed and convex.
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Convex Cones and Properties

Conic combination: a linear combination "7, A\;z* with \; > 0,
e Rrforalli=1,...,m.
The conic hull of aset X c R"™ is

cone(X) = {z € R"|z = Y_[*, \;ja?, for some m € N}
andzt € X, \; >0,i=1,...,m.}

The dual cone K* ¢ R™ of a cone K C R" is

K*={yeR"|lyex >0,V e K}

K* is a closed, convex cone.
If K* = K, then K is a self-dual cone.
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Convex Cones and Properties

K, K, K, are convex cones in R".

(K*)* = cl(K).

K, C Ky = Kj C K}.

KiNK,, KiUKs, K1 + Ko, K1 x K5 are all cones.
(K1 + K))*=K;NKj.

K., K, closed = K; + Ky and K; x K, are closed.
ri(Ky + Ks) =r1i(K7) + ri(Ks).

ri(K; x K) =ri(K7) x ri(Ka).

The supporting hyperplane of K always contains the origin
If K is solid, then K* is pointed.

If K is pointed, then K* is solid.

If K is proper, then K* is proper.
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Convex Cones and Properties

R} CR™, L™ C R", ST € R"*" are pointed, closed, convex and
solid cones, i.e., proper cones.

(R2)* = R?, (L") = L7, (S7)* = S™.

k

2 i
n n n H 1 P—

RY' x R} x --- x Ry is a proper cone in Ri=1 .
5

g

o L™ x LM x ... x L™ is aproper conein Ri=t .

k

ST nixXng

SPtx 8T x - x ST* is a proper cone in Ri=1
R x L™ x S} is a proper cone in R™+n2Hnsxns,
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Partial Order and Ordered Vector Space

e Arelation “>"is a partial order on a set X if it has:
1. reflexivity: a > a forall a € X;
2. antisymmetry: a > band b > a imply a = b;

3. transitivity: a > band b > cimply a > c.

e An ordered vector space X is equipped with a partial order “>" which
also satisfies:

e homogeneity: a > band A € R4 imply Aa > \b;

e additivity: a > band ¢ > dimply a+ ¢ > b+ d.
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Partial Order and Ordered Vector Space

A proper cone K in a vector space can induce a partial order “> "
a>gkbsa—-be K

which leads to an ordered vector space.
Similarly, we can define “<g”

a<gb&eb>ka,

Closeness of K allows passing limits in >x:

al > b, at —a, b —basi— 0o = a>gb.

Solidness of K allows us to define a strict inequality:
a>g bea—>beintk,

and
a<g bsb>ka.
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Examples: R’

R is a proper cone.

Inner product: z ey = 2Ty

(R%)* = R (self-dual)

Partial order: “ZM
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Examples: £"

L™/ SOC(n — 1)Lorentz cone (second
order cone) B

£n={$ERn|an x%+"'+x%—1} »

L™ is a proper cone.

Inner product: z ey = 27y

(L™)* = L™ (self-dual)

Partial order: “> (="
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Examples: S"

e S C S™: the set of symmetric positive semidefinite matrices
e S is a proper cone.
e Inner product:
XeY =tr(XTY)
o Another view.
vee(X) = [X11, V2X12, Xo2, V2X13, V2X03, X33, , Xn)T € RS
Then
XeoY =vec(X)evec(Y) = ZXZ-]-Y;-]-
.)j

o Partial order: “251” or“>"
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Examples: S"

Lemma
(8})* = 87 (self-dual)

Proof.
‘T IfX € (ST)*, then 2T X2 = X 0 227 >0, forall z € R™.
Therefore, X € SY.
“2” ForanyY € S7%,
Y = Z:-L:l Nzt (DT,
If X € 8%, then

XeY = Z/\iX o 2i(zH)7T = Z)\i(zi)TXzi > 0.

i=1 i=1

Therefore, X € (S7)*.
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Examples: C, and C*

Copositive cone:

Ch={X€8"2"X2>0,Vz2>pn 0
+

Completely positive(nonnegative) cone:

C;i:{XES"

X =" 24 (2")", for some m € N,
and 2* >pn 0,2 =1,...,m
i

(Cr)*=CrandC, = (CX)*
C,cSycce,
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Examples: Cones of Nonnegative
Quadratic Functions — Homogeneous

e FCR"”
¢ Nonnegative homogeneous quadratic functions over 7

fx)=aTAz >0,V e F
fe A

e HDz = {A € §"|2T Az > 0,Vx € F} is a closed, convex cone.
(i) Closeness:

2T Az >0and A; > A= 2T Az >0
(i) Convexity:

2TAX>0i=1,2=2"(AM1 +(1-NA)z >0,V0< A< 1
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Examples: Cones of Nonnegative
Quadratic Functions — Homogeneous

o HD% = cl(cone{zaT |z € F})
o (HD5)* = HD% and (HD%)* = HDx
o Examples:

o F=R"
HDy = HD% = ST

° ]-':Ri
HDr =C, and HD%> =C;,
o F={zeR}|e"z=1}
HDr =C, and HD% =C;,
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Examples: Cones of Nonnegative
Quadratic Functions — Nonhomogeneous

o Nonnegative quadratic functions over ¥ C R”

flx)=a"Az +20"x +c>0,Vz € F

bT
refy
¢ T 1 T ¢ b1
e Dr = {[b A] € S| M [b A] [I} > 0,Vx € F}is a closed,

convex cone.
1 27
o D% = cl(cone{ [m me] |z € F})

« (D3)* =Dy and (Dr)” = D5
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Examples: Cones of Nonnegative
Quadratic Functions — Nonhomogeneous

o Examples:
° f = Rn
Dr =Dy =S
[ ] f = Ri
D]: = Cn+1 and 'D}: = C,*LJrl
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