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for Nonconvex Penalized Least Squares Problems

Yongchao Yu∗ Jigen Peng†
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Abstract

Due to the non-convexity and the non-smoothness of popular sparsity-promoting penalties, solv-
ing nonconvex penalized least squares problems is much more challenging. In particular, the non-
smoothness of penalties prevents us from applying classical smooth methods to solve these models. In
this paper, we introduce a unified smooth framework for nonconvex penalized least squares problems.
We first show that most of popular penalties can be decomposed as the sum of twice-continuously
differentiable concave functions and simply convex functions in the sense that their proximity oper-
ators have closed-form solutions, and then also propose a new penalty function which is a modified
version of three well-known penalties. By utilizing special decomposition properties of penalties and
the Moreau envelope technique, we prove that most of nonconvex penalized least squares problems
can be equivalent to corresponding smooth unconstrained optimization problems in the sense that
sets of globally optimal solutions, and optimal values of the original and the smooth problems are
equal, respectively. Our approach is also extended to address other sparse models such as nonconvex
sparse logistic regression models and nonconvex penalized matrix least squares models.

Keywords: Sparse optimization; nonconvex penalties; classical smooth methods; proximity operator;
Moreau envelope

1 Introduction

Consider the linear model
b = Ax+ e, (1)

where b ∈ Rm is a vector, A ∈ Rm×n is a matrix, x ∈ Rn is a vector of underlying parameters, coefficients
or an unknown signal vector, and e ∈ Rm is a vector. This model (1) arises in many scientific research
fields [1, 4, 5]. For instance, in statistical regression and machine learning [1, 2], b is the output data,
A is often called a design or predictor matrix which collects the input data, x is a vector of regression
parameters, and e is a random noise term. In the context of signal representation [5], b is a signal of
interest, the matrix A represents an over-complete dictionary of elementary signals or atoms, the vector
x contains representation coefficients of the signal b, and e denotes an approximation error. Moreover, in
compressive sensing [4], the vector b collects the measured data, A is a measurement or sensing matrix, x
represents a signal of interest, and e denotes a random noise vector. In the last decade, many researchers
[1, 3, 4, 5, 6] from these fields have focused on the case in which n is much larger than m and the model
is sparse in the sense that only a relatively small number of non-zero components of x are important and
meaningful. Indeed, in statistical regression [1], determining a sparse parameter vector corresponds to
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selecting a few relevant explanatory features; in signal representation field [5], one hopes that a signal
can be represented as a sparse linear combination of atoms from a given over-complete dictionary; in
compressive sensing [4], one desires to recover a sparse signal from a small number of linear and noisy
measurements.

Therefore, sparse estimation has become a core issue in recent years. One popular technique to
estimate a sparse solution to model (1) is by sparse penalization. Since the most natural measure of
sparsity is the `0-‘norm’, one can consider the `0-penalized least squares problem [7]

min
x∈Rn

1

2
‖Ax− b‖2 + λ‖x‖0, (2)

where λ > 0 is a penalization parameter, ‖ · ‖ denotes the `2-norm (Euclidean norm), ‖x‖0 is the `0-norm
of x and denotes the number of non-zero components of x. In the context of variable selection [7], solving
problem (2) is related to selection of the best-subset, which is in general NP-hard and statistically
troublesome because of the ‖ · ‖0 penalty function being discrete and nonconvex. One widely used
alternative to problem (2) is the `1-penalized least squares problem

min
x∈Rn

1

2
‖Ax− b‖2 + λ‖x‖1, (3)

where ‖x‖1 =
∑n
i=1 |xi| denotes the `1-norm of x. Problem (2) is the well-known Lasso introduced in [8]

in statistics and it is also called the Basis Pursuit Denoising problem [9] in signal and image processing.
A large number of theoretical works [2, 10] have shown that the Lasso enjoys attractive statistical prop-

erties and obtains great performance in prediction. More importantly, the Lasso is a convex optimization
problem and thus can be easily solved by many efficient approaches such as, coordinate-descent method
[5], quadratic programming approach [11], and proximal gradient method [12] or forward-backward s-
plitting method [13]. However, it is known that Lasso requires rather stringent conditions on the design
matrix to estimate underlying sparse parameters. Moreover, the `1 penalty [14, 15] related to Lasso tends
to produce biased estimates for large parameters.

To circumvent the drawbacks of the `1 penalty, Fan and Li suggested to replace the `1 penalty
with other penalty functions which lead to sparse and unbiased models. To this end, penalty functions
should be singular at the origin for obtaining sparsity and their derivatives vanish for large values [14].
The first nonconvex penalty named the Smoothly Clipped Absolute Deviation (SCAD) penalty [14]
satisfying above two conditions was then proposed by Fan and Li. Another two popular nonconvex
penalties in statistical regression are the Minimax Concave Plus (MCP) penalty [16] and Capped-`1 [17]
which also have interesting theoretical properties. Besides the three widely-studied penalties, there exist
other nonconvex penalties in statistical regression and machine learning, such as the Exponential-Type
Penalty (ETP) [15]. From an approximation point of view, nonconvex penalty functions with some
parameters typically yield the tighter approximation to the `0-norm than the `1-norm. This fact also
leads to more nonconvex surrogates in compressive sensing such as the `p pseudo-norm with 0 < p < 1
[18, 19, 20, 21], the smoothed-`p [22, 23], the Transformed-`1 function [24], the fraction function [25],
the logarithmic function [26]. These parameterized nonconvex penalties mentioned above have been
empirically demonstrated to have better practical performance on various sparse estimation tasks.

The resulting least squares problems with nonconvex penalties have the general form

min
x∈Rn

1

2
‖Ax− b‖2 +

n∑
i=1

pλ,τ (|xi|), (4)

where pλ,τ (| · |) denotes a nonconvex penalty function which depends on the penalization parameter λ and
the approximation parameter τ . Compared with the `1-penalized least squares problem (3), model (4) is
computationally harder to solve due to nondifferentiability and nonconvexity of the penalty function.

2



We briefly review some methods available in the literature for solving model (4). We begin with some
related works for addressing the SCAD penalty. Fan and Li [14] proposed a local quadratic approximation
for the nonconvex penalty function and then used a single Newton step to solve the resulting objective
function at each iteration. Zou and Li [27] in more general cases suggested to replace the local quadratic
with a local linear approximation (LLA) for the penalty function. This leads to the linear local approxi-
mation estimator which can be viewed as a reweighted Lasso problem at each iteration. Since the method
at each iteration needs to solve a convex problem, it may be often slow in practice. Another related tech-
nique for solving (4) is the iteratively reweighted-type algorithms such as the iteratively reweighted least
squares algorithm (IRLS) [5] and the iteratively reweighted `1 algorithm (IRL1) [22]. The LLA method
is a special case of IRL1. Moreover, Zhao and Li [22] also thoroughly studied the convergence of IRL1 for
(4) with more penalties. However, the iteratively reweighted-type algorithms may be not very efficient
because they also have to solve convex subproblems at each iteration.

The proximal gradient method has recently received considerable attention in sparse estimation be-
cause of its simplicity and efficiency. The popular method [12] was originally designed to minimize the
sum of a convex smooth function f with Lipschitz continuous gradient and a simple (possibly nons-
mooth) convex function g in the sense that its proximity operator is computationally inexpensive. The
key building block of this method is to compute the proximity operator of g. The proximity operator of a
general convex function is not easy to compute, however, for the simple `1-norm, its proximity operator
is the well-known soft-thresholding operator. Applying the proximal gradient method to Lasso problem
(3) yields the iterative shrinkage-thresholding algorithm. The method has also been directly extend-
ed to address the nonconvex penalized problem (4). For most of nonconvex penalties, their proximity
operators also have closed-form solutions which are slightly more complex than the soft-thresholding op-
erator. However, for some penalty functions such as the `p pseudo-norm (p 6= 0, 1/2, 2/3, 1) [28], the ETP,
the smoothed-`p, closed-form solutions of proximity operators do not exist, which makes the proximal
gradient method applied to (4) inefficient in practice. In addition, the proximal gradient method is a
first-order method and thus it is usually slow. Furthermore, the accelerated proximal gradient method
[12] for convex problems can not be directly applied to the nonconvex problem (4).

Recently, Lu et al. [29] have presented the proximal iteratively reweighted `1 algorithm with conver-
gence guarantee for solving the general model (4) with all the aforementioned nonconvex penalties. The
novel algorithm avoids solving a subproblem at each iteration as in IRL1 and computing the proximal
operator of a nonconvex penalty as in the proximal gradient method. The algorithm is based on the key
fact that all the existing nonconvex penalties are concave and monotonically increasing in the nonnega-
tive real line, and thus their derivatives (or so-called supergradients of concave functions at nonsmooth
points) are nonnegative and monotonically decreasing. They not only majorizes the nonconvex penalty in
model (4) by a linear function in each iteration, but also majorizes the least squares part by a quadratic
function. This algorithm obtains the next iterate by minimizing the sum of these two surrogate functions,
which leads to a closed-form solution.

Another general approach [30] to address the nonconvex problem (4) is to express the nonconvex
penalty as a Difference of two Convex functions, reformulate (4) as a DC programming and then apply
DC Algorithms (DCA) to solve it. However, the DCA at each iteration also needs to solve a convex opti-
mization problem, and thus the DCA may be slow in general. The work [31] has studied the application
of the general method to problem (4) with some of nonconvex penalties. It is worth mentioning that in
[30], DC approximation approach has recently been thoroughly investigated for sparse optimization. In
particular, a new DC decomposition framework for penalty functions was proposed in [30], which plays
a critical role in this paper.

When these above-mentioned methods are applied, how to choose a step size and to speed up them
are two practical problems. However, for an unconstrained smooth optimization problem, many fast,
effective classical methods with proper step size strategies have been well developed such as various types
of nonlinear conjugate gradient methods and trust region methods. These smooth optimization methods
are rarely used to solve (4) because of the non-smoothness of non-convex penalties. For the `1-penalized
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least squares problem (2), that is, the Lasso problem, the work [32] has constructed a smooth function
by using the Moreau envelope of the `1-norm, and has proved that the Lasso problem is equivalent
to the problem of minimizing the new smooth function in the sense that the two problems have same
sets of optimal solutions and optimal values. We therefore can apply classical smooth solvers to the
equivalent smooth problem. A natural question is put forward: Can nonconvex penalized least squares
problems (4) with most of penalties be equivalent to corresponding smooth unconstrained optimization
problems in the sense that sets of globally optimal solutions, and optimal values of the original problem
and the corresponding smooth optimization problem are equal, respectively? In this paper, by utilizing
special decomposition properties of nonconvex penalties and the Moreau envelope technique, we give an
affirmative answer to the above question. This is also main theoretical contribution of this paper.

The remainder of this paper is organized as follows. In Sect. 2, we study decomposition properties of
most of used widely nonconvex penalties. We modify the SCAD, MCP and Capped-`1 penalties to form a
new penalty call the TOP penalty in Sect. 3. In Sect. 4, a unified smooth optimization framework based
on the Moreau envelope technique is further analyzed and then most of nonconvex penalized least squares
problems is proved to be equivalent to corresponding smooth unconstrained optimization problems. Some
extensions and concluding remarks are given in Sect. 5.

2 Decomposition properties of nonconvex penalties

This section presents important decomposition properties of most of nonconvex penalties which will
discussed later. We first give these penalties in Table 1.

As pointed out in [30], some of penalties do not directly approximate `0-norm, however, if they are
multiplied by an appropriate factor which can be incorporated into the parameter λ, and are added
an appropriate term which does not affect original optimization problems, these modified penalties can
become approximations of `0-norm. A key observation is that, except for the Capped-`1 and `p pseudo-
norm, each of other popular penalties can be decomposed as the sum of a twice-continuously differentiable
nonconvex function and a simple convex function whose proximity operator has a closed-form solution.
To this end, We consider two types of decomposition for these penalties.

For convenience, we denote the penalty function by

P (x) =

n∑
i=1

pλ,τ (|xi|), x ∈ Rn.

where pλ,τ (| · |) is the scalar penalty function with parameters λ > 0, τ > 0, and pλ,τ defined in
R+ = [0,+∞) is a nonnegative function. To present the first decomposition form, we assume that
the nonnegative function pλ,τ satisfies the following conditions:

(i) pλ,τ is concave and increasing in R+;

(ii) pλ,τ (| · |) is continuous in R, and twice differentiable in R\{0};

(iii) p′λ,τ (0+) > 0, p′λ,τ (z) > 0, ∀z > 0;

(iv) p′′λ,τ (0+) ≤ 0, p′′λ,τ (z) ≤ 0, ∀z > 0;

(v) |p′′λ,τ (0+)| ≤ L, |p′′λ,τ (z)| ≤ L, ∀z > 0.

Inspired by the work in [30], we further study the new DC decomposition form of pλ,τ (| · |), that is,

pλ,τ (|z|) = h(z) + p′λ,τ (0+)|z|, h(z) = pλ,τ (|z|)− p′λ,τ (0+)|z|. (5)

For the function h defined above, we have the following important arguments.
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Penalty functions pλ,τ (z)
Exp λ(1− exp(− z

τ )).

Smoothed-`p λ(z + τ)p, 0 < q < 1.

Log λlog( zτ + 1).

Arctan 2λ
τ
√

3

(
tan−1

(
1+2τz√

3

)
− π

6

)
.

Fraction λz
z+τ .

Transformed-`1
λ(τ+1)z
z+τ .

SCAD


λz, 0 ≤ z < λ,
−z2+2λτz−λ2

2(τ−1) , λ ≤ z < τλ,
λ2(τ+1)

2 , z ≥ τλ.

MCP

{
λz − z2

2τ , 0 ≤ z < λτ,
λ2τ

2 , z ≥ λτ.

`p λzp, 0 < p < 1.

Capped-`1

{
λz, 0 ≤ z < τλ,
λ2τ, z ≥ τλ.

Table 1: Nonconvex penalty functions defined in R+.
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Theorem 2.1 The function h defined in (5) is concave, twice-continuously differentiable in R, and its
derivative is Lipschitz continuous with constant L.

Proof : By using simple derivation, we can express the derivative function of h as:

h′(z) =


p′λ,τ (z)− p′λ,τ (0+), z > 0,

0, z = 0,

−p′λ,τ (−z) + p′λ,τ (0+), z < 0.

Furthermore, we also can obtain

h′′(x) =


p′′λ,τ (z), z > 0,

p′′λ,τ (0+), z = 0,

p′′λ,τ (−z), z < 0.

Based on the assumption of the function pλ,τ , we have that h′′ ≤ 0, and thus the function h is concave,
two differentiable in R. We further state that h′ is Lipschitz continuous. To this end, we consider three
cases.

Case 1: z1 > z2 ≥ 0, h′(z1) = p′λ,τ (z1) − p′λ,τ (0+), h′(z2) = p′λ,τ (z2) − p′λ,τ (0+). The property (v) of
pλ,τ shows that

|h′(z2)− h′(z2)| = |p′λ,τ (z1)− p′λ,τ (z2)| ≤ L|z1 − z2|.

Case 2:, z1 < z2 ≤ 0, h′(z1) = −p′λ,τ (−z1) + p′λ,τ (0+), h′(z2) = −p′λ,τ (−z2) + p′λ,τ (0+). The property
(v) of pλ,τ shows that

|h′(z1)− h′(z2)| = |p′λ,τ (−z1)− p′λ,τ (−z2)| ≤ L|z1 − z2|.

Case 3: z1 > 0, z2 < 0, h′(z1) = p′λ,τ (z1) − p′λ,τ (0+), h′(z2) = −p′λ,τ (−z2) + p′λ,τ (0+). Applying the
property (v) of pλ,τ can obtain that

|h′(z1)− h′(z2)| = |p′λ,τ (z1)− p′λ,τ (0+) + p′λ,τ (−z2)− p′λ,τ (0+)|
≤ |p′λ,τ (z1)− p′λ,τ (0+)|+ |p′λ,τ (−z2)− p′λ,τ (0+)|
≤ Lz1 − Lz2 = L|z1 − z2|.

Based on the above discussion, we state that |h′(z1)− h′(z2)| ≤ L|z1 − z2|, ∀z1, z2 ∈ R. ]

For x ∈ Rn, we denote by H(x) =
∑n
i=1 h(xi). Theorem 2.1 can also indicate that the function H is

concave, two differentiable in Rn, and more importantly, it has a L-Lipschitz continuous gradient, that
is,

||∇H(x)−∇H(y)||2 ≤ L||x− y||2, ∀x, y ∈ Rn.

Then, the penalty P can be decomposed as the sum of a twice-continuously differentiable concave function
H and `1-norm (multiplied by factor p′λ,τ (0+)), that is,

P (x) = H(x) + p′λ,τ (0+)‖x‖1. (6)

We show below that Theorem 2.1 holds for the first six penalties in Table 1.
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The exponential penalty. This function was first proposed to address support sector machine in [33].
Recently, it and its modified version have been introduced into sparse signal recovery [34] and sparse
regression [15], respectively. We consider the initial scalar exponential penalty:

pλ,τ (|z|) = λ(1− exp−
|z|
τ ).

Obviously, the constant pλ,τ (0+) = λ
τ . The function h defined in 5 is

h(z) = λ(1− exp−
|z|
τ )− λ

τ
|z|,

and its first and second derivatives are

h′(z) =
λ

τ
(exp−

|z|
τ − 1)sign(z), h′′(z) = − λ

τ2
exp−

|z|
τ .

The second derivative indicates that the function h′ is λ
τ2 -Lipschitz continuous.

The smoothed-`p penalty. This function is a modified version of `p, 1 < p < 1, and is to avoid
singularity at the origin by adding a small τ . Its form is as follows:

pλ,τ (|z|) = λ(|z|+ τ)p.

The constant pλ,τ (0+) is pτp−1 and then the form of h is

h(z) = λ(|z|+ τ)p − λpτp−1|z|.

It is easy to obtain its first and second derivatives, that is,

h′(z) = λp((|z|+ τ)p−1 − τp−1)sign(z), h′′(z) = λp(p− 1)(|z|+ τ)p−2.

Clearly, h′ is λp(1− p)τp−2-Lipschitz continuous.

The logarithmic penalty. There exist some different logarithmic penalties which can be found in
[7, 23, 26]. We take the logarithmic function introduced in [26] as an example, that is,

pλ,τ (|z|) = λlog(
|z|
τ

+ 1).

This function h is

h(z) = λlog(
|z|
τ

+ 1)− λ

τ
|z|,

and then its first and second derivatives are

h′(z) =
−λz

τ(|z|+ τ)
, h′′(z) =

−λ
(|z|+ τ)2

.

Thus, h′ is λ
τ2 -Lipschitz continuous.

The arctangent penalty. Compared with the logarithmic penalty, the arctangent penalty introduced in
[23] can generate a so-called threshold function which increases more rapidly toward the identity function.
The form of the arctangent penalty is expressed as:

pλ,τ (|z|) =
2λ

τ
√

3

(
tan−1

(1 + 2τ |z|√
3

)
− π

6

)
.
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It follows from [23] that

pλ,τ (0+) = λ, h′(z) = λ
( 1

τ2z2 + τ |z|+ 1
− 1
)

sign(z), h′′(z) = − λτ(2|τ |+ 1)

(τ2z2 + τ |z|+ 1)2
.

Further, we have that

h′′′(z) =
6τ3(τz2 + z)

(τ2z2 + τz + 1)3
≥ 0, ∀z ≥ 0,

which implies that the function h′′ is increasing on R+. In addition, h′′ is an even function and
h′′(z) ≤ 0, ∀z ∈ R. Thus, |h′′(z)| ≤ |h′′(0)| = λτ , and h′ is λτ -Lipschitz continuous.

The fraction and transformed-`1 penalties. Studied recently in [25], the fraction function has the form
of

pλ,τ (|z|) =
λ|z|
|z|+ τ

.

Thus, the function h can be expressed as

h(z) =
λ|z|
|z|+ τ

− λ

τ
|z|,

h′ and h′′ are

h′(z) = λ
( τ

(|z|+ τ)2
− 1

τ

)
sign(z), h′′(z) = − 2λτ

(|z|+ τ)3
.

Since |h′′(z)| ≤ 2λ
τ2 , ∀z ∈ R, h′ is 2λ

τ2 -Lipschitz continuous.
The transformed-`1 function is a variant of the fraction function, and its form is

pλ,τ (|z|) =
λ(τ + 1)|z|
|z|+ τ

.

Thus, we have that

h(z) =
λ(τ + 1)|z|
|z|+ τ

− λ(τ + 1)

τ
|z|.

It is easy to show that the function h is also two differentiable in R and h′ is 2λ(τ+1)
τ2 -Lipschitz continuous.

Compared with the above six functions, the scalar SCAD and MCP functions are not two differentiable
on R\{0}, and thus they do not possess the special decomposition form in (5) where the function h satisfies
Theorem 2.1. However, the SCAD and MCP functions can be weakly convex (or semiconvex). A function
φ defined in Rn is weakly convex with constant ω ≥ 0 if the function φ(x) + ω

2 ‖x‖
2 is convex. Thus, for

the scalar SCAD and MCP functions, we can consider the second decomposition form, that is,

pλ,τ (|z|) = h(x) + ϕ(z), h(z) = −ω
2
z2, ϕ(z) = pλ,τ (|z|) +

ω

2
z2, z ∈ R. (7)

Obviously, the quadratic function h is concave, twice-continuously differentiable in R, and its derivative
is ω-Lipschitz continuous.

Theorem 2.2 The scalar SCAD and MCP functions are weakly convex with constants 1
τ−1 and 1

τ ,
respectively.
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Proof : (1) We set

s(x) = pλ,τ (|z|) +
ω

2
z2,

where the scalar SCAD function pλ,τ (| · |) is as follows: for τ > 2 and λ > 0,

pλ,τ (|z|) =



λ|z|, |z| < λ,

−z2+2λτ |z|−λ2

2(τ−1) , λ ≤ |z| < τλ,

λ2(τ+1)
2 , |z| ≥ τλ.

For z ∈ R+, we can obtain

s′(z) =


ωz + λ, 0 ≤ z < λ,

(ω − 1
τ−1 )z + λτ

τ−1 , λ ≤ z < τλ,

ωz, z ≥ τλ.

If ω ≥ 1
τ−1 , we have

s′(z) ≥ 0, ∀z ≥ 0,

which indicates that s is convex in R+. Obviously, s is even and continuous at the origin. Thus, s is
also convex in R− = (−∞, 0]. For proving that s is convex in R. we only need to indicate that for any
z1 ∈ R+, z2 ∈ R− and t ∈ (0, 1), the point

(tz1 + (1− t)z2, ts(z1) + (1− t)s(z2) ∈ epis = {(z, y)|s(z) ≤ y}.

In fact, this is equivalent to show that, for tz1 + (1− t)z2 = 0, the following inequality holds:

s(0) ≤ ts(z1) + (1− t)s(z2).

Since s(0) = 0, s(z) ≥ 0, ∀z ∈ R, the above inequality is obvious. The above proof indicates that the
scalar SCAD function is weakly convex with constant 1

τ−1 .
(2) The scalar MCP function is defined as

pλ,τ (|z|) =

 λ|z| − z2

2τ , |z| < λτ,

λ2τ
2 , |z| ≥ λτ.

We also set
s(x) = pλ,τ (|z|) +

ω

2
z2.

When z ∈ R+, s′(z) can be written as

s′(z) =

 (ω − 1
τ )z + λ, 0 ≤ z < λτ,

ωz, z ≥ λτ,

which implies that s is convex in R+. Like the proof in (1), we can have that, if ω ≥ 1
τ , s is convex in R.

Thus, the scalar MCP function is weakly convex with constant 1
τ . ]

Theorem 2.2 can also show further that the SCAD and MCP penalties can be decomposed as

P (x) = −ω
2
‖x‖2 + Φ(x), Φ(x) =

n∑
i=1

ϕ(xi), x ∈ Rn, (8)

where the function Φ is convex when ω is an appropriate value.
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3 A new penalty function

Among all sparsity-promoting nonconvex penalties, the SCAD, MCP and Capped-`1 penalties possess
the unbiasedness, that is, their derivatives vanish for large values and thus estimators related to these
functions do not penalize large values. However, the second decomposition form of the SCAD and
MCP penalties compared with the first decomposition form of other nonconvex penalties have a little
disadvantage that the proximity opeartor and the Moreau envelope of the convex function Φ is more
complex than the proximity opeartor and the Moreau envelope of the `1-norm. To construct the smooth
optimization models of (4), we need to use the proximity opeartors and the Moreau envelopes of Φ
and the `1-norm. Hence, in this section, we propose a new penalty function which not only enjoys the
unbiasedness of the SCAD, MCP and Capped-`1 penalties, but also the first decomposition form.

To this end, we first express the scalar SCAD, MCP and Capped-`1 functions as the integral forms
of their derivatives in R+, respectively, that is,

pSCAD
λ,τ (|z|) = λ

∫ |z|
0

min{1, (τ − t/λ)+/(τ + 1)}dt,

pMCP
λ,τ (|z|) = λ

∫ |z|
0

(
1− t

λτ

)
I(0 < t < λτ)dt,

pCapped-`1
λ,τ (|z|) = λ

∫ |z|
0

I(0 < t < τ)dt.

Here, (z)+ = max{z, 0}, I is the characteristic function of a set. In fact, the MCP and Capped-`1
functions are linear and quadratic approximations of the SCAD function, respectively. Their derivatives
in R+ are shown in Figure 1, which indicates that their derivatives are not smooth. This inspires us to
consider the following function having a smooth derivative in R+:

pλ,τ (|z|) = λ

∫ |z|
0

c(t− γ)2I(0 < t < τ)dt, (9)

To guarantee the unbiasedness of the penalty function (9), we also need to have pλ,τ (τ) = λ, which
indicates that the constant c is

c =
1∫ τ

0
(t− τ)2dt

=
3

τ3
.

Thus, the new penalty function can be fully expressed as

pλ,τ (|z|) =

{
λ
τ3 (|z| − τ)3 + λ, |z| < τ,
λ, |z| ≥ τ. (10)

Since the nonconstant part of the function in R+ is a Three-Order Polynomial function, we call it the
scalar TOP function. The function and its derivative are shown in Figure 2. Obviously, the new penalty
function (10) is singular at the origin to achieve sparsity and its derivative vanishes for large values.
Furthermore, we have

p′λ,τ (z) =
3λ

τ3
(z − τ)2I(0 < z < τ), p′′λ,τ (z) =

6λ

τ3
(z − τ)I(0 < z < τ), z ∈ R+.

This means that pλ,τ in R+ is concave and increasing, p′λ,τ (0+) = 3λ
τ , |p′′λ,τ (z)| ≤ 6λ

τ2 . Thus, The scalar
TOP function has the decomposition form (5). We now define the TOP penalty in Rn as P (x) =∑n
i=1 pλ,τ (|xi|) where pλ,τ (| · |) is the scalar TOP function. Clearly, the TOP penalty enjoys the first

decomposition form (6).

10



0 1 2 3
0

0.5

1

1.5

SCAD
0 1 2 3

0

0.2

0.4

0.6

0.8

1

The derivative of SCAD

0 1 2 3
0

0.1

0.2

0.3

0.4

0.5

MCP
0 1 2 3

0

0.2

0.4

0.6

0.8

1

The derivative of MCP

0 1 2 3
0

0.2

0.4

0.6

0.8

1

Capped−L1
0 1 2 3

0

0.2

0.4

0.6

0.8

1

 The derivative of Capped−L1

Figure 1: The curves of the SCAD (λ = 1, τ = 2.2), MCP (λ = 1, τ = 1), Capped-`1 (λ = 1, τ = 1) and
these derivatives in R+.
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4 A unified smooth optimization framework

This section presents our main result that each of nonconvex and nonsmooth problems (4) with first eight
penalties in Table 1 and the TOP penalty is equivalent to the problem of minimizing an unconstrained
continuously differentiable function.

To this end, we first recall some notations and notions from convex analysis theory. The set of all
proper, lower semicontinuous convex extended-value functions defined in Rn is denotes by Γ0(Rn). For a
function ψ ∈ Γ0(Rn), its subdifferential, denoted by ∂ψ, is a set-valued mapping from Rn to 2R

n

, defined
at a given point x ∈ Rn by

∂ψ(x) = {u ∈ Rn : ψ(v) ≥ ψ(x) + 〈u, v − x〉, ∀v ∈ Rn}.

In particular, if the convex ψ is differentiable at x, we have ∂ψ(x) = {∇ψ(x)}. Moreover, the subdiffer-
ential operator ∂ψ is maximally monotone.

The Moreau envelope and proximity operator of a function ψ ∈ Γ0(Rn) is two key tools used in the
latter analysis. The Moreau envelope of a function ψ ∈ Γ0(Rn) with parameter β > 0 is the function
ψβ : Rn → R, defined as

ψβ(x) = inf
u∈Rn

{
1

2β
||u− x||2 + ψ(u)

}
. (11)

The minimizer of the optimization problem (11) yields the proximity operator denoted by proxβψ, that
is,

proxβψ(x) = argmin
u∈Rn

{
1

2β
||u− x||2 + ψ(u)

}
. (12)

It is well-known that the proximity operator is single-valued and firmly nonexpansive, and has following
property, that is, for β > 0,

x = proxβψ(x+ βu) ⇔ u ∈ ∂ψ(x). (13)

For the Moreau envelope, it is convex, real-valued, continuously differentiable in Rn and has the β−1-
Lipschitz continuous gradient expressed as

∇ψβ(x) = β−1(x− proxβψ(x)). (14)

It follows from [35] that the Moreau envelope ψβ converges to ψ as β → 0+, and more importantly, the
minimum values and sets of minimizers of ψ and ψβ are equal, respectively. This means that by using the
Moreau envelope technique, one can equivalently transform a nonsmooth convex optimization problem
into a smooth convex optimization problem.

We now consider general nonsmooth optimization problems of the form

min
x∈Rn

F (x) = f(x) + g(x), (15)

where f is a nonconvex smooth function and g ∈ Γ0(Rn) is possibly nonsmooth. The set of stationary
points of problem (15) is denoted by

SF = {x ∈ Rn : 0 ∈ ∇f(x) + ∂g(x)}.

It follows from [36] that a point x being a local minimizer of (15) satisfies x ∈ SF . The property (13)
indicates that x is a stationary point of (15) if and only if

x = proxβg(x− β∇f(x)). (16)

For simplicity, we introduce two operators Tβ , Rβ defined as, respectively,

Tβ(x) = proxβg(x− β∇f(x)), (17)
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Rβ(x) = β−1(x− Tβ(x)). (18)

The operator Tβ is also called the proximal gradient operator or the forward-backward mapping in [32].
Like the definition of the proximity operator, Tβ can be further expressed as

Tβ(x) = argmin
u∈Rn

{
1

2β
||u− x||2 + f(x) + 〈∇f(x), u− x〉+ g(u)

}
. (19)

We aim to transform problem (15) into the minimization of an unconstrained continuously differentiable
function. Inspired by the definition of the Moreau envelope, the work in [32] considers the value function
of the optimization problem (19) and defines the so-called forward-backward envelope.

Definition 4.1 (Forward-backward envelope) Let F be the objective function in problem (15) and
β > 0. The forward-backward envelope of F with parameter β is

Fβ(x) = min
u∈Rn

{
1

2β
||u− x||2 + f(x) + 〈∇f(x), u− x〉+ g(u)

}
. (20)

By using (19) and the definition of the Moreau envelope, we can express explicitly Fβ as

Fβ(x) = f(x)− β

2
‖∇f(x)‖2 + gβ(x− β∇f(x)). (21)

Similar to the Moreau envelope, the function Fβ is real-valued. If the function f in problem (15) has
a Lf -Lipschitz continuous gradient, the function Fβ enjoys many other favorable properties proved by
[32]. We also present these interesting properties. Note that these properties can be derived simply from
the convexity of g and the well-known inequality about f , that is,

f(u) ≤ f(x) + 〈∇f(x), u− x〉+
Lf
2
‖u− x‖2, ∀u, x ∈ Rn. (22)

Proposition 4.1 Let f in problem (15) have a Lf -Lipschitz continuous gradient, and g ∈ Γ0(Rn). The
following inequalities hold for all x ∈ Rn.

(i) Fβ(x) ≤ F (x)− β
2 ‖Rβ(x)‖2, ∀β > 0;

(ii) F (Tβ(x)) ≤ Fβ(x)− β
2 (1− βLf )‖Rβ(x)‖2, ∀β > 0;

(iii) F (Tβ(x)) ≤ Fβ(x), ∀β ∈ (0, 1/Lf ).

Furthermore,

(iv) Fβ(x) = F (x), ∀β > 0, ∀x ∈ SF ;

(v) inf Fβ = inf F , and argminF ⊆ argminFβ , ∀β ∈ (0, 1/Lf ];

(vi) argminF = argminFβ , ∀β ∈ (0, 1/Lf ).

For the sake of completeness, the simple and direct proofs of these properties in Proposition 4.1 are
also provided in the Appendix. Proposition 4.1 shows that, if β ∈ (0, 1/Lf ), the problems of minimizing
F and Fβ are equivalent. We now discuss the differentiability of Fβ . To this end, we assume that
the function f has a Lf -Lipschitz continuous gradient and is twice-continuously differentiable in Rn. It
follows from [32] that, for any given point x and β ∈ (0, 1/Lf ), the matrix

Qβ(x) = I − β∇2f(x) (23)

is symmetric and positive definite. Thus, we have following important result from [32].
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Theorem 4.1 Let f have a Lf -Lipschitz continuous gradient and be twice-continuously differentiable in
Rn. Then, Fβ is continuously differentiable, and its gradient is

∇Fβ(x) = Qβ(x)Rβ(x). (24)

If β ∈ (0, 1/Lf ), the sets of stationary points of F and Fβ are equal.

Remark 4.1 To compute the gradient ∇Fβ , we need to use the Hessian matrix of f , however, in noncon-
vex penalized least squares problems and some other sparse optimization, we only perform matrix-vector
products with ∇2f , and do not use the computation of the full Hassian. More remarks on the Hessian
matrix of f , we refer the reader to [32].

Proposition 4.1 and Theorem 4.1 indicate that, if β ∈ (0, 1/Lf ), problem (15) is equivalent to the
minimization of the unconstrained continuously differentiable function Fβ . In the rest of this section,
we focus on each of problems (4) with the first eight penalties in Table 1 and the TOP penalty, and
construct corresponding equivalent unconstrained smooth optimization problems. We consider the first
decomposition form (6) of penalties and then write problem (4) as

min
x∈Rn

F (x) =
1

2
‖Ax− b‖2 +H(x) + p′λ,τ (0+)‖x‖1. (25)

We denote by

f(x) =
1

2
‖Ax− b‖2 +H(x), g(x) = p′λ,τ (0+)‖x‖1. (26)

Obviously, problem (26) is a special case of the general optimization problem (15). Since the function H
has a LH -Lipschitz continuous gradient and is twice-continuously differentiable, we can have

Lf = ‖ATA‖+ LH , ∇f(x) = AT (Ax− b) + (h′(x1), h′(x2), · · · , h′(xn))T , (27)

and
∇2f(x) = ATA+ diag(h′′(x1), h′′(x2), · · · , h′′(xn)), (28)

where diag(·) denotes a diagonal matrix. For the convex function g = p′λ,τ (0+)‖x‖1, its proximity operator

with parameter β is the well-known soft-thresholding operator with parameter βp′λ,τ (0+), that is,

proxβg(x) = sign(x)�max{|x| − βp′λ,τ (0+), 0}, (29)

where � denotes elementwise multiplication. Moreover, its Moreau envelope with parameter β is sum of
the well-known Huber function on each of the components, that is,

gβ(x) =

n∑
i=1

Hβ(xi), Hβ(z) =

 |z| −
βp′λ,τ (0+)

2 , |z| > βp′λ,τ (0+),
z2

2βp′λ,τ (0+) , |z| ≤ βp′λ,τ (0+).
(30)

Based on the equality (23), Proposition 4.1 and Theorem 4.1, we can obtain the equivalent smooth
optimization problem of (4).

Theorem 4.2 Let the scalar penalty function pλ,τ in problem (4) be one of the first six functions in
Table 1 or the TOP function. Then, the smooth optimization problem equivalent to problem (4) is

min
x∈Rn

Fβ(x) =
1

2
‖Ax− b‖2 +H(x)− β

2
‖AT (Ax− b) +∇H(x)‖2 + gβ(x−β(AT (Ax− b) +∇H(x))), (31)

where β ∈
(
0, 1
‖ATA‖+LH

)
, the smooth function gβ is defined in (30) and the gradient operator ∇H is

given as
∇H(x) = (h′(x1), h′(x2), · · · , h′(xn)).

14



In particular, for the exponential penalty and the smoothed-`p penalty, we can calculate the proximity
operator of `1-norm, instead of the hard proximity operators of these two penalties, to construct the
equivalent smooth optimization problems of (4) with these two penalties.

When the penalty in problem (4) is SCAD or MCP, by utilizing the decomposition form (8), we can
express problem (4) as

min
x∈Rn

F (x) = f(x) + Φ(x), (32)

where the convex function Φ is defined in (8), and we denote by

f(x) =
1

2
‖Ax− b‖2 − ω

2
‖x‖2. (33)

It is easy to see that

Lf = ‖ATA− ωI‖, ∇f(x) = AT (Ax− b)− ωx, ∇2f(x) = ATA− ωI. (34)

To construct the smooth function of the objective function of problem (32), we also need to calculate the
proximity operator of Φ. To this end, we present a simple statement about the proximity operator of a
weakly convex function.

Lemma 4.1 Let φ defined in Rn be a weakly convex function with constant ω ≥ 0. The convex function
φ̄ is defined as

φ̄ = φ(x) +
ω

2
‖x‖2.

Then, the proximity operators of the two functions φ and φ̄ satisfy(provided βω < 1)

proxβφ(x) = prox β
1−βω φ̄

( 1

1− βω
x
)
, proxβφ̄(x) = prox β

1+βωφ

( 1

1 + βω
x
)
. (35)

Lemma 4.1 can be shown by making use of the definition of the proximity operator. It can be seen that,
if the nonconvex function is weakly convex, its proximity operator with parameter β < ω−1 is also single-
valued. Since the function Φ is convex and sparable, we only calculate the proximity operator of the
scalar convex function ϕ defined in (7). It follows from Theorem 2.2 and Lemma 4.1 that the proximity
operator of the scalar convex function ϕ can be derived from the proximity operator of the scalar SCAD
or MCP function.

For the scalar SCAD function, its proximity operator with parameter β < τ − 1 can be given as

proxβpλ,τ (|·|)(z) =


0, |z| ≤ λβ,
sign(z)(|z| − λβ), λβ < |z| ≤ λ(β + 1),

sign(z) (τ−1)|z|−λβτ)
τ−β−1 , λ(β + 1) < |z| < λτ,

z, |z| ≥ λτ.

The proximity operator of the scalar MCP is

proxβpλ,τ (|·|)(z) =


0, |z| ≤ λβ,
sign(z) τ(|z|−λβ)

τ−β , λβ < |z| < λτ,

z, |z| ≥ λτ.

Note that the conditions β < τ − 1 and β < τ ensure the single-valuedness of proximity operators of the
scalar SCAD and MCP function, respectively. We now present the following important result.

15



Theorem 4.3 Let the penalty function pλ,τ in problem (4) be the weakly convex scalar SCAD or MCP
function with constant ω ≥ 0. The function Φ is defined in (8). Then, the smooth optimization problem
equivalent to problem (4) is

min
x∈Rn

Fβ(x) =
1

2
‖Ax− b‖2 − ω

2
‖x‖2 − β

2
‖AT (Ax− b)− ωx‖2 + Φβ(x− β(AT (Ax− b)− ωx)), (36)

where β ∈
(
0,min

{
1

‖ATA−ωI‖ ,
1
ω

})
, the convex function Φβ is the Moreau envelope of Φ.

Theorem 4.2 and Theorem 4.3 indicate that most of nonconvex penalized least squares problems can
be equivalent to smooth optimization problems, which opens up the possibility of extending many existing
smooth methods to solve these nonconvex penalized least squares problems.

5 Extensions and conclusion

Our approach above for nonconvex penalized least squares problems can be extended to treat other types
of sparse optimization problems. A direct example of interest is the nonconvex sparse logistic regression
model [15] expressed as

min
x∈Rn

m∑
i=1

log
(

1 + exp(−bi〈ai, x〉)
)

+

n∑
i=1

pλ,τ (|xi|), (37)

where x ∈ Rn, ai ∈ Rn, and bi ∈ {−1, 1}. In machine learning applications, one can utilize the model
to find a linear classifier for points ai. Let us define a new matrix A ∈ Rm×n taking −biai as i-th
row, and define a new function f̄(y) =

∑m
i=1 log(1 + exp(yi)). We set f(x) = f̄(Ax) which is the first

term of the objective function of model (37). Since f̄ is separable, it is easy to see that the function f
has a 1

4‖A
TA‖-Lipschitz continuous gradient and is twice-continuously differentiable in Rn. When the

nonconvex function pλ,τ is one of the first eight penalties in Table 1, model (37) can be transformed into
an equivalent smooth optimization.

Another important problem is the nonconvex penalized matrix least squares model [37] which aims to
recover a low-rank matrix from a small number of noisy linear measurements. This model has the form

min
X∈Rm×n

1

2
‖A(X)− b‖2 +

n∑
i=1

pλ,τ (σi(X)), (38)

where A : Rm×n → Rs with s � mn and the assumption n ≤ m is a linear operator, σi(X) is the
i-th component of the vector σ(X) = (σ1(X), · · · , σn(X)) of all singular values arranged in descending
order. A well-known application of model (38) is the low-rank matrix completion [38]. For the nonconvex
function pλ,τ is one of the first six penalties in Table 1, we can consider its first decomposition form (5)
and then obtain

P (σ(X)) = H(σ(X)) + pλ,τ (0+)‖X‖∗. (39)

where ‖·‖∗ denotes the nuclear norm of a matrix. Obviously, the function H is absolutely symmetric [39].
It follows from [35] and [39] that the matrix function H ◦ σ is concave, and its gradient can expressed as

∇(H ◦ σ)(X) = UXdiag(∇H(σ(X)))V TX ,

with UX , VX satisfying the singular value decomposition (SVD) X = UXdiag(σ(X))V TX . However, the
decomposition (39) may be not practical in theory and algorithm. Indeed, we do not know whether the
matrix function H ◦σ is twice-continuously differentiable in Rm×n and what form ∇2(H ◦σ) is, although
the function H itself is twice-continuously differentiable in Rn. This prevents us from constructing
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the corresponding equivalent smooth optimization model. In addition, when we apply the well-known
proximal gradient algorithm to solve the new model

min
X∈Rm×n

1

2
‖A(X)− b‖2 +H(σ(X))︸ ︷︷ ︸

f(X)

+ pλ,τ (0+)‖X‖∗︸ ︷︷ ︸
g(X)

, (40)

although we can use the SVD to obtain the closed-form solution of the proximity operator of g, the
algorithm may be not very efficient because of the most computationally expensive task of computing
the SVD twice at each iteration. However, when the nonconvex function pλ,τ is chose to be the scalar
SCAD or MCP penalty, model (38) can be expressed as

min
X∈Rm×n

1

2
‖A(X)− b‖2 − ω

2
‖X‖2F︸ ︷︷ ︸

f(X)

+ Φ(σ(X))︸ ︷︷ ︸
g(X)

. (41)

Since the function Φ is convex and absolutely symmetric, the composite function Φ ◦ σ is also convex.
It follows from our approach that model (41) can be equivalent to corresponding smooth optimization
problem.

In this paper, we further study properties of most of popular nonconvex penalties, give a new penalty
function, and make use of the well-known the Moreau envelope technique to prove that many nonconvex
penalized least squares problems and other sparse optimization models such as nonconvex sparse logistic
regression models and nonconvex penalized matrix least squares models can be transform equivalently
into corresponding smooth unconstrained optimization problems in the sense that sets of globally optimal
solutions, and optimal values of the original problem and the corresponding smooth optimization problem
are equal, respectively. There exist some future research tasks. For example,

(1) the new TOP penalty function is a modified version of the SCAD, MCP and Capped-`1 penalties.
It is necessary to study further its statistical properties and give more detailed comparison with other
penalties;

(2) to prove that the matrix model (40) is equivalent to a smooth optimization problem, we need to
investigate whether ∇2(H ◦ σ) exists and what form it may be;

(3) it is also very practical to study the numerical performance of using the classical smooth methods
for solving these equivalent nonconvex smooth problems to address various sparse tasks.
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Appendix A

Proof of Proposition 4.1. We first prove the property (i). The forward-backward envelope Fβ defined in
(24) can be expressed as

Fβ(x) = f(x) + g(Tβ(x))− β〈∇f(x), Rβ(x)〉+
β

2
‖Rβ(x)‖2.

It follows from the convex optimization problem (19) that

Rβ(x)−∇f(x) ∈ ∂g(Tβ(x)),
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which indicates that

f(x) + g(x) ≥ f(x) + g(Tβ(x)) + 〈Rβ(x)−∇f(x), x− Tβ(x)〉

= Fβ(x) +
β

2
‖Rβ(x)‖2.

Thus the property (i) holds. It can be seem from the inequality (22) that

Fβ(x) ≥ f(Tβ(x)) + g(Tβ(x))− Lf
2
‖Tβ(x)− x‖2 +

β

2
‖Rβ(x)‖2,

which proves the the properties (ii) and (iii). Based on the equality (16) and properties (i) and (ii), we
have the property (iv).

To prove (v), we consider β ∈ (0, 1/Lf ] and x̄ ∈ argminF . Based on properties (i) and (iii), we have

Fβ(x̄) = F (x̄) ≤ F (Tβ(x)) ≤ Fβ(x), ∀x ∈ Rn.

Thus, x̄ is also a minimizer of Fβ , and minFβ = minF if argminF 6= ∅. Suppose that argminF = ∅.
It follows from (i) that inf Fβ ≤ inf F . If there exists x ∈ Rn such as Fβ(x) ≤ inf F , the property (ii)
indicates that

F (Tβ(x)) ≤ inf F,

which is a contradiction with argminF = ∅. Thus, inf Fβ = inf F . The proof of (v) is completed.
If β ∈ (0, 1/Lf ) and x̄ ∈ argminFβ , we can have from (i) and (ii) that

Fβ(Tβ(x̄)) ≤ F (Tβ(x̄)) ≤ Fβ(x̄)− 1− βLf
2β

‖x̄− Tβ(x̄)‖2,

This indicates that x̄ = Tβ(x̄). Thus, we further have that

Fβ(x̄) = Fβ(Tβ(x̄)) ≤ F (x̄) ≤ Fβ(x̄),

that is, Fβ(x̄) = F (x̄). Since Fβ ≤ F and x̄ ∈ argminFβ , we have x̄ ∈ argminF . Together with (v), we
can prove (iv). ]

Proof of Theorem 4.1. The gradient of Fβ can be obtained from the expression (23) for Fβ and the
gradient of the Moreau envelope gβ . Indeed, we have

∇Fβ(x) = ∇f(x)− β∇2f(x)∇f(x) + β−1(I − β∇2f(x))(x− β∇f(x)− Tβ(X))

= Qβ(x)Rβ(x).

If β ∈ (0, 1/Lf ), then Qβ(x) is nonsingular for all x ∈ Rn. Thus, ∇Fβ(x) = 0 if and only if Rβ(x) = 0,
that is, the sets of stationary points of F and Fβ are equal. ]
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